Verificationism and classical realizability

Abstract

This paper investigates the question of whether Krivine’s classical
realizability can provide a verificationist interpretation of classical logic.
We argue that this kind of realizability can be considered an adequate
candidate for this semantic role, provided that the notion of verifica-
tion involved is no longer based on proofs, but on programs. On this
basis, we show that a special reading of classical realizability is com-
patible with a verificationist theory of meaning, insofar as pure logic is
concerned. Crucially, in order to remain faithful to a fundamental veri-
ficationist tenet, we show that classical realizability can be understood
from a single-agent perspective, thus avoiding the usual game-theoretic
interpretation involving at least two players.
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1 Introduction

Since the Seventies, Michael Dummett and Dag Prawitz proposed basic desider-
ata that a general verificationist theory of meaning should satisfy. In a suc-
cessive number of papers and monographs, they tried to show that classical
logic fails to meet such desiderata (see, in particular, Dummett 1973 and
Prawitz 1977). The outcome of their analysis is that classical operators fail
to convey meaning in a verificationist setting and, a fortiori, that classical
logic is philosophically flawed.

On the other hand, since intuitionistic logic meets the meaning-theoretic
desiderata, Dummett and Prawitz exploited this theory to advocate a form of
logical revisionism: a correct linguistic practice should not be based on clas-
sical forms of reasoning but rather on intuitionistic ones. In the last decades,
several solutions have been proposed to avoid Dummett’s and Prawitz’s con-
clusion about the untenability of classical logic from an inferentialist and
anti-realist perspective (we can mention, for instance, the works of A. Weir,
S. Read, I. Rumfitt, G. Restall, T. Sandqvist).

Yet, with the only exception of Bonnay (2007), these solutions did not
take into account some recent developments of the computational theory of



classical logic and almost none of them focused in particular on classical re-
alizability semantics. The aim of this paper is to contribute to fill this lacuna
by investigating a way of assessing the philosophical significance of the so-
called Krivine’s classical realizability. More precisely, we consider the prob-
lem of whether classical realizability can provide a verificationist interpreta-
tion of classical logic. In order to do this we will analyse realizability seman-
tics not only with respect to the Dummett-Prawitz’s verificationism, but also
with respect to Hintikka’s one. We argue, in particular, that even if classical
realizability seems to be much more closer to Hintikka’s verificationism, in
fact, a special reading of classical realizability can make it compatible also
with the Dummett-Prawitz’s perspective. Unfortunately, this special reading
is too narrow, and it cannot be extended to proper (classical) mathematical
theories, something which is possible instead with the standard reading of
Krivine’s classical realizability.

The paper is organized as follows. In section 2, the notion of realizability
semantics is introduced by analyzing Kleene’s realizability for intuitionisitic
logic. First, its compatibility with the different verificationist approaches it
is investigated. Then, a comparison with Krivine’s realizability for classical
logic is provided. It is shown, in particular, that even if both of these two
frameworks consider realizers as computable entities like programs, the lat-
ter adopts a wider and richer perspective, allowing to define not only correct
programs, but also wrongful ones. In section 3, we introduce some technical
concepts and definitions needed to tackle the philosophical question of the
relationships between classical realizability and the verificationist theory of
meaning. After a brief survey of the syntax of classical realizability, we show
how a two-agents based dialogical interpretation can be considered as a nat-
ural framework to model the computational behavior of classical proofs. We
then compare it with a similar computational setting called “untyped proof
theory”. In section 4, we investigate the possibility to use classical realiz-
ability as a framework for an anti-realist account of classical logic. Some
substantial differences occur between classical realizability and Dummett’s
verificationism. Nonetheless, we are able to show that Krivine’s realizability
can be made compatible with a single-agent based perspective, not incom-
patible, in principle, with a Dummettian perspective. In the final section,
we show how classical realizability represents a setting flexible enough to
provide a computational account of many mathematical axioms and theories.
However, our account of classical logic is jeopardized in this extended math-
ematical setting. We conclude by pointing out some difficulties encountered
by our proposal when proper axioms are added to the underlying classical
system.



2 The idea of realizability semantics

2.1 Kleene’s number realizability

Historically, the notion of realizability was introduced by Kleene (1945) in or-
der to give a formal semantics for intuitionistic logic and intuitionistic arith-
metic. The main source of inspiration for this type of semantics was the
finitist explanation of mathematical statements, and in particular existen-
tial ones, as it was given by Hilbert & Bernays (1934, p. 32). According to
this explanation, a statement of the form 3xA(x) is considered to convey an
“incomplete communication”, waiting for the exhibition of a witness ¢. Only
when a finitist method for obtaining ¢ is given, the communication is com-
pleted and the statement A(#) can then be effectively asserted (cf. Kleene
1973). In particular, Kleene’s idea was that finitist methods were nothing
but effective algorithmic methods, eventually representable in a formal set-
ting by (partial) recursive functions. The semantics obtained in such way was
thus a semantics based on essentially intensional objects — i.e. algorithms —,
rather than on explicitly extensional ones, as in the case of standard alge-
braic or relational semantics, like Kripke models for intuitionistic logic. This
is particularly clear when we represent (partial) recursive functions by us-
ing Kleene’s normal form theorem: a recursive function f is represented in a
unique way by coding the way in which it computes, that is its computational
tree:

f@) =U(uy.T(e,%,y)) 1)

where T is the Kleene-predicate expressing that the function f, coded by
the Godel number e, when applied to the list of arguments %, is computed
according to a computational tree, coded by the Gédel number y; the result
of the computation, when it exists, is then extracted by the function U, and
1, which is the minimalization operator, guarantees that the computational
tree considered is the one having the smallest code.

This way of representing recursive functions allows one to describe them
not only with respect to what they do — i.e. with respect to the values that
are obtained when the functions are applied to certain arguments — but also
with respect to how they compute — i.e. with respect to the steps that are
accomplished in order to obtain the expected values. Moreover, recursive
functions can enumerated, so that for each natural number n there exists a
recursive function f, so that (1) can be rephrased in the following way:

{n}@) =U(uy.T(n,%,y)).

Kleene’s realizability consists in associating a formula of intuitionistic
logic or arithmetic — proper axioms included — to a natural number n codify-
ing (by a Godel numbering) a recursive function f which guarantees that A
holds. It is for this reason that Kleene’s realizability is also known under the
name of “number realizability”.



The fact that n € N realizes, or forces, a formula A is noted by nl- A, and
inductively defined in the following way (see Sgrensen & Urzyczyn 2006, p.
243 and Troelstra & van Dalen 1988, p. 196, with slight modifications):

e nlF¢=sifft and s rewrite to the same numeral 7;!
* nlFAABiffn=29-3", where q I A and r I+ B;
e nlFAvBiffn=3%7and gl A,orn=2-37 and g IF B;

e nl- A — B iff for each m, such that m IF A, {n}(m) is defined and
{n}(m) I B;

e nlt3IxA(x) iff n =2™-3", where r IF A(m);

e nl- VxA(x) iff for all m, {n}(m) is defined and {n}(m)I- A(m).2

Notice that 27-3" is an injective pairing function and that without loss of
generality we can consider the formula A(x) of the two last clauses to contain
only x free. Moreover, according to these realizability clauses the set of re-
alizers is consistent, since 0 = 1 cannot be realized. And since by definition
1 =0=1, the following clause holds:

e nlt 1 for no n.

2.2 Realizers as verifiers

What is peculiar to realizers is that they reflect, at the level of functional
operations, the syntactic structure of the realized formulas: there thus exists
specific realizers for each formula. In this sense, Kleene’s realizability seems
to offer a finer-grained semantics with respect to usual algebraic or relational
ones, where it is the whole structure that renders true or false the whole
set of formulas. In particular, when theorems are considered, algebraic and
relational semantics assign them the same semantic value® — i.e. the top
element of an algebra or the set of all possible worlds of a Kripke frame — with

1A numeral 7 stands for a term of the language of arithmetic of the form

s(...s(0)...).
——

n times

In other words, numerals are terms denoting natural numbers, written in a canonical form.
2This means that the numbers realizing universal formulas correspond to total recursive
functions.
3The semantic value of a formula A is that feature allowing one to determine the semantic
notions associated to A, like meaning and truth (cf. Dummett 1991, pp. 24, 30-31).



the risk of trivializing, or at least impoverishing, the way in which logical and
mathematical theories are understood.*

In Kleene’s realizability, on the contrary, the semantic value of a formula
A corresponds to the set of its realizers —i.e. |A|={teN|¢IF A} — which
provide « witnesses for the constructive truth of existential quantifiers and
disjunctions, and in implications [carry] this type of information from premise
to conclusion by means of partial recursive operators. In short, realizing
numbers “hereditarily” encode information about the realization of existen-
tial quantifiers and disjunction » (Troelstra 1998, p. 408). This means, in
particular, that the disjunction and the existential properties (for intuitionis-
tic arithmetic) are satisfied (see Sgrensen & Urzyczyn 2006, p. 243). Kleene’s
realizability could then be thought as a formal way of capturing the intuition-
istic notion of truth, as corresponding to the possession of a construction,
and thus respecting the BHK interpretation. Since this is obtained by in-
terpreting intuitionistic arithmetic over a fragment of arithmetic itself, then
Kleene’s realizability could be see as a formal and rigorous characterization
of the BHK interpretation, namely by using the technique of inner models.?

The idea that Kleene’s realizability can be seen as a definition of the intu-
itionistic notion of truth, in the same way as Tarski’s notion of satisfiability is
seen as a definition of the classical notion of truth, seems to be corroborated
by the fact that Kleene’s realizability allows us to exclude classical principles.
For example, by a simple application of the excluded middle, the formula

Vx@yT (x,x,y) v 3yT(x,x,y)) (2)

is shown to be provable, and thus valid, in classical arithmetic. On the con-
trary, according to Kleene’s realizability, the validity of (2) corresponds to the
existence of a total recursive function deciding 3yT(x,x,y), which correspond
to the possibility of deciding the halting problem. But this is known to be im-
possible. Thus, there are no realizers for (2). And since there are no realizers
for L too, by applying a classical reading of the metalanguage expressions in
which the realizability clauses are formulated, we can then conclude that the
negation of (2) holds.®

41t is worth noting that the difference we sketched between Kleene’s realizability semantics
and the algebraic or relational semantics can be taken as a particular instance of the differ-
ence between construction-oriented semantics and conditional-oriented semantics studied by
Fine (2014, § 1). According to Fine, the first has to be considered as an exact semantics, while
the latter an inexact one. The reason is that, in the first case, the semantical entities are
wholly, or exactly, relevant for establishing the truth of a given statement. On the contrary, in
the second case, the semantical entities are relevant for establishing the truth of a statement
only in a loose and inexact way, which is made particularly evident by the fact that in this
kind of semantics the monotonicity of the forcing relation holds (see Fine 2014, p. 551).

5We due this observation to Géran Sundholm.

8The idea is that, according to the standard practice in intuitionistic logic, we consider ~A
as defined by A — L.



However, since realizers correspond to recursive functions, they not only
seem to serve in order to establish intuitionistic truths, but they also seem
to convey an effective method, or procedure, in order to verify these truths.
Kleene’s realizers can then be seen as verifiers, and thus, to know the se-
mantic value of a formula corresponds to know how to verify it. In this way,
Kleene’s realizability can be considered as a framework allowing one to re-
spect a verificationist account of the semantics of linguistic expressions, sim-
ilar to the one proposed by J. Hintikka (1996, § 10).

2.2.1 A comparison with Hintikka’s and Dummett’s verificationism

According to Hintikka, in the case of first-order logic, the truth values of a
formula are defined with respect to a given domain of objects by the existence
of winning strategies for two players games; where one player (the Verifier)
tries to verify the formula, while the other one (the Falsifier) tries to falsify
it. Differently from usual algebraic or relational semantics, this definition
does not simply look at truth as coming out from some kind of structural and
« abstract relationship between sentences and facts », but it also gives an op-
erational definition of it (Hintikka 1996, p. 22). In particular, the idea is that
linguistic games are constituent of the use of the notion of truth, and since
the rules of a game are, in principle, learnable and teachable, the definition
of truth which is given is based on an activity of justification of a certain sen-
tence with respect to a certain set (or domain) of objects (cf. Bonnay 2004,
p- 107; Boyer & Sandu 2012, p. 822-823). However, the simple existence
of a winning strategy does not assure that such a notion of truth can be ac-
cessible to human agents. The reason is that, in the case of first-order logic,
winning strategies for the Verifier correspond to Skolem functions,” and these
functions do not necessarily correspond to constructive strategies. More pre-
cisely, if one does not want to look only for a definition of truth, but also for
its knowability, it is necessary to guarantee the epistemic accessibility to the
set of truths. As proposed by Hintikka, this can be achieved by restricting
the set of winning strategies to those that can be effectively played by some
idealized human agent, namely those that correspond to recursive functions
(see Hintikka 1996, p. 214-215).8 It would be therefore natural to consider

"Notice that the strategies adopted by the Falsifier correspond, instead, to Kreisel’s coun-
terexamples (Boyer & Sandu 2012, p. 823). In this sense, if we focus on the winning strategies
for the Falsifier — instead of the winning strategies for the Verifier — Hintikka’s framework
can be adapted for justifying a form of falsificationism.

81t is worth noting that an idealized human agent is not an agent totally freed from any
kind of contingent constraints: on the contrary, she possess the very same epistemic capacities
that any other concrete human beings possess, the only difference being that her capacities
are perfect. More precisely, like every concrete human being, she can deal with only a finite
amount of resources and information, and her actions can be performed only in a finite amount
of time and space; however, unlike concrete human beings, her finite capacities are not subject
to any fixed bound.



Kleene’s realizers as methods of verifications, in Hintikka’s sense, guaran-
teeing — at least in principle — an access to the truth value of a formula.
As Hintikka himself says, « the technical interpretation of my [constructivis-
tic] interpretation [of logic and mathematics] does not stray very far from
Godel’s Dialectica interpretation of first-order elementary arithmetic or from
Kleene’s realizability interpretation » (Hintikka 1996, p. 235).

Still, Hintikka’s verificationism is not the only form of verificationism ex-
isting. Intuitionistic principles and theorems are often justified by making
appeal to another form of verificationism, i.e. Dummett’s verificationism.
This proposal results to be more radical that Hintikka’s one, since any ap-
peal to a given domain of objects is rejected, and the verification procedures
which are allowed are only those acting at a linguistic-inferential level. More
precisely, the idea is that a verification for a formula A consists in an effec-
tive method for obtaining a canonical proof of A, that is a proof terminating
with an introduction rule for the principal connective of A. This method,
in general, is composed of two steps: i) the exhibition of a (possibly) non-
canonical proof of A, and ii) the application of the normalization algorithm to
this proof, in order to obtain a (new) proof satisfying the so-called introduc-
tion form property (see Dummett 1973, p. 240; Tieszen 1992, p. 72).°

The crucial difference of Dummett’s verificationism with respect to Hin-
tikka’s verificationism is that, by grounding the process of verification on the
notion of proof, a verifier cannot transcend human epistemic capacities, since
a proofis, by definition, something which is connected to our linguistic capac-
ities. In other words, the idea is that we are always in a position to recognize

9A non-canonical proof is called by Dummett a demonstration; its relation with a canonical
proof is explained in the following manner:

We [...] require a distinction between a proof proper — a canonical proof — and
the sort of argument which will normally appear in a mathematical article or
textbook, an argument which we may call a ‘demonstration’. A demonstration
is just as cogent a ground for the assertion of its conclusion as is a canonical
proof, and is related to it in this way: a demonstration of a proposition provides
an effective means for finding a canonical proof. (Dummett 1973, p. 240)

According to Dummett, the notion of canonical proof is the semantic key concept of the notion
of meaning. More precisely, to know the meaning of a sentence A corresponds to know the
conditions for its (direct) assertion, which corresponds, in turn, to know what counts as a
canonical proof of A. Thus, grounding the notion of truth on that of canonical proof is a way to
assigning priority to the notion of meaning with respect to the notion of truth. Furthermore, as
Dummett remarks, the conditions for the truth of a sentence and those for its correct assertion
do not, in principle, collapse: possessing an effective method for obtaining a canonical proof
does not necessarily mean to be able to concretely execute this method and, eventually, get
access to this proof (cf. Dummett 1998, p. 122-123). The reason is that human agents could be
subject to contingent limitations — e.g. space or time limitations — which do not allow them to
terminate the execution of the procedure (e.g. in the case of the normalization, this procedure
corresponds to an algorithm of exponential size complexity, which is unfeasible for concrete
human agents with limitation of space). Therefore, it is only when idealized human agents
are considered that the collapse between the two notion could obtain.



a proof when we see one (Kreisel 1962, p. 202), since when a set of linguis-
tic expressions (i.e. signs) is given, it is possible, by means of mechanical,
syntactical, calculation on these expressions alone, to decide whether or not
the given set of expressions is a proof of a certain sentence (Sundholm 1994,
p. 144).1° This guarantees in particular the satisfaction of Dummett’s man-
ifestability requirement: when a sentence is true, we should always be in a
position to manifest our recognition of its truth.

A question which naturally arises is to understand if Kleene’s realizabil-
ity is compatible with Dummett’s form of verificationism, as well as whether
it is compatible with Hintikka’s one. But answering this question corre-
sponds, in fact, to answer another question, that is, to understand whether
the intuitionistic notion of truth specified by Kleene’s realizability is com-
plete with respect to the intuitionistic notion of proof. The answer to this
question is negative, since there exist natural numbers realizing formulas
which are not provable in intuitionistic logic or arithmetic. In particular, it
can be shown that for every closed formula A, either A or —A is realizable
(see Sgrensen & Urzyczyn 2006, pp. 244-245). This result is, in fact, nothing
but a generalization of the way in which we showed the negation of (2) to be
realizable: either there is a realizer for A or, if there is not, since L is never
realized, then any arbitrary number can realize = A. The very same negation
of (2) is an example of a sentence which is realizable, but not provable.

But there is also a second aspect which prevents Kleene’s realizability
from being compatible with Dummett’s verificationism. Differently from the
case of proofs, it is not possible to decide whether a given number n realizes
or not a certain formula A (see Dummett 1977, p. 320; Sgrensen & Urzyczyn
2006, p. 244-245). For example, consider the formula Vx(x = x). This formula
is realized by every Godel number corresponding to a total recursive function.
But the set of total recursive function is not enumerable by a total recursive
function, and a fortiori not decidable. Hence, Kleene’s realizability cannot
satisfy Dummett’s manifestability requirement, since a formula A could be
realized by a certain realizer ¢ and we would not recognize it as such.!!

107t has been argued that the decidability of the notion of proof is in fact an excessively
strong assumption. For example, Sundholm (1986, p. 493) argues that the proof relation is
only a semi-decidable notion, since « we recognize a proof when we see one, but when we
don’t see one that does not necessarily mean that there is no proof there. »However, promi-
nent representatives of this form of verificationism, especially Dummett himself, have firmly
advocated the decidability of the notion of proof. A quite exhaustive list of places in which
Dummett supports this idea can be found in Sundholm (1983, p. 155).

L1t is worth noting that some authors, like van Atten (2012, § 4.5.2), considers that an
essential aspect of the BHK interpretation is that the concepts « that figure in meaning ex-
planations [...] have to do with our cognitive capacities ». In particular, the idea is that
the concept of construction which figures in the BHK interpretation should be conceived such
that we recognize a construction when we see one. Accepting this reading of the BHK inter-
pretation — which means indeed to assume that Dummett’s verification is a declination of it
— would then mean to accept that Kleene’s realizability is not a formal version of the BHK
interpretation, as claimed before.



2.3 From intuitionistic to classical realizability

The previous discussion pointed out the following situation: even if Kleene’s
realizability has been conceived as a semantics for intuitionistic logic and
arithmetic, it contains in fact several classical features as, for instance, the
classical reading of its defining clauses — and especially the interpretation of
1 as the absence of any realizer, which induces meta-level reasonings using
classical logic (cf. von Plato 2013, p. 103) — or the fact of relying on the notion
of recursive function, which is defined with respect to a classical logic back-
ground.'? One can find confirmation of this aspect in the fact that Kleene’s
realizability allows one to judge as true some principles that are not intu-
itionistically acceptable, like Markov’s principle, i.e.

Vx(P(x) Vv " P(x)) — (VxP(x) — xP(x))

where P is a predicate on natural numbers, or a limited version of the ex-
cluded middle, i.e.
Av-A

where A is a closed formula (see Dummett 1977, § 6.2).13 However, the pres-
ence of these classical features is not yet sufficient for a direct and straight-
forward use of Kleene’s realizability as a semantics for classical logic: as we
have already seen, with such a semantics it is not possible to realize a classi-
cal principle like (2).14

Nevertheless, it would be possible to get a realizability semantics for clas-
sical logic by using Kleene’s realizability (or some little modification of it) in
association with a special kind of parametrized negative translation — simi-
lar to Friedman’s one (see Friedman 1978) — as showed by Oliva & Streicher
(2008). However, what we are interested in here is a more direct way of ex-
pressing a realizability for classical logic. We will focus our attention on what

12Think of the fact that it is possible to define a recursive function by making appeal to the
principle of the excluded middle, as for example

) = 1 if the Goldbach conjecture is true
YZdf] 0 if the Goldbach conjecture is false

However, there are also other, and more critical, aspects of the notion of recursive function
which are inherently classical. For example, the regularity condition, which is used in order
to define a function f from a relation R by minimization, states that V¥3yR(X,y). Here, the
existential quantifier is understood classically, in the sense that there is no algorithmic pro-
cedure for extracting the witness, otherwise the definition of algorithmic procedures via the
notion of recursive functions would be circular (cf. Heyting 1962, p. 195). For further details
about the non-constructive aspects of the definition of recursive functions see Coquand (2014)
and Sundholm (2014).

I3Note that Kreisel (197 3, p. 268) seems to have in mind a very similar situation when he
asks if the « (logical) language of the current intuitionistic systems [have been] obtained by
uncritical transfer from languages which were, tacitly, understood classically ».

4This means, in particular, that Kleene’s realizability does not allow one to realize the
principle of excluded middle for open formulas.



is called Krivine’s classical realizability (see Krivine 2009), and we will give it
a conceptual analysis, by trying to understand, in particular, its connections
with the verificationist approaches sketched before.

At a first sight, Krivine’s realizability can be considered to share two
fundamental features with Kleene’s realizability: i) it makes appeal to a
computational-based notion of realizer, and ii) this notion is revealed to be
broader than that of proof. Nevertheless, Krivine’s realizability cannot be
taken as a simple extension of Kleene’s realizability. The reason is that the
way in which 1) and ii) are conceived is radically different from Kleene’s real-
izability.

As it concerns point i), the notion of computation considered by Krivine
is a broader notion than that considered by Kleene. In particular, an algo-
rithm is no longer identified with a recursive functions on natural numbers.
In Kleene’s realizability we have that the computational aspects are mainly
focused on the inputs and outputs of a function. This is particularly clear in
the case of the implication and the universal quantifier: given a certain in-
put, if there is no output, the condition is not satisfied, and thus the formula
not realized. According to this interpretation, a function is then conceived
essentially in a set-theoretical way: it is reducible to a set of pairs of natural
numbers. In this sense, the domain and the codomain of a computable func-
tion are already fixed from the beginning — in both cases they correspond to
the set of natural numbers — and thus a computable function has to be con-
sidered as a typed entity. On the contrary, in Krivine’s classical realizability,
algorithms are considered to be entities having a deeper intensional nature.
Their behavior is not established in advance by making appeal to a ready-
made notion of type, but it is manifested only when the algorithm is executed
— or better, tested — within a given context (possibly composed by other algo-
rithms). It is only after that its behavior has been manifested that it will be
possible to assign a certain type to the algorithm. Moreover, this type will
not be assigned in an absolute and unchangeable way, since this assignment
depends from the context in which the algorithm is tested.

As it concerns point ii), in Krivine’s realizability the number of realizers
exceeds the number of proofs. However, differently from what happens in
Kleene’s realizability, this does not mean that there exist formulas which
are realized but not valid in the theory under consideration.’® It means,
instead, that the set of realizers of a formula does not contain only proofs,

15This does not mean that Krivine’s realizability always guarantees the theory to be com-
plete with respect to the notion of (classical) proof. This depends indeed from the language in
which the (classical) theory is presented. If it is a first-order theory, then completeness holds,
but if it is a second-order theory, this could no more be the case (as it depends from the way
in which the predicate variables are interpreted in the model). Our presentation of Krivine’s
realizability rests on a second-order theory (see § 3). The possible lack of completeness is then
due to the fact that a second-order language is adopted, and not to the way in which the notion
of realizability is conceived.
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but also other kind of objects. These objects correspond, in particular, to what
can be called tentative proofs, that is (deductive) arguments whose inferential
steps are not totally justified, and thus not necessarily logically correct.'® The
presence of this kind of objects is mainly concerned by the attempt of avoiding
computationally trivial interpretations of negative formulas.

As we have seen, in Kleene’s realizability the formula | is never real-
ized. The consequence is that negative formulas = A are either never real-
ized, or they are realized by every (partial) recursive function. In both cases,
their computational content is lost, since it is completely trivialized, namely
it would not be possible to distinguish two negative formulas on the basis
of their computational content. In order to avoid this situation, it has to be
possible to define a set of realizers also for L. But since L correspond to
a(n always) false formula, and verifying a false formula is contradictory, the
idea is then to liberalize the notion of realizers, by defining them not only in
terms of verifiers, but also in terms of falsifiers. In this sense, Krivine’s real-
izability seems to be much closer to Hintikka’s verificationism than Kleene’s
realizability, since according to Hintikka, the verification-games are defined
with respect to two players, the Verifier and the Falsifier (even if the concep-
tual priority is eventually assigned to the Verifier, since what counts is the
definition of the truth of a formula, and this relies on the definition of the
winning strategies associated to that formula). In §§ 4.3, 4.4 we will take a
step further and we will try to understand if, from the point of view of Kriv-
ine’s realizability, this two players perspective could become compatible also
with Dummett’s verificationism.

3 Krivine’s classical realizability

3.1 Definitions

The change of perspective induced by Krivine’s realizability with respect to
the computational account of realizers confers to this framework a greater
flexibility than Kleene’s realizability. In particular, Krivine’s realizability can
be applied to the case of classical logic — and even extended to proper math-
ematical theories, like arithmetic and set theory (see § 5) — by exploiting the
fact that to every axiom can be assigned a different term-constant codifying
a certain programming operation. For example, if we take Peirce’s law

(A—-B)—A)—A

to be the axiom distinguishing classical logic from intuitionistic logic, it is
possible to associate it with a program instruction corresponding to the call
-with-current-continuation control operator of the programming language
SCHEME, as shown by Griffin (1990). Similarly, the axiom of countable

16Indeed, as Prawitz (2006, p- 511) remarks, « an invalid proof is not really a proof ».

11



choice is associated to a program instruction akin to the quote instruction
of the programming language LISP (Krivine 2003). We will come back later
to these examples (see §§ 3.2, 5).

The fundamental notion of computation on which Krivine’s account rests
on three key ingredients: terms, stacks, and processes. From a syntactical
point of view, terms are composed by purely A-terms enriched by two sorts of
constants:

1) instructions, noted with x, and ranging over a non-empty set %, con-
taining at least the constant cc which corresponds to the control opera-
tor call-with-current-continuation.

ii) continuations, noted with k., and where o ranges over the set of stacks.

Stacks are lists of closed terms, the last element of which is a stack con-
stant a; we here suppose that the set of possible stack constants is a single-
ton {o}, where ¢ somehow stands for the empty stack. Notice however that
some models considered by Krivine, among which the threads model (Krivine
2012), use several distinct (and even an infinite number of) stack constants.
Terms and stacks are defined by mutual induction according to the following
Backus-Naur grammar:

Terms t,u x ‘ Ax.t ‘ tu ‘ K ‘ ko (ke X)

Stacks o u= o‘ t-o (¢ closed)

The system obtained in this way is usually called 1. (see Krivine 1994, 2003,
2009).

It is worth noting that Krivine’s classical realizability has been mainly
conceived for theories formulated in second-order logic. For this reason, among
the set of terms the operators of pair construction, projection, injection, and
case analysis do not appear: at the second-order level they become defin-
able (see Sgrensen & Urzyczyn 2006, pp. 280-281). As already mentioned,
terms correspond to programs for verifying given sentences, as in the case of
Kleene’s realizability. From the morphological point of view, they can be di-
vided into two categories: those that contain continuations and those that do
not. A term containing no continuation constants is called a proof-like term.
Intuitively, such a term corresponds to a (logically correct) proof, and thus it
can be consider as a verifier in Dummett’s sense. We will return to this point
in §§ 3.3.2, 3.3.

Stacks, on the contrary, correspond to the evaluation contexts of pro-
grams, as they are the environments within which programs “react” and ex-
hibit a specific behavior. Finally, processes are obtained by letting (closed)
terms and stacks interact. Thus, contexts can be seen as tests for programs.
Given a (closed) term ¢ and a stack o, a process is noted by ¢t xo. Computation
is then defined by exploiting an evaluation relation on processes, noted with
~+, and defined in the following rewrite rules:
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Ax.t * u-0 ~ tlx:=ul *x o (pop)
Bu * > t *x u-o (push)
< *x t-g ~ t % kys-0 (grab)
ke *x t-o ~ t * o (restore)

An examination of these clauses shows that in order to calculate the re-
sult of an evaluation it is not needed to know how the context ¢ is made,
with the only exception of the grab rule. In this case, it is not the form or
the structure of the term!” that determines the computational action which
has to be executed, but the form of the context. This means, in particular,
that the computational process does not immediately reduce to the computa-
tion of a value when an argument is given to a term but it passes through
the interaction between the term and the context in which it is asked to be
evaluated. We will try to clarify this point in the next section by studying the
« instruction, which is a constant and thus has no proper internal structure:
its computational behavior will then depend only from the context in which
it is evaluated or tested.

3.2 Dialogues

The way in which realizability semantics operates, and more precisely the
way in which processes and their evaluations have to be understood, can be
explained in term of dialogues — or better, disputes — between two agents: the
prover —1i.e. the term —, which has to produce a construction of a certain sen-
tence A, and the skeptic —i.e. the stack — which doubts of the existence of this
construction and thus tries to challenge the prover with respect to A. Con-
sider the following example, involving Peirce law and inspired by Sorensen &
Urzyczyn (2006, pp. 144-145).

1. The prover asserts (A — B) — A) — A, which corresponds to affirm-
ing that a construction « of (A — B) — A) — A holds thanks to the
application of a 0-ary rule.

2. The skeptic does not agree with this assertion, and tries to challenge it
by proposing to the prover the following problem: to exhibit a construc-
tion of A, given a construction of (A — B) — A. In order to do this, she
provides a term ¢ realizing (A — B) — A, asks the prover to provide a
term a realizing A — using «c and ¢ —, and prepares herself to challenge
the fact that a realizes A with a test o’ for A.

17Notice that under the Curry-Howard correspondence for intuitionistic logic a term rep-
resenting a program corresponds to a proof written in intuitionistic natural deduction. This
means that the form of the term reflects the form of the proof, namely the order of application
of the inference rules.
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This situation corresponds to considering a process ac x¢t-a’-¢, where a’-¢
is the context of the challenge, that is the set of presuppositions from which
the skeptic moves in order to challenge the prover.'®

3. In order to continue the dispute, the prover makes use of the presuppo-
sitions of the skeptic and claims A — B (for a more detailed justification
of this step see p. 23). This claim corresponds to the introduction of a
continuation constant k.., coming out from the result of the evaluation
of the process ac x t-a’ - ¢ via the grab rule, which gives t x kg -a’ - .

From the point of view of processes, this amounts to saying that it can be
given as an argument to the term ¢, that is, one could consider the application
(t)k 4., which via the push rule reduces to ¢ x k4., -a’-¢. But this brings us in
a situation where we do not know for sure what will happen. Indeed, the way
the process t x k., -a’-o will reduce depends on how the term ¢ is constructed.

Without going into the details, we can notice that ¢ is a realizer of (A —
B) — A. As we will see in § 3.3.1, this means that any process of the form
txu-a'-o, with u arealizer of A — B and a’ a test for A, will win the dispute.
In other terms, when given a realizer of A — B as an argument, the term ¢
reduces to a realizer of A. This can be done in two ways (see Figure 1). First,
t could be a term that does not use its given argument, e.g. ¢ “throws away”
the argument, that is ¢ is of the form Ax.u, where x does not appear in u.'® In
that case, the skeptic provides, in the end, a realizer a of A, and the dialogue
continues directly at step 5. The second possibility is that ¢ actually uses its
argument to compute its output. The dialogue then continues as follows.

4. At some point during the reduction process, one reaches a step of the
form ky.. xa-o0', where a is a realizer of A. The prover claims that
ky.o 1s indeed a realizer of A — B, but the skeptic considers its use
to be unjustified. She then challenges the prover to provide, given a
construction a of A, a construction of B.

5. Since the skeptic gives to the prover a construction a of A, the prover
comes back to the first challenge, and uses exactly this construction a in
order to satisfy it. In case the computation went through step 4. above,
this corresponds to the evaluation of k4., xa -0’ into @ xa’-¢ by the

18We will try to clarify later what do we mean here for ‘presuppositions’ (see 4.4). For the
time being, it is sufficient to remark that since a context is a list of closed terms, it cannot be
a set of hypothesis, as hypotheses correspond to free variables. Moreover, while hypotheses do
not presuppose any epistemic attitude towards their truth or falseness, presuppositions are
believed to be true.

19Notice that the condition that x does not appear in u is not necessary for ¢ not to use its
argument. In other words, ¢ could not use the argument in the computation, even if x appears
in u. For instance, consider the term ¢ = Ax(1y.a)x, where x and y do not appear in a. Then
t is of the form Ax.u, where x appears in u, but we have the following reduction sequence:
Ax.(Ay.a)x* kg -a' -0~ (Ay.a)kgroxa’ o~ Ax.axky .o -a' o~ a*xa 0.
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If ¢ does not use its argument:

acxt-a'-o ~ txkys-a'-o (grab)
PUNY

~ axa' o

If t uses its argument:

acxt-a o

~ txkgo-a'-o (grab)
~

~ kgoxa-o’

~ a*xa o (restore)

Figure 1: The term «c is a realizer of Peirce’s law.

restore rule. In case the term ¢ provided by the skeptic did not use its
argument, the computation reaches a x a’-¢ without using the restore
rule, since #[x := k,.,] reduces to a term a realizing A.

The prover has thus been able to meet the challenge of the skeptic be-
cause, by appealing to the presuppositions held by the skeptic, she has been
able to transform an attack of the latter into its own defense. And since in
order to do this the prover used only information coming from the skeptic
(namely, a and a’), the skeptic cannot but accept them. It is in this sense that
we can say that the prover possesses a winning strategy.

However, this possibility of switching the role of a move in a dispute is not
the only aspect which characterizes the dialogical account of classical logic.
There is in fact another aspect which is linked to the use of contexts, and
which essentially distinguishes intuitionistic dialogues from classical ones.
When we look at intuitionistic dialogues, we can notice that the prover al-
ways replies to the challenge that the skeptic advanced in the immediately
previous step. The defense of the prover consists then in setting up a func-
tion which returns a value for every argument proposed by the skeptic (see
for more details S6rensen & Urzyczyn 2006, § 4.6). When we look at classical
dialogues, we can notice, instead, that the prover can move back to a previ-
ous challenge and reply to it, by making reference to the context in which this
challenge was previously made, thanks to the restore rule.

3.3 Classical realizability and untyped proof theory

We expose here the realizability interpretation of classical logic. This follows
a well-known technique consisting in typing terms a posteriori, i.e. assign-
ing types to terms according to their interactive behavior, that is, what they

15



effectively compute. For instance, the lambda term Ax.x could be typed by
A — A, for any formula A. This induces subtyping, which means that a given
term can be assigned to several types at the same time.

3.3.1 Realizability interpretation

Let us indicate with A the set of terms, and with X the set of stacks.

Once the processes and their reductions defined, they are used to in-
terpret formulas. More precisely, we define the realizability relation ¢ I- A,
where ¢ is a term and A a formula. The definition proceeds by induction, how-
ever differently from the definition given in the case of Kleene’s realizability,
this definition requires two semantic values and not just one. In particular,
one defines for each formula A, what can be called its falsity value |A|| c X —
corresponding to its set of falsifiers — and its truth value |A| < A — correspond-
ing to its set of verifiers. In order to define those sets, one needs to fix once
and for all a so-called pole which is a subset 1. < A x X of processes which is
closed under anti-evaluation: if txo~u*x7Tand ux7€ 1, then txo € 1.
This last condition is quite natural since it is meant to ensure that if a pro-
cess ¢t x o reduces to an element of I, the process ¢ x o is itself an element
of 1. We develop further the intuitions behind the pole in the second part of
this section. So, once this pole fixed, one defines:

e the set 7', where T is a subset of A, as {c € X | Vi€ T,t o€ IL};
e the set 1S, where S is a subset of Z, as {t € A | Vo €S, ¢ ko€ 1}

For convenience, the set of formulas is extended with a predicate symbol
F for all function F : NF — 2(2) mapping a k-tuple to a set of stacks. If we
want to realize the axioms of Peano arithmetic, we can consider first-order
closed terms to be interpreted on natural numbers, i.e. we have a map [-]
from first-order closed terms to natural numbers. For further details about
these definitions we refer to Guillermo & Miquel (2014). The truth value |A|
of a formula is defined from the falsity value |A|| of A by |A| = LIA|. The
falsity value of a formula is defined by induction (which uses the truth value
in the case of the implication).

”F(ela""en)” = F(Helﬂ>,ﬂenﬂ)
A—Bl = I|Al-IBl={t-0ltel|Al,oc|B]}
Ive Al = U IALx:=nll
neN
IVX Al = U lAIX:=FI|
F:N'—22(%)

The relation “t realizes A” is then defined by tIF A & ¢t € |A|.

Example 1. In order to give better intuitions, let us illustrate this definition
for the case of implication. Suppose that one wants to show that a given
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term ¢ realizes a formula A — B, i.e. one wants to prove that ¢ |- A — B.
This amounts to providing a proof that # € |[A — B, i.e. t€ LA = BJ. So,
one wants to show that, for any element o € |A — B||, the process ¢ x o is
an element of L. Using the above definition, it is in fact possible to know
more about ¢, namely that ¢ is of the form u -o¢’, where u I A and ¢’ € |B]|.
This means that we are trying to prove that t xu-¢’ € 1. Since L is closed
under anti-evaluation, this implies that (£)u o’ € 1L, since the latter reduces
to t xu -0’ by a push rule. Since this can be deduced for all ¢’ € |B||, this
means that (#)u IF B, i.e. (¢)u is a realizer of B. In conclusion, a realizer ¢ of
A — B is a term such that for every realizer u of A, the application (¢#)u is a
realizer of B.

The definition of the realizability interpretation through falsity values re-
inforces the interpretation of evaluation contexts as falsifiers, that is as coun-
terexamples that when opposed to the corresponding verifiers they produce a
deadlock, i.e. something corresponding to a sort of antinomic situation.2’
Moreover, it has to be noticed that in analogy with the untyped setting — ex-
posed below, the notion of termination is not an absolute and unchangeable
one, but it depends on which processes configurations have been chosen to
represent the terminating states, or better, the terminable ones. In other
words, the pole L is chosen as an arbitrary set of process closed under anti-
evaluation.

3.3.2 Classical realizability as an untyped proof theory

In Naibo et al. (2015) the notion of untyped proof theory is introduced in order
to describe a general framework for dealing with an abstract mathematical
(and in particular, geometrical) notion of proof from which it is possible to
generate a class of deductive systems suitable both for logical and proper
mathematical theories. More precisely, an untyped proof theory represents a
very abstract model of computation, based only on two fundamental notions,
that of execution and that of termination. In this sense, the idea is to describe
a logical or mathematical theory from a computational point of view, in a
similar vein as it is done in the theory of constructions of Kreisel (1962, 1965)
and Goodman (1970, 1973a, 1973b).%1

208trictly speaking, these antinomic situations do not imply the incoherence of the system
itself. The reason is that, as we already mentioned, verifiers, as well as falsifiers, are only
posits. In this sense, it is not astonishing to conceive two logically incompatible situations
together: the resulting conflict between these two situations would be only a conflict in princi-
ple, not an actual one. On the contrary, a genuine incoherence is obtained when two contrary
evidences are present, namely when it is possible to exhibit two proofs of two opposite propo-
sitions, respectively (see Miquel 2009a, p. 81). This way of understanding incoherence is
the same professed by Hilbert: incoherence is definable only at the level of «concrete objects»
(Hilbert 1926, p. 376), i.e. at the level of finitary arithmetic, and not at the level of logic.

21Notice that while the notion of execution seems to be (in a form or another) universally
accepted as a fundamental ingredient of the notion of computation, the notion of termination
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We first recall the general definition of such a framework and then explain
to what extent it relates to Krivine’s realizability. An untyped proof theory is
given by:

¢ A set of untyped paraproofs II;
¢ A notion of execution Ex : IT-IT — IT;
¢ A notion of termination given by a set of untyped proofs Q.

This definition accounts for a number of so-called dynamical models of linear
logic such as Geometry of Interaction (Girard 1989), Ludics (Girard 2001),
and Interaction Graphs (Seiller 2014). From the notions of termination and
execution, one derives a notion of orthogonality over the set of untyped para-
proofs, i.e. it is possible to define Il cIIxII as the set {a-b | a,b € [1,Ex(a-b) €
Q}. From this notion of orthogonality, then one defines the interpretation of
formulas in a similar fashion as in the realizability case.??

The classical realizability setting is very close to the untyped proof theory
framework, except for the loss of symmetry. Where realizability considers
two disjoint sets of terms and stacks, untyped proof theory considers a single
set of paraproofs. This can be explained by the fact that untyped proof theory
is meant for interpreting linear logic formulas, while classical realizability is
meant for interpreting classical logic. Linearity allows for the consideration
of one-element stacks exclusively, that is, those being naturally identified with
the term they contain. Modulo this difference, everything works in the same
way. In particular, the notion of execution in classical realizability is simply
the evaluation of processes. While, as it concerns the notion of termination,
even if in classical realizability it is not considered explicitly,?3, the pole of
classical realizability corresponds to the induced orthogonality in untyped

needs some explications. In some more specific and “concrete” models of computation, like the
one represented by partial recursive functions, termination is not a necessary notion (think
precisely of the partiality condition). Following Kreisel (1972), this represents an analysis of
mechanical effective computability, in the sense that the execution has to be performed by
mechanical following a finite list of instruction. However, nothing is said about who has to
follow this list of instruction. If it is a human-agent that has to follow it, then the number of
steps that she can perform must be finite, since finiteness is a property defining human-agent
(see note 8). This means that each execution has to terminate. The notion of termination
seems then to be linked to the analysis of what Kreisel calls human effective computability.
Beside this computational aspect, termination plays a second key role in the present context.
From a meaning theoretic point of view, termination ensures us that we are not transcending
the capacities of the human agent, thus allowing us to respect the pivotal desideratum of an
anti-realist theory of meaning.

22Notice, however, that one defines the interpretation of linear logic formulas, and not clas-
sical logic formulas, as it will be clarified below.

23 Although the pole is sometimes defined from a set of processes which could be understood
as a notion of termination (see Guillermo & Miquel 2014). For instance, one can take an
arbitrary set of processes Q2 and then define a pole 1L by simply considering the closure of Q
with respect to anti-reduction.
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proof theory. In this sense, classical realizability can be understood as an
instance of untyped proof theory.

Moreover, classical realizability and untyped proof theory share the possi-
bility of representing incomplete or logically incorrect (deductive) arguments
as well as their computational counterparts, that is, wrongful programs.?* As
explained in Naibo et al. (2015), the approach undertaken by untyped proof
theory differs from the usual techniques adopted in standard proof theory,
as it considers a set of objects — the paraproofs — which is much larger than
the set of proofs. More precisely, among the set of paraproofs, only a limited
subset can be mapped to logically correct and closed derivations,?® while the
others represent aborted or logically incorrect derivations. In other words,
this means that the set of logically correct and closed derivations — i.e. the
set of proofs — can be interpreted as a specific subset of the set of paraproofs,
which are shown to share a specific common property. The set of winning
paraproofs is then defined as the set of those paraproofs satisfying this prop-
erty. Although all interpretations of proofs are winning paraproofs, it is not
clear in general if a winning paraproof is the interpretation of a proof. In
the specific framework of Ludics (Girard 2001), the winning paraproofs are
defined as those that do not use a specific non-logical axiom rule named dai-
mon, which allows to derive any sequent of the form FA where A is a positive
formula. A similar situation appears in classical realizability, since not ev-
ery term corresponds to a proof. More precisely, the only terms which can be
associated to proofs are those that do not contain any continuation constant,
that is the so-called proof-like terms (see p. 12): every proof corresponds to a
proof-like term, even if the converse is not true in general (a proof-like term
need not be typeable?®). From a more technical point of view, the proof-like
terms are those that correspond to winning strategies in a dispute, like the
one we described in § 3.2. Proof-like terms are then the realizability ana-
logues of the winning paraproofs. Pushing further this parallel with untyped
proof theory, and especially with Ludics, one can think of the continuation
constants as those parts of programs, or deductive arguments, which make
them incorrect. In other words, continuation constants play a role analogous
to the aforementioned daimon rule.

The fact that terms could contain continuation constants plays a crucial

24We use the terminology of "wrongful programs" as opposed to "proved programs”. Indeed,
programs corresponding to proofs in a formal system are proved in the sense that they do
exactly what they are expected to. More precisely, the corresponding proof can be understood
as a certificate that ensures the program is well-behaved (i.e. produces the right type of output
when given the right type of input), and terminates. With this idea in mind, a wrongful
program is a program which is proved using a incorrect arguments: it is therefore provided
with an unreliable certificate of well-behaviour and termination.

25Notice that in this sense a proof is considered as a closed (logically) valid derivation (or
argument), respecting the definition given in Prawitz (2006, p. 511).

26For instance, the term Axdy . ()(x)Az.2)(x)Az. Aw.z)Az.(z)z is not typable in System F
even though it is strongly normalizable (Giannini & Ronchi Della Rocca 1988).
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role, as it means that every formula — even those that are not provable —
can be associated to a non-empty set of realizers. In particular, | — which
in a second-order framework is defined by VX.X — can be realized by some
terms, not corresponding to proofs, as they contain continuation constants
(see, for instance, the term %,x of the derivation at p. 23). This represents a
fundamental aspect differentiating Krivine’s realizability from Kleene’s one,
as it allows one not to trivialize the interpretation of formulas of the form
—A.

Before focusing our analysis on some specific philosophical problems emerg-
ing from classical realizability, it is important to point out a major difference
between the untyped proof theory approach and classical realizability. Al-
though it is possible to understand classical realizability as an instance of
untyped proof theory, there is a methodological difference between the two
of them. Untyped proof theory somehow works in a top-down fashion: one
considers a huge set of paraproofs — i.e. a specific class of mathematical ob-
jects — with a homogeneous notion of execution, and then shows what logi-
cal/computational principles can be interpreted there. Classical realizability,
on the contrary, works in a bottom-up fashion: one extends syntactically the
set of paraproofs with in mind a notion of reduction of processes that captures
a computational principle, e.g. the quote operator (see § 5).

4 Which theory of meaning for classical realizabil-
ity?

As we have seen in § 3.3.1, Krivine’s realizability represents an operational
semantics for classical logic, allowing one to assign a computational meaning
to classical principles. It becomes than natural to ask if it is also possible to
use Krivine’s realizability in order to define some kind of anti-realist theory of
meaning for classical logic, and in particular a theory of meaning based on the
computational uses associated to classical principles and classical operators,
rather than their truth-conditions.

4.1 Analogies with the finitist interpretation

Let us first remark that it seems not to be an exaggeration to say that Kriv-
ine’s proposal respects, in some sense, the spirit of Hilbert’s finitist programme,
which we have seen to be the starting point of Kleene’s realizability interpre-
tation. More precisely, like in Hilbert’s account, sentences are meaningful
only when they can be associated — or somehow reduced — to concrete objects
or to finitist operations defined over these objects. In particular, in the real-
izability setting, standard Hilbert’s strokes —i.e. |, ||, |||, etc. — are replaced
by terms and contexts, and since terms and contexts are syntactical objects
— that is nothing else but finite configurations of signs — they are also objects
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existing in time and space (see Martin-Lof 1970, p. 9). These objects can thus
be considered as concrete as Hilbert’s strokes are.?”

In order to show that Krivine’s realizability can also recover the notion
of finitist operation, the usual identification of this notion with that of prim-
itive recursive function — as proposed by Tait (1981) — has to be abandoned,
and it has to be replaced with Kreisel’s idea according to which the class of
finite operations corresponds to the class of provably recursive functions in
arithmetic (Kreisel 1960; see also Zach 2015, § 2.3).

The class of provably recursive functions is exactly the class of functions
that Kreisel characterized in establishing his no-counterexample interpreta-
tion (Kreisel 1951, 1952). Now, the no-counterexample interpretation, as ex-
plicitly stated by Krivine (2003, p. 260) and, as we implicitly sketched in
§§ 3.2, 3.3, is the method inspiring Krivine’s analysis of the computational
content of logical and arithmetical theorems: when a sentence is provable,
it is shown that is possible to extract an effective procedure capable of fal-
sifying every possible counterexample for that sentence (see Bonnay 2002
for more details). However, this does not mean that Krivine’s realizability
could be eventually neither reduced to be a simple variant of Kreisel’s no-
counterexample, nor to be a simple re-interpretation the finitist programme.
As we already mentioned, Krivine’s realizers are not “ready-typed” functions
but untyped programs, the evaluation of which needs the definition of a con-
text. Moreover, Krivine’s realizability does not necessarily ask for the extrac-
tion of a witness from an existential statement (Rieg 2014, p. 9). This is be-
cause the finitist operations are not here carried out at the level of individuals
denoted by first-order (closed) terms, but rather at the level of programs for
(classically) provable sentences. In other words, the witness which is looked
for is not the one for statements of the form dxA(x), but the one for judgments
of the form ¢ A, for a certain sentence A and where C is a derivation system
for classical logic.

4.2 Differences with Dummett’s verificationism

Since the natural witness for a judgement of the form ¢ A is a proof of A
— or a proof-term codifying a proof of A —, it would then be natural to look
at Dummett’s verificationism as the closest theory of meaning with respect
to Krivine’s realizability semantics. However, it is quite immediate to notice
that there is some important differences dividing these two theories.

As we already remarked, the class of terms in classical realizability do
not correspond to the class of proofs, being it much bigger. Restricting the
attention to the subclass of proof-like terms is still not sufficient for dealing

27Actually, as C. Parsons remarked, Hilbert’s strokes, as well as syntactical objects in gen-
eral, are quasi-concrete objects: they are not simple tokens, but a particular kind of types,
the « intrinsic [property of which is] to have instantiations in the concrete » (Parsons 2008, p.
242).
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only with proofs, since, as we said in § 3.3, there is not a perfect correspon-
dence between these two notions. Moreover, in order to assign a type A to
a certain proof-like term — and thus making it a realizer — it is necessary to
make appeal to a set of contexts. In other words, this means that in classical
realizability the understanding of a sentence A is not based on a single se-
mantic notion — that of a proof of A (or better, that of a canonical proof of A)
— as it is the case for Dummett’s verificationism, but it requires to make ap-
peal to two semantic notions at the same time: i) programs — corresponding
in a loose way to proof (when we restrict ourselves to consider only proof-like
terms) — and ii) contexts. As we have seen, these two notions are complemen-
tary, so that a special kind of bivalence is introduced at the semantic level:
every well-formed object belonging to the realizability level corresponds ei-
ther to a program or to a context. Following Dummett (1963), it is exactly
the acceptance of a bivalence principle which commits someone to accept a
realist approach with respect to semantical notions.

The question then arises if it is possible to avoid such a built-in form
of bivalence in classical realizability in order to make it compatible with a
verificationist and anti-realist approach. One first step in this direction is
represented by the shift from the two-agents dialogical perspective presented
in § 3.2 to a single-agent perspective. By providing an account of classical
realizability in terms of a single agent, one could hope to avoid, at least in
principle, bivalence.

4.3 From a dialogical to a single-agent perspective

As we already mentioned in § 4.1, differently from recursive functions, pro-
grams are not reducible to some particular kind of step-by-step set-constructions
on natural numbers, but they aim at expressing every kind of actions effec-
tively performable on syntactical objects in general, even on those that would
not be considered in principle as well-typed. It is this general and abstract
character that allows one to assign a computational content even to those for-
mulas that do not correspond to theorems or axioms, and thus to show it is
possible to assign to these formula a specific semantic value. More precisely,
the semantic values are set of terms which contain continuation constants.
This means that the semantic value of a formula — and in particular its truth
value — is obtained under the hypothesis that some counterexample for an-
other formula is given. Let us clarify this point through an example.
According to the usual classical semantics, a formula A — B can be made
true not only when a proof of it is given, but also when a counterexample of
A is given. As we have seen in § 3.2, counterexamples can be represented by
stacks. Moreover, as we have seen in § 3.1, the information present in a stack
o can be codified by a continuation constant k,, and since a continuation
constant is a term, then it is plausible to think this term as typeable with —A.
Formally speaking, if o € | A|, then &, is a realizer of —A: for any element 7 €
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[~Al]l, by definition 7 = ¢-p, with ¢ € |A|, then the process &, x¢-p reduces to ¢ x
o which belongs to L. In this way, modulo a certain degree of approximation,
we can think of A — B as obtained through the following derivation in a
natural deduction setting where formulas are decorated in a Curry-Howard
fashion:2®

ky:mA [x:A1%)

(ko’)x 1 p — elim
(kg)x:VX.X
—(kg)x ‘B V4 elim

Axkg)x:A—B o

The approximations that we have made in this derivation are mainly two.
The first one is to consider that the falsity value of the formula A is not empty.
The second one is the result of a mismatch between the point of view of real-
izability and the point of view of natural deduction. In Krivine’s framework,
untyped objects are considered, and their interaction — like the application
of one to the other — is operated at the level of closed terms.?? In natural
deduction, instead, typed objects are considered, and it is possible to operate
also on open terms, i.e. on terms containing free variables. This implies that
the typing relation “:” used in the above derivation contains the realizability
relation, but it is not equivalent to it. More precisely, the idea is that not ev-
ery deduction step can be read as expressing a realizability relation between
a term and a formula. For example, x : A does not express a realizability re-
lation, since x is not a closed term. The premiss and the conclusion of the
derivation, however, can be read as expressing realizability relations. Since
Ax(ks)x is the n-expansion of k., and n-equivalent terms can be identified
from the computational point of view, then we can consider to be equivalent
to work with —A instead of A — B.

Notice also that our type assignment to &, is not obtained by exploiting
the instruction oc, but it is directly extracted from the intuitive reading of
the role played by a context o, i.e. that of a falsifier. However, we can recover
Krivine’s reading of &, once a proof of A is effectively given, i.e. when x
is substituted by a closed term u. Looking then from the structural point of
view, it should be noticed that %, : 7 A cannot be considered as a dischargeable
hypothesis, since k. is by definition a closed term and not a variable. But it

28The deduction system adopted here is described in details in Miquel (2009a, p. 85). The
idea is that by working in second-order logic we obtain a polymorphic type system, that is a
system where terms could be associated to more than one type. Since in this paper we adopted
the convention to present terms in Curry style, this means that the information concerning
types is not present in the terms, and thus polymorphism is not explicitly manifested inside
terms — by means of some abstraction operator —, but remains implicit (see Hindley & Seldin
2008, p. 119-120). It is for this reason that the rule v2 elim is not associated to any new
operation on terms.

29 As we mentioned at p- 12, processes usually operate on closed terms.
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cannot be considered a closed premiss either, since it has not been justified
by a proof, but it comes from the “reification” of a context. In a certain sense,
the role played by %, : A is that of a pretension, namely the pretension to
accept that it is the case that = A, i.e. to work as if = A has been proved.

In the dialogical setting, we can interpret the assumption k2, : 7 A as re-
flecting the prover’s attitude to think that the skeptic wants to refute her, i.e.
to think that the skeptic believes = A. In turn, this attitude can be seen as
the prover’s understanding of the “context of the game”: from the fact that
the skeptic systematically challenges her claims, the prover evaluates that
the skeptic does not only doubts about her assertions, but wants also to re-
fute them. However, by interpreting - A as a pretension, we open the way
to pass from a dialogical, multi-agent position to a single-agent-based per-
spective. This shift is necessary if one wants to stay as close as possible to a
Dummettian theory of meaning. Indeed, the fundamental divergence distin-
guishing Dummett’s and Krivine’s settings that we discussed in § 4.2 remains
unchanged even if one switches from the computation reading of realizabil-
ity to its dialogical reading: the distinction between the Verifier — i.e. the
prover — and the Falsifier — i.e. the skeptic, provided that we consider neg-
ative hypotheses — reintroduces exactly the same form of bivalence that one
finds between programs and contexts.

4.4 Negative hypotheses as postulates

The shift operated by working as if A has been proved corresponds to con-
sider that &, : 7 A plays the role of a postulate, in an Aristotelian sense, i.e.
as « something [which is] not in accordance with the opinion » of the person
to whom the discourse is addressed (Aristotle, Posterior Analytics, 76b32-34;
Barnes 1993, pp. 16, 141-142). From this perspective, the reading of negated
assumptions decorated by a continuation constants becomes clear: they are
presuppositions, which are believed to be true, i.e. special kind of hypotheses
to the truth of which an agent commits herself.

One should carefully distinguish this kind of hypotheses from the usual
ones, that is, like those used in standard natural deduction. Assuming a
sentence to be true can have indeed two different senses: a potential and an
actual one. This distinction is made explicit by Martin-Lo6f (1991). In the
potential sense, assuming that ‘A is true’ corresponds to assume that the
assertion of A is justifiable, i.e. that in principle there could be found an
evidence in favor of it — even if in fact it could occur that this evidence is not
available, nor it will ever be available. By making such of an assumption we
are thus keeping open every kind of possibility: both the existence as well as
the non-existence of an evidence in favor of A. On the contrary, in the actual
sense, assuming that ‘A is true’ corresponds to assume that the assertion of
A has already been justified, i.e. that there is an evidence in favor of it. By
making such of an assumption we are thus pretending that an evidence in
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favor of A effectively exists — even if it is not the case, in the sense that we
cannot prove this existence claim.

As we just said, the first kind of hypothesis corresponds to standard hy-
pothesis in natural deduction, which are used for the formation of conditional
statements. In order to prove a sentence of the form A — B, we do not neces-
sarily need to possess a proof of A. For example, we can prove (A A—A)— L,
even if A A 7 A is not provable at all (cf. Sundholm 1994, p. 163-164). Fol-
lowing the standard notation adopted in the Curry-Howard correspondence
between proofs and programs, we will decorate this kind of assumptions us-
ing term-variables of the form x, y, z, etc. The proof of (A A —A) — L will be
thus decorated in the following way:

[x:AA-A]L) [x:AA-A]L)
pe@) A T o wA ™
(pa(X))p1(x): L

Ax.(po(x))p1(x):(AA-A)— L

— elim

— intro (1.)

where p1 and ps are the first and second projection, respectively.3?

The second kind of hypothesis corresponds, instead, to those hypotheses
used for establishing (proper) admissibility results. In order to establish the
validity of an inference rule of the form P , it is asked to assumed that A
has been proved, and show that under this assumption B can also be proved.
This corresponds to take the sequent F A as an hypothesis, and show that
I B can be concluded. But doing this seems to generate two sorts of comple-
mentary problems. On the one hand, if we want to discharge this second kind
of hypothesis, we have to discharge sequents, which means that we are deal-
ing with some kind of higher-order rules similar to those used by Schroeder-
Heister (1984). On the other hand, the conceptual distinction between two
kinds of hypothesis risks to be flattened by the following result:

Proposition 2. Let 8 =1{+A1,...,FA,}, where the V- A; stand in the position
of hypothesis. Then, Fnj+g TVFC if and only if Fng [Aq,...,A,+C.3!

This result concerns the derivability level, while it says nothing about
the proof-structure level. But, as we have seen in the case of the definition
of canonical proofs, proof-structure is an essential ingredient of Dummett’s

3OMaking appeal to projections is for simplicity and shortness of notation. In fact, as we
said at p. 12, these operators can by defined in the second-order setting in which Krivine’s
realizability is conceived.

31Notice that we consider to work here with a natural deduction presented in a sequent
calculus style. The proof of the proposition can be found in Negri & von Plato (2001, pp. 134-
135). In general, in order to prove the ‘only if’ direction, the idea is to replace every FA;
sequent used in the proof of I'FC with an identity sequent A;FA;. While in order to prove
the ‘if’ direction, the idea is to apply a cut rule on the A;, having FA; and T',Aq,...,A,FC as
premisses.
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verificationism: the key-semantical entities are not proofs in general, but
proofs having a particular form, concerning the order of application of infer-
ence rules.

We are thus in a situation, in which, on the one hand, we would like to
keep track of the distinction between the two kinds of hypothesis we have in-
troduced — so to keep track also of the structural difference between the proofs
using one kind of hypothesis or the other — and, on the other, to respect the
result stated in the previous proposition — and thus treat the second kind of
hypothesis as hypothesis acting on formulas and not on sequents. In order
to do this, we can take the second kind of hypothesis as formulas decorated
by a different set of variables than the first kind of hypothesis. In particular,
we can decorate the second kind of hypothesis using the variables a, b, c,
etc., and operating their dischargement using an abstraction operator differ-
ent from standard A-abstraction (used for the first kind of hypothesis). The
behavior of this operator can be explained by reflecting on the conditions that
Dummett’s theory of meaning has to satisfy in order to certify his soundness.

4.4.1 A verificationist account of classical logic

Dummett’s theory of meaning rests on a what is called a fundamental as-
sumption: the assertion of a sentence A, having § as principal connective,
should always be performable in a direct way, that is, by means of a f-intro-
duction rule (see Dummett 1991, p. 254). In the case of intuitionistic logic,
this assumption is respected by considering assertions performed under zero
assumptions, which means that only the assertions of theorems are consid-
ered. This seems a to be indeed a too narrow interpretation of the fundamen-
tal assumption. Satisfying the fundamental assumption when only empty
sets of assumptions are considered seems to be just a minimal test that the
verificationist theory of meaning has to pass in order to be considered as a
sound theory. But what about a maximal test? How should it look?

It seems to us that by making appeal to the second kind of hypothesis
analyzed in the previous section this maximal test can be defined, and it
would take the form of a robustness test:

There should exist at least a proposition A that can be directly
asserted under the worst possible (and non-trivial) assumption,
i.e. under the assumption that —A is true, in the sense that an
evidence for the refutation of A is supposed to effectively exist (and
—1A has not been introduced by a weakening rule).

The formulation of this test suggests that it is possible to restrict our
attention to the use of negative hypotheses, i.e. what we called postulates.
Formally speaking, this means that given derivation of the form:
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a:A

t:A
it should be possible to rearrange the order of the rules so to conclude using
an introduction rule of the principal connective of A.

The problem is that by using again the hypothesis a : 1A, it would be
possible to conclude (a)t : L, which means that under the assumption of the
effective possession of a proof of = A, an inconsistency can be proved. In order
to avoid that the addition of the second kind of hypothesis leads to incon-
sistency, it would be sufficient to deactivate a : A immediately after having
derived ¢ : A — so that the hypothesis cannot be used again —, and then con-
tinue to assert A. This corresponds to use the following inference rule:

[a: _,A](n.)

t:A

— M)
va.t:A "

where v is an abstraction operator acting exclusively on the second kind of
hypothesis.
This rule corresponds to the principle of consequentia mirabilis, i.e.

(A-1)—-A)—-A

which with respect to intuitionistic logic is equivalent to the Peirce’s law (see
Ariola et al. 2007, p. 407). This means, in particular, that when CM is added
to the system of intuitionistic natural deduction (NJ), one obtains a system
which allows to recover full classical logic.

A fundamental feature of such a classical system is that it satisfies a form
of quasi-canonicity of proofs. More precisely, thanks to a result due to Seldin
(1989), it is possible to show that if A is a theorem of classical logic, then
there exists a proof of it using only one occurrence of the CM rule, namely
the last one. This means that the conclusion of the penultimate step of the
derivation is also A, and that this occurrence of A is intuitionistically derived
under the only assumption —A. But since = A is an Harrop formula, then
this derivation enjoys the introduction form property, and thus this immedi-
ate sub-derivation of A terminates with an introduction rule of the principal
connective of A.

The classical system obtain via CM does not fully fit in the proofs-as-
programs paradigm: providing a direct computational interpretation of CM
is not a trivial matter. However, a parallel with Kreisel’s no-counterexample
interpretation can shed light on the implicit computational features of the
system. In particular, this should be sufficient in order to guaranteeing that
CM can recover those computational features of classical logic captured by
Krivine’s realizability.
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The Kreisel’s no-counterexample account

(1) Consider A =3xVyAp(x,y) and A = Vxdy-Ag(x,y), where A is a theo-
rem.

(2) A counterexample to A would consists in a function f such that

VaAp(x, f(x)) (*)

(3) Appealing to the consistency of the system guarantees that there exists
a functional @ satisfying the Herbrand normal form of A, i.e.

VI Ao(@(f), F(D(F))

(4) The functional @ represents a counterexample to (¥), i.e. a counterex-
ample to the existence of the function f.

(5) The computability of the procedure is assured by proving @ to be recur-
sive. In this particular example, since A is a Zg formula, then ® is even
primitive recursive (see Parsons 1972).

The CM account
(1) Consider A and —A.

(2") A counterexample to A would consists in a proof of = A, which means to
take
a:"A

(3') The existence of a derivation 2 from —A to A, and the subsequent ap-
plication the rule CM, guarantees the consistency of the system, as it
allows to transform any alleged proof of A into a proof of A, i.e.

va.(t)a: A

where v is an abstraction operator acting on variables used to indicate
postulates.

(4’) The proof-term ¢ represents a counterexample to the existence of any
possible closed proof-term replacing a.

e computability of the procedure is assured by the fact that 2 uses
(5") Th tability of th d i d by the fact that 2
only intuitionistic means.

Even if the classical system based on the rule CM is obtained from an
analysis of Krivine’s system A, it involves nevertheless some significant dif-
ferences with the latter. First, it allows one to transform into a rule of infer-
ence what in Krivine’s is treated like an axiom, that is, the classical principle
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expressed by the Peirce’s law. This means, at the level of terms, to transform
the constant cc into a complex term making use of the abstraction operator
v. This transformation, in turn, has been made possible by distinguishing
between two kinds of hypothesis, which allows in particular to avoid the use
of contexts. The fundamental consequence is that the sneaking of bivalence
is blocked: one does no more need to make appeal to a dialogical setting, as
the only fundamental semantic concept is the one of proof, as requested by
the Dummettian verificationism.

We conclude this section by noting that the v operator acts similarly to the
u of Au-calculus (Parigot 1992), with the major difference that in Au-calculus
the u operator is paired with a second rule allowing the formation of contexts
and the evaluation of a term in such a context. In the typed setting, these
can be seen as an introduction and an elimination rule for classical negation.
On the other hand, in the classical setting we sketched, there is no appeal to
contexts: the meaning of logical constants is fixed by the intuitionistic rules
and CM plays the role of a structural rule, in the sense that it acts on the
structure of derivations —i.e. at a “global” level — and it allows one to control
the discharge of postulates.

5 The computational meaning of axioms

In the previous section, by operating an extension of the notion of hypothesis
used in natural deduction systems, we have been able to offer an understand-
ing of the logical part of Krivine’s realizability in terms of proof-analysis. In
other words, by the introduction of a derivation system based on two kinds of
hypothesis, we have given a presentation of classical logic which is compati-
ble both with Krivine’s realizability and Dummett’s verificationism.

However, as we have already anticipated, Krivine’s realizability can also
be used to give an interpretation — in the sense of assigning a semantical
value — to the axioms of proper mathematical theories. But differently from
Kleene’s realizability, it does not only allow one to interpret the axioms of
arithmetic. It covers also the axioms of set theory.

As we already seen in the case of pure (classical) logic, the interpretation
given by Krivine’s realizability is a computational one. And the notion of
computation is, in turn, based on that of execution. The notion of execution
is not a stable one, thought. In particular, by adding a new proper axiom to
the system, a new realizability model is obtained, because a new constant
instruction is added. And when a new instruction is added also the notion of
execution has to be extended.

Consider, for example, the axiom scheme of countable choice, according to
which every countable family of non-empty sets has a choice function. Writ-
ten in the language of set theory it takes the form:

VxeN3yeS.Ax,y) — 3f € SNVx e NLA(x, £ (x)))
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When we want to add it to second-order arithmetic PAZ, we can simply write:
(ACC) VxIAYA(x,Y)— AZVxA(x,Z(x))

where Y is a k-ary second-order variable, Z a k + 1-ary second-order variable,
and A(x,Y) is any arbitrary formula not containing Z free.
The system PA2+ACC is a theory adequate enough to formalize analysis.
In order to realize ACC, and thus construct a realizability model for this
theory, a new instruction y has to be introduced, behaving in the following
way (see Krivine 2003, p. 271):
X *x tm ~ t *x n,7n

where n, is the Church numeral®? corresponding to the natural number n;,

which is the number that has been associated to the term ¢ by a (not necessar-
ily recursive) enumeration of the set of closed terms. When this enumeration
it is a recursive one, then y can be implemented by means of the quote in-
struction of LISP.33

The introduction of y induces a modification on program execution, since
a new evaluation clause has to be considered, and new contexts of evaluation
can be created by exploiting the function enumerating closed terms. But in
order to have a full characterization of the execution, it has to be checked
whether the new evaluation clause remains compatible with previously de-
fined program transformations, in particular with S-reduction (which corre-
sponds to the reduction defined by the pop and push rules). Actually, this is
not the case for the y operator (see Krivine 2003, p. 271). This means that
x leads up to differentiate terms that otherwise would have been computa-
tionally identified. Hence, the identity criterion for computational entities

32A Church numeral is a representation in pure A-calculus of natural numbers, such that a
given natural number n corresponds to the A-term

AfAx(f)...(fx
———
n times

For more details see Sgrensen & Urzyczyn (2006, p. 20).
33Notice that x does not directly realize ACC. What can be proved instead is that there
exists a function F : N#*2 — ©(2), with p(Z) the power set of the set of stacks X, such that:

1IFVx(Vy(Nat(y) — Alx,F(x,¥)) — VY (A(x,Y)))

where Nat(y) = VX(X(0) A Vx(X(x) — X(s(x))) — X(y)). It is then easy to show that the term
Az(2)y realizes what can be called the intuitionistic countable choice axiom:

(IACC) 3FUVx(Vy(Nat(y)— A(x,U(x,y))) — VY A(x,Y))

where Y is a k-ary second-order variable, U a k + 2-ary second-order variable, and A(x,Y) is
any arbitrary formula not containing U free. In order to realize ACC it is sufficient to show
that ACC can be obtained from IACC by means of i) logical equivalences, ii) the least number
principle, and iii) the principle of extensionality for functions (see Miquel 2009b, §§8.1, 8.2.).
It is by performing these deductive steps that an essential appeal to classical logic is made.
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not only rests on their behavior — rather than on some pre-fixed features,
like their nature or form —, but it also strictly depends from the situations in
which this behavior is manifested. More precisely, when new instructions are
introduced, and the context of computation changes, the behavior of terms
could change as well.

From a philosophical point of view, this phenomenon seems to support a
sort of anti-essentialist point of view, according to which an entity is recog-
nized to belong to a certain category of objects not because it possess a fixed
set of defining characteristic properties, but because we can use it for per-
forming certain kind of operations. From the technical point of view, we know
instead that the Curry-Howard correspondence establishes a precise connec-
tion between the notion of f-reduction and that of proof-normalization. The
incompatibility of the B-reduction with certain kinds of instructions suggests
then that the proof-normalization does not play any central role within real-
izability framework. But since the proof-normalization is at the core of the
possibility of obtaining canonical proofs (see p. 7), this seems to represent a
conclusive evidence in favor of the idea that Krivine’s realizability is concep-
tually distinct from Dummett’s verificationism.3*

However, this is not a completely astonishing situation. From the verifi-
cationist point of view, assigning a semantic value to proper axioms is a dis-
couraging task, because assigning a set of canonical proofs to proper axioms
is a sort of a counter sense, since by definition proper axioms are sentences
which are accepted (as true) without any specific proofs to be exhibited. On
the contrary, in Krivine’s account, the meaning of a proper mathematical ax-
iom is not given on the basis of its inferential behavior, but on the basis of
its computational behavior. The latter not being defined in absolute terms,
but with reference to a given set of contexts, that is, to those situations which
oppose to the axiom and try to falsify it. The idea is thus to identify those en-
tities which realize the axiom in spite of all possible attempts made to refute
it. And even if by definition those cannot be proofs, they remains nonetheless
accessible to human agent, since they correspond to operations consisting in
an algorithmic manipulation of a given set of syntactical objects, where the
latter represent the context of evaluation.

Certainly, it could be objected that it would be possible to transform the
mathematical axioms into some kind of inference rules, as we have done for
the Peirce law in the previous section. The problem is that in order to render
this transformation faithful with respect to Krivine’s realizability we have
to show that the so-obtained inference rules possess a computational con-
tent, and this is not a trivial question. For example, when axioms are trans-
formed into inference rules following the method proposed by Negri & von

34A similar kind of blindness with respect to proof-structure is advocated by Kreisel (1951,
pp- 155-156, note 1) when he compares his unwinding program with Brouwer’s construc-
tivism.
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Plato (2001, § 6; 2011), this seems not to be possible. On the contrary, when
axioms are transformed into rewrite rules (acting on the formulas involved
in the logical inference rules), as proposed by Dowek et al. (2003), it seems
to be possible to preserve the computational content (see Dowek & Werner
2005; Dowek & Miquel 2007). However, rewrite rules are not inference rules,
and thus it is not clear to which extent this approach is compatible with Dum-
mett’s verificationist.?> We must then conclude that we lack a general method
for assigning a verification interpretation to Krivine’s realizability, when it is
applied to mathematical theories going beyond pure logic.

6 Conclusion

We have exposed how the compatibility of Krivine’s classical realizability
with Dummett’s verificationism can be obtained only when it is possible to
give an inferential treatment of Krivine’s computational clauses. This seems
to be the case for pure classical logic, as shown in § 4, but not for proper
mathematical theories. Krivine’s approach allows indeed to give a computa-
tional meaning to proper mathematical axioms by assigning them a specific
program instruction, while Dummett’s verificationism seems not to be a suit-
able framework for dealing with proper axioms, since axioms are tradition-
ally considered as sentences which are accepted without asking for a proof of
them.

However, it should be noticed that the sensibility of the execution opera-
tion to the addition of new program instructions seems to prevent classical re-
alizability from being a uniform framework for the treatment of axioms. This
represents a major difference with respect to the untyped framework pre-
sented in § 3.3.2, where the presence of two peculiar ingredients contribute
to guarantee the possibility of working with a general and unique notion of
execution. On the one hand, the appeal to the daimon rule (see p. 19) allows
one to define a general notion of axiom, subsuming all kinds of axioms, being
them proper axioms or logical ones. On the other had, no real distinction is
made between terms and sacks: from the point of view of untyped proof the-
ory, both of these entities correspond to paraproofs, and are thus treated in
an homogeneous way.

It would be then interesting to compare these two frameworks in detail,
in order to understand whether they belong to different philosophical projects
or not. In Naibo et al. (2015) it is claimed, indeed, that the untyped theory
framework is not compatible with a verificationist approach, and this claim
is based on the treatment of the notion of proper axiom. It would be interest-
ing to understand if the same arguments can be applied also to the case of
Krivine’s realizability.

35For a detailed discussion of these questions see Naibo (2013, in part. chap. 9).
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