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Thick Graphs

Definition

Let S¢ and D€ be finite sets. A thick graph (weighted and
directed) G of carrier S¢ and dialect D€ is a directed and
weighted graph whose set of vertices is S¢ x DS.
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Figure : Two thick graphs G and H, of dialect {1,2}



Thick Graphs

Definition (Dialectal Interaction)
Let G and H be thick graphs.
1. We write G'o# the thick graph of dialect D¢ x DY defined as
{Xiepu G}
2. We write H¥¢ the thick graph of dialect DS x D defined as

{X;cpc H}® where 7 is the bijection
DY x D% — D% x D¥ (a,b) — (b,a).

Definition
The execution F':-:G of two thick graphs F,G is the thick graph of
carrier S¥ASC and dialect D¥ x DG defined as F'o6 :: G¥or



Figure : The graphs G'pH and H¢
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Figure : Plugging of G'p¥ and H*p¢
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Thick Graphs

Figure : Alternating paths in the plugging of G'p# and Hn¢



Figure .

The thick graph G = H
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Thick Graphs
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Figure : The thick graph G::H



Thick Graphs

Proposition (Associativity)
Let F,G,H be thick graphs such that ST nSGnSH = @. Then:

F:(G:-:H)=F::G):-H
Definition

If F and G are thick graphs, one defines Cy°(F,G) as the set of
alternating cycles in F'o¢ OG** .

Proposition (Geometric Cyclic Property)
If F, G, H are thick graphs such that SFNSGnSH =@, then:

Cy’(F,G::H)UCy(G,H)'o" = Cy*(F::G,H)UCy*(F,G)'o#



Thick Graphs

Definition
Let m : Q — R U {oo}. For every couple (F,G) of of thick graphs,
one defines:
1
IF.Gl= Y —————m)

nECye(F,G) Card(DF X DG)

Proposition (Scalar cyclic property)
IfF,G,H are thick graphs such that S NSNS = @, then:

IF,G::H]+1G,H] =[H,F::G] +[F,G]



Slice-Changes and Contraction

Figure : A graph implementing contraction



Slice-Changes and Contraction
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(¢) Plugging of Ctrﬁ and A
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Slice-Changes and Contraction
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() Plugging of Ctri and B
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Slice-Changes and Contraction

Proposition
Let a =(0,A) be a project in the behavior A, such that D* = {1}.
Then ettt:g zaep(A) @ p(A).

Proposition

Suppose E is a non-empty set of projects of carrier VE, F is a
non-empty conduct and | satisfies Ve € E, f::e € F. Then
feE** —F.



From graphs to graphings

» Perennisation: a map from thick graphs to graphs (i.e. thick
graphs with a unique slice).
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From graphs to graphings

» Perennisation: a map from thick graphs to graphs (i.e. thick
graphs with a unique slice).

» We will replace graphs by graphings: families of
measure-preserving maps (m.p.m.) between measurable
sets.

D:



From graphs to graphings

We fix X = (X, %, 1) a measured space.

Definition (Weighted Graphings)

Let VF € % be a set of finite measure. A graphing on X of carrier
V¥ is a (countable) family F = {(of,¢F : SE — T}, gr, where:

» Yee EF, wf is in Q, the set of weights (think of [0, 11);

» Ve e EF, ¢F is a m.p.m. between the measurable sets
SFcVF and TF < VF,

1 | 1 1 - 1 |
r

Figure : A graphing



From graphs to graphings
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Figure : Example of a plugging



From graphs to graphings

Definition (Paths)
A path in the graphing F is a finite sequence {e;}7_, of elements of
EF such that forall0<i<n-1, Tg N Sg+ , is of non-null measure.

Proposition (Associativity of Execution)
Let F,G,H be graphings such that M\VF nVGnVH)=0. Then:

Fom:(GmH)=Fm:G)m:H



From graphs to graphings

x—5—-x
x—5—-x
m m
[0,2] [3,5] [0,11  [1,2] [3,41 [4,5]

(a) Refinements

Proposition
The relation ~< between graphings defined as:

F~.GodH,(H<F)AH<G)

is an equivalence relation compatible with execution.



From graphs to graphings
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(b) A cycle can become a longer cycle
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(c) A cycle can become two (or more) cycles

Figure : Evolution of cycles through refinement



From graphs to graphings

Definition (Circuit-quantifying maps)
A map q from the set of circuits to Ry is a circuit-quantifying
map when:

1. for all representants 71,72 of a circuit 7, g(71) = q(72);

2. q is invariant by refinement.

Definition (Measure)
Let ¢ be a circuit-quantifying map. One defines the measure
associated to ¢ by:

IF.Gl= )  qm
neCirc™(F,G)

Where Circ™(F,G) is a set of representants of circuits.



From graphs to graphings

Theorem
Let F,G be graphings and F' <F. Then.:

[F,G] = [F',GI
Proposition
IfF,G,H are graphings such that \VF nVGnVH) =0, then:

[F,G:m:H] +G,H] = [H:m:F,G] + [H,F]



Circuit-Quantifying maps
We will now work with the measure space (R, %, 1).

Theorem
Let ¢:X — X be a m.p.m., where X c R is a set of finite measure.
Then the following map is measurable:

x — IinflneN|P"x)=x} if{neN|d"x)=x}#09

X — 00 otherwise

X — Nu{od}

Definition
Let m be a measurable map 2 — RU{oo}. On defines:

Pz ()
Gm T — f m@E™ ™) )
PN P, (x)



Circuit-Quantifying maps
We will now work with the measure space (R, %, 1).

Definition
Let m be a measurable map Q2 — R U {oo}. On defines:

Pon (x)
G 7T mWE™ ™) )
PN Py, ()

Theorem
For all measurable map m : Q2 — R U {oo}, the map qn, is a
circuit-quantifying map.



A perennisation

» Let F be a graphing on VF x DF where DF ={0,1,...,k} with
normalized counting measure.

» The trick: we use three copies of N, and consider 10(DF), a
subset of N+ N + N located in the first copy of N.

» Through the bijection ¥ : N+ N+ N — N defined as
(x,i) — 3x +1 one gets a graphing (a variant of F') on
VE < y(10(DF)).

» One defines "F, a graphing on V¥ x [0, 1], in a natural way.

Definition
Let A be a thick graphing, and Q:R x[0,1] — R an isomorphism
of measure spaces. One defines !0A =Q("A™).



Functorial Promotion

Definition
Let ¢ : N — N be a bijection, b an integer = 2. Then ¢ induces a
transformation sz :[0,1] — [0, 1] defined by

Yiz0ar2 ™ = Tisoap 127"
Theorem

Let ¢ :N — N be a bijection, b =2 an integer. The transformation
Tg IS measure-preserving.



Functorial Promotion

» F,G are graphings of dialects D¥, DG,

» "F.TG" are obtained through " as images of the variants
of dialects w(1o(DF)) and y(1o(D%)).

» Define o : (x,0)— (x,1),(x,1) — (x,0),(x,2) — (x,2)

» Using the preceding theorem, the bijection oo oy ™!
induces a m.p.m. T, of [0,1].

» The graphing "G":-: T, is then the graphing obtained
through "7 as the image of the variant of G of dialect
¥ (1 (DY)).

» The execution of "G '::: T, and "F ' is then a variant of
rRioe ... GEpr 7,



Behaviors’ sequent calculus

e All—Fl C,; Azl—rz C”L‘
ﬂL . b b b b
-CG A1,AgFT'1,Tg; et

(a) Identity group

A1 FT1,Cy; ApbT5,Co; AFT,C1,Cy
Al,Azl—rl,Fg,Cl ®C2; Al—r,012802;

ANLNoET; APYEL,C
A,N1®NyFT; ¢ AFT.PRC; °
ART,C; AFT;
AFT,Col; ¢ ALFT; °

(b) Multiplicative group

Figure : Sequent Calculus ELLcomp



Behaviors’ sequent calculus

AFT,C; . AFLC;  AFT,Cy
A}—F,Cl®C2; ' AFT,C1&Cq;
AFT,T; T No rules for 0.

(a) Additive group

A1 FT1,Cy; AgT3,Co;
IA1,A9, T FT9,1C1®Co;
MIAJAFRT, ART;

aarn ANFT; "

(b) Exponential group

Figure : Sequent Calculus ELLcomp



Negative/Positive Conducts

Definition (Polarized conducts)
A positive conduct P is a conduct satisfying:

» peP=>p+loeP;
> VAeR—{0}, Daiy =(A,(VF, @) e P.

Proposition

A conduct A is negative iff:
» a=(a,A)eA=>a=0;
» acA=>1,4#0.



Negative/Positive Conducts

Proposition
A perennial conduct is negative.

Proposition
If A,B are negative conducts, A — B is a negative conduct.

Proposition
Let A be a behavior or a positive conduct. There exists a successful
project in

2h(A) R 7y(A) —o 2A



Polarized Conducts’ sequent calculus
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(a) Identity group

Figure : Sequent calculus ELLyq



Polarized Conducts’ sequent calculus
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(a) Multiplicative group



Polarized Conducts’ sequent calculus

AlIFT,C;;0 AllFT,Cy;0 AllFT,Cg;0

AIFT,C19Cs.0 AlIFT,C1&C3;0

AIIFT, T;0© T No rules for 0.
(a) Additive group
AIFT,N AlFT,C;
—' 01 _
IAIT I IN IAIT I 1C
AIC,ICIIFT; O . AlIFT;0©
AMCIFT;0 ANIFT;® °

(b) Exponential group

Figure : Sequent calculus ELLyq



The End
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