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Interaction Graphs:
» Generalization of the first Gol (Multiplicatives);
» Gol for MALL;

» The construction is parametrized by a map and:

» one choice of this parameter yields a combinatorial version of
Girard's Gol5;

» another choice will give a refined version of older Gols (where
orthogonality is based on nilpotency);

» The construction relies on one property: the cyclic property;

» The additive construction gives an alternative presentation of
idioms and pseudo-trace in Gol5.
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Directed weighted graphs

Definition

A directed weighted graph is a tuple G = (V¢ EC, s¢ ¢, w®),
where VC is the set of vertices, EC is the set of edges, s¢ and t©
are two functions from E€ to V@, the source and target functions,
and wC is a function E¢ —]0, 1].

Remark
We will usually denote G = (V©, E®) such a graph to simplify

notations.
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Plugging

Plugging corresponds to the recognition of a cut.

Definition

If G=(V® E®) and H= (VM EM) are two graphs, we define
GOH as the graph Gw H = (V¢ U VH ECw EN) together with a
coloring function § such that

Oifec EC
5(6)_{ lifee EM
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Execution

The execution of two graphs F, G is the graph of alternating paths
from VFAVE to itself.
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Execution

The execution of two graphs F, G is the graph of alternating paths
from VFAVE to itself.

Definition
We define the execution F :: G between two graphs F and G as

F:G=(VFAVC, Pathls \\,c(FOG))

where Path®(VFAVE)FOG is the set of alternating paths in
FOG whose source and target are in VFAVE.

Remark
When VF N V& = (), we will use the notation FUG for F:: G (in
this particular case, F:: G = (VF U V¢ EFw EC).
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Counting cycles

Sometimes, cycles can appear between two graphs.

Definition
We will denote by cycl(F, G) the set of alternating cycles in FOG,
i.e. cycles m = {ej}o<i<n such that:

> it is an alternating path: d(ei) # d(eit1);

» the concatenation of 7w with itself is an alternating path:

d(eo) # d(en).
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The cyclic (or trefoil) property

VF

vH Ve
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Counting cycles

Proposition
Let F, G, H be graphs with VF NV N VH = (. Then:

cycl(F, G = H)Wcyc(G, H) = cycl(F :: G, H) & cycl(F, G)
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Counting cycles

Proposition
Let F, G, H be graphs with VF NV N VH = (. Then:

cycl(F, G = H)Wcyc(G, H) = cycl(F :: G, H) & cycl(F, G)

Corollary
Let F, G, H be graphs with V¢ N V" = (. Then:

cycl(F,GUH) = cycl(F, G) W cycl(F :: G, H)
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Measuring cycles

Based on this result, we can define a measurement of the
interaction between two graphs.

Definition
Let m:]0,1] — Rxo U {oo}. We define, for any two graphs F, G:

[F.Gln="», mlw(x)

wecycl(F,G)
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Measuring cycles

Based on this result, we can define a measurement of the
interaction between two graphs.

Definition
Let m:]0,1] — Rxo U {oo}. We define, for any two graphs F, G:

[F.Gln="», mlw(x)

wecycl(F,G)

Proposition
Let F, G, H be graphs with VF NV N VH = (. Then:

[F,GUH],, +1[G,H], =[F=G,H],+I[F,G],,
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Measuring cycles

Based on this result, we can define a measurement of the
interaction between two graphs.

Definition
Let m:]0,1] — Rxo U {oo}. We define, for any two graphs F, G:

[F.Gln="», mlw(x)

wecycl(F,G)

Corollary
Let F, G, H be graphs with V¢ N V" = (. Then:

[F,GUH], =[F:G,H], +[F,G],
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Definition

A sliced graph G of carrier VC is a formal weighted finite sum of
graphs G = Y";.;c af G; where for all j € 1¢, V& = VC and
a,-G €R.

We will denote by 1¢ the total weight of G: 16 =} .c al.

We simply extend the execution and measurement by "linearity":

(Z af G) ::(Z o' H) = Z Z a,-GaJHF,- G

iclG iclH i€lC jelH
G H G _ H
[>_orGi ) af'Hl = . > ofaflFi G
icle iclH i€lG jelH
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Definition

A sliced graph G of carrier VC is a formal weighted finite sum of
graphs G = Y";.;c af G; where for all j € 1¢, V& = VC and
a,-G €R.

We will denote by 1¢ the total weight of G: 16 =} .c al.

Proposition
Let F, G, H be sliced graphs such that VF N Ve N VH = 0. Then:

[F:G,H]+14[F,G] =[F,G:H]+ 1[G, H]
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Definition

A sliced graph G of carrier VC is a formal weighted finite sum of
graphs G = Y";.;c af G; where for all j € 1¢, V& = VC and
a,-G €R.

We will denote by 1¢ the total weight of G: 16 =} .c al.

Corollary
Let F, G, H be sliced graphs such that V¢ N VH = (. Then:

[F:G,H] 4+ 1y[F,G] =[F,GUH]
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Wagers

In order to deal with the additional term in the adjunction, we will
associate a number in RU {co} to our graphs, and extend the
execution and the measure to couples (f, F):

(f,F):(g,G) = (flc+glr+[F,G],, . F:G)
[[(f7F)7(g7G)ﬂm = f1G+g1F+HF7GHm

Then, if F, G, H are three graphs with VENVENVH =0, we get,
for any f, g, h:

[(£,F), (g, G)=(h, H)] ., = [(F, F) (g, G), (h, )],

And in the special case V¢ N VH = (), we have:
[(,F), (g, G) U (h H)l,, = [(f, F) (g, G), (h, )],
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Projects

Definition (Projects — Proofs)
A project is a couple a = (a, A) where a € RU {0} is the wager
and A is a graph. The finite set V4 of vertices of A will be called

the carrier of a.
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Projects

Definition (Projects — Proofs)

A project is a couple a = (a, A) where a € RU {0} is the wager
and A is a graph. The finite set V4 of vertices of A will be called
the carrier of a.

Definition
Let a and b be two projects. We define

La,b>, =alg+ bl + [[A, B]]m
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Conducts

Definition (Orthogonality)

Two projects a and b of same carrier are said to be orthogonal
when <a, b>p, # 0, c0.
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Conducts

Definition (Orthogonality)
Two projects a and b of same carrier are said to be orthogonal
when <a, b>p, # 0, c0.

Definition (Conducts — Formulas)
A conduct is a set of projects (with same carrier) equal to its
bi-orthogonal.
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Multiplicatives

Definition (Cut)
Let § and g be two projects. We define the cut between § and g as

frg=(Lf,g>m F:G)

Definition
Let A, B be two conducts of disjoint carriers, we define

AoB = {a®b:a::b|a€A,b€B}M“
A—-B = {f|VaeAf:acB}
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Multiplicatives

Definition (Cut)
Let § and g be two projects. We define the cut between § and g as

frg=(Lf,g>m F:G)

Proposition
(A®BY)Y*=A —-B
Proof.
Direct consequence of the adjunction. Ol
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Denotational semantics

Definition
We define the category Braphy,

Obj = {A | A= A+ of carrier Xp € Pr(N)}
Mor[A, B] = {f € o(A) — ¢1(B)}

Proposition

We define functors from the connectives ®, —o (with delocations)
and the negation. With theses definitions, the category &raphy is
a x-autonomous category in which ® # % and 1 # L.

Interaction Graphs: The Additive Construction



Graphs and cycles Additive Construction Girard’s Gols

Additives

Definition
If A is a conduct and V a set such that VAN V = (), we define
ATV = {Cl@O\/ ’ ac A}'J“'J“.

Definition
If A, B are two conducts of disjoint carriers, we define:

AGB = (A, UB, )"

Interaction Graphs: The Additive Construction



Graphs and cycles Additive Construction Girard’s Gols

Additives

Definition
If A is a conduct and V a set such that VAN V = (), we define
ATV = {Cl®0\/ ’ ac A}'J“'J“.

Proposition

A®B=(A*&BY)"*
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Additives
Definition
The sum and product by a scalar on graphs can be extended to
projects:
a+Ab=(a+Ab, Y afAi+ > AafBy)
ielA ielB
Definition

A behaviour is a conduct such that:
»ac A=a+ o €A,
»ac At =a+ doe Al
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Behaviors and connectives

Remark
The orthogonal of a behaviour is a behaviour.

Proposition
If A, B are behaviours, then AQ B,A —- B, A& B,A® B are
behaviours.
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Additives

Definition

A behaviour is proper if:
»acA=a+locA;
»a=(a,A) e A=a=0;

» A is non empty.

Proposition
If A is a proper behaviour, then A* is proper.

Proposition
A behaviour A is either proper, equal to 0,4 = ), or A* = 0/a.
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Additives

Definition
If A, B are conducts, we define:

A+B:{Q®OVB+O\/A®[7|a€A,b€B}

Proposition
If A,B are behaviours, A+ B C A & B.

Proposition
If A, B are proper behaviours there exists ¢ € (A~ + B*)* such
that ¢ ¢ A @ B. Hence (A +B)** C A& B.
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Observational equivalence

Definition
If A is a conduct, we define the observational equivalence =p:

aZabe Vee AA‘, La, >, = <Lb, o>y

Proposition
If A, B are behaviours, then for all f € A & B, there exists a € A
and b € B such that f Zpgg a+ b.

Proposition
If A, B are behaviours, then for all f € A & B, there exists
ce{a®oystU{b®oya} such that f ZaqB .
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Denotational semantics for additives

The functor induced by the & is not a categorical product, however
the following are all consequences of the cyclic property:
Proposition

Letf€ A — B and g € A — C be projects, and write ) = §&g.
Then for allb € BY, f:b=2pa h:b®oyc.

Proposition

The observational equivalence defines a congruence on the category
Graph -

Proposition

The quotient category €ond inherits the x-autonomous structure of
&raphpy ., and the full subcategory Behav is a categorical model
for MALL with additive units (without weakening and mix).
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Graph Contraction

Definition (Contracting edges)

We define the operation ~ that associates, to each weighted graph
G, a simple weighted graph by replacing the set E¢(v, w) of edges
from v to w by a single edge which weight is equal to

ZXGEG(V,W) O.)(X).
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Graph Contraction

Definition (Contracting edges)

We define the operation ~ that associates, to each weighted graph
G, a simple weighted graph by replacing the set E¢(v, w) of edges
from v to w by a single edge which weight is equal to

ZXGEG(V,W) O.)(X).

Theorem
Let m(x) = —log(1 — x). Then:

[F,Gl,, = [F,Gl,
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From graphs to operators

» We restrict ourselves to graphs G such that the matrix of
weights M(G) have norm < 1.
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From graphs to operators

» We restrict ourselves to graphs G such that the matrix of
weights M(G) have norm < 1.

» We define an embedding W associating to a graph F an
operator in the hyperfinite factor of type llo, (by considering
the matrix of weights of F), and extend it to an embedding of
(graph) projects into Girard's Gol5 projects;
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From graphs to operators

> We restrict ourselves to graphs G such that the matrix of
weights M(G) have norm < 1.

» We define an embedding W associating to a graph F an
operator in the hyperfinite factor of type llo, (by considering
the matrix of weights of F), and extend it to an embedding of
(graph) projects into Girard's Gol5 projects;

» We extend it to sliced graphs: for A a sliced graph, we
consider the idiom ;.4 C and the pseudo-trace

a:@iciaXi—= Y ica ale,-.

Interaction Graphs: The Additive Construction



Graphs and cycles Additive Construction

Embedding in Gol5

With m(x) = —log(1 — x), we have :

Graphs Gol5
La,b>, = <V¥(a),V(b)>
V(aTb) = W(a):W(b)
V(a+b) = WV(a)&V(b)

As a consequence:

alb < WY(a) L W(b)
V(e®b) = W(a)® V(b)

Interaction Graphs: The Additive Construction
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Nilpotence

One could also take m(x) = oo for all x €]0, 1]. Then:
» The weights do not matter anymore, neither does the number
of edges between two vertices;
» Two projects (a, A) and (b, B) are orthogonal if and only if:
» C(A)C(B) (C(-) denotes the connectivity matrix) is nilpotent;
» alg + bly 75 0, oo;
» We therefore get a geometry of interaction for MLL whose
orthogonality is based on nilpotency, i.e. "old-style" Gol (with
the addition of wagers) giving rise to a *-autonomous category;
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Nilpotence

One could also take m(x) = oo for all x €]0, 1]. Then:

» The weights do not matter anymore, neither does the number
of edges between two vertices;
» Two projects (a, A) and (b, B) are orthogonal if and only if:
» C(A)C(B) (C(-) denotes the connectivity matrix) is nilpotent;
» alg + bl %0, 00;
» We therefore get a geometry of interaction for MLL whose
orthogonality is based on nilpotency, i.e. "old-style" Gol (with
the addition of wagers) giving rise to a *-autonomous category;

» If we look at the additive construction, the behaviours are
either empty or full (orthogonal of an empty conduct), so we
get nothing more than a truth-valued model for MALL.
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