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Abstract. The notion of storage operator introduced in [5, 6] appears to be an important tool
in the study of data types in second order A-calculus. These operators are A-terms which simulate
call-by-value in the call-by-name strategy, and they can be used in order to modelize assignment
instructions. The main result about storage operators is that there is a very simple second order type
for them, using Godel’s “not-not translation” of classical into intuitionistic logic.

We give here a new and simpler proof of a strengthened version of this theorem, which contains all
previous results in intuitionistic and in classical logic ([6, 7]), and gives rise to new “storage theorems”.

Moreover, this result has a simple and intuitive meaning, in terms of realizability.

Introduction

This paper deals with the “call-by-name” A-calculus (cf. [14]), i.e. A-calculus in which
the strategy of reduction is the “weak head reduction”, which consists in reducing only
the head redex, until the A-term begins by a A. Thus, the rule for “call-by-name”
reduction is:

(Azu)tty ...t~ ult/x]ty ... tg.

We consider a second order type assignment system for this A-calculus, in which types
are formulas of second order predicate logic. Such a type system has already been used
in [9, 4, 8]. Tt allows to get A-terms from proofs in second order intuitionistic logic, by
means of the well known Curry-Howard isomorphism.

The notion of storage operator defined in [5, 6] appears as an important tool in
the study of this second order call-by-name A-calculus. They are closed A-terms which
allow, for a given data type (the type of integers, for example), to simulate call-by-value
in the call-by-name strategy. In [6] was proved a “storage theorem” for intuitionistic
logic; it asserts that the formula Va[—Int(z) — —Int*(z)] (where Int(z) is the definition
of integers in second order logic, and * stands for Godel’s translation; cf. Definitions



& Notations below) is a specification for storage operators on integers in second order
intuitionistic logic. This theorem can be generalized to other data types (cf. [10, 11]).

In [7], this storage theorem was extended to the case of second order classical logic
(the idea of using storage operators in classical logic is due to M. Parigot [13] who
found that they can decode integers obtained from classical proofs).
Our method in order to obtain A-terms from proofs in second order classical logic
is very simple: we only add a new A-constant, denoted by C, with the declaration
¢ : VX (==X — X). In this way, classical proofs, considered as intuitionistic proofs
with the axiom VX (-—=X — X), give A-terms with the constant ¢ inside. Now, for
such A-terms, we extend the weak head reduction strategy with the following rule of
reduction:

Ctty ... t, ~ () Axaty .. . t,.

This is a particular case of a rule given by Felleisen [1] for control operators. Indeed,
this new instruction ¢ allows to introduce in A-terms, mechanisms of “escape” which
are much used in real programming languages, particularly in order to handle errors.
Examples of such instructions are Call/cc in SCHEME, and setjmp, longjmp in the
C language.

The idea of using classical logic in order to give types to “escape” instructions is due

to T. Griffin[3].

In the present paper, we prove a general semantic property (theorem 2) for any -
term T with type Va[-Int(x) — —Int*(x)]. This “storage property” can be expressed
intuitively as follows:
T turns any program ¢ which can only accept as input an integer which s already
computed, into a program T¢ which accepts an integer in any form (and gives the
same result as ¢).
This property appears to be a good mathematical modelization of the simulation of
call-by-value inside the call-by-name strategy. Indeed, the term T can only do this job
by first computing the integer, before giving it, as an input, to the program ¢.

As corollaries of this result, we get new and simpler proofs of the storage theorems
for intuitionistic and classical logic, and also stronger forms of these theorems, which
do not seem to be obtainable by the methods of [6, 7].

Definitions and notations

Formulas
We consider a second order language L, the logical symbols of which are L, — V.
There are individual (or first order) variables x,y, .. ., and predicate (or second order)

variables X, Y. ... of each arity. There may be function symbols of any arity; in particu-
lar, a constant symbol 0, and a unary function symbol s (for successor). For simplicity,
we shall assume there is no predicate symbol (i.e. predicate constant) except L.

The terms of £ (built, in the usual way, with first order variables and function symbols)
will be called L£-terms in order not to confuse them with A-terms.



The set of closed L-terms (i.e. without variables) will be denoted by 7.

Equality is defined: = = y is the formula VX (X2 — Xy) where X is a unary predicate
variable.

The formula —F" is, by definition, ' — L. The formula dzF is =Vax—F. We shall use
the notation A, B — C for A — (B — C).

The formula Int(z) is VX [Vy(Xy — Xsy), X0 — Xz, and reads “z is an integer”.
The Gadel translation of a formula I’ of L is, by definition, the formula F* obtained
by replacing, in F', each atomic formula, except L, with its negation. For example, the
formula Int*(z) is VX [Vy(-Xy — = Xsy), X0 — = Xz].

Let £ be a set of equations, i.e. formulas of the form ¢ = u where ¢, u are L-terms. £
is called a system of equations for integers if L contains the symbol of constant 0 and
the symbol of unary function s, and, for any L-term ¢, and any k£ € N:

st = 0 is not an equational consequence of &;

if st = s**10 is an equational consequence of &, so is t = s*0.

Notice that ) is clearly a system of equations for integers.

Let £ be a system of equations of £. On the set 7 of closed terms of £, we define
an equivalence relation ~¢ as follows: ¢ ~¢ w if and only if ¢ = u is an equational
consequence of £.

The quotient set 7/ ~¢ will be denoted by 7Z¢. It is easy to check that 7¢ is a model
of £, when function symbols are interpreted in the canonical way.

If n € N, the integer n of T¢ is, by definition, the equivalence class of the term s"0, for
the equivalence relation ~¢.

If £ is a set of equations for integers, then the integers of 7¢ are distinct. Furthermore,
if t € 7¢ is such that st is an integer of 7¢, then t itself is an integer of 7.

A-terms

We denote by A the set of A-terms, modulo a-equivalence, and by V the set of A-
variables. If t,u € A, we denote by (t)u, or tu, or t.u, the application of ¢ to u; and by
(t)uy ... ug, or tuy ... Up_1Ug, OF LUy ... Up_1.ug, the A-term (... ((¢)uy) ... ugp_1)ug.

A substitution is a map o : V' — A, where V' is any subset of V. It has a canonical
extension (which we shall denote also by o) into a map ¢ : A — A, defined in the
usual way. When V' is a finite set {x1, ...,z } of variables, and ox; = t;, the substitu-
tion o is also denoted by [t1/x1,...,tx/2zk]; and, for any t € A, ot is denoted then by
t[tl/l‘l, NN ,tk/ZL‘k].

The weak head reduction (called call-by-name in [14]), is a binary relation on A, which
will be denoted by >; it is defined as the least reflexive and transitive relation on A
such that

(Axw)tty ...ty = ult/x]t; .. .ty for any k € N u, t,tq,..., 1 € A.

A subset X' of A is called saturated if t € Xt/ =t = t' € X. In other words, X is
saturated if and only if:

ult/zlty ...t € X = (Azu)tty ...t € X for any k € N, u, t,ty,...,t € A.

If X, C A, then we define (X — ) C Aas{t € A;tu € Y for every u € X'}. Clearly,



(X — ) is saturated for every saturated ).

Models
A A-model M is composed of the following data:

o A set Rpq of saturated subsets of A, called the truth values set of M, with the
following properties:
i)if ¥ CAand Y € Ry then (X — Y) € Ry;
ii) any intersection of elements of $ is in Rpy; (it follows that A € Ry, take
the void intersection).
Notice that condition (i) may be replaced by:

")ift € Aand Y € Rpq then ({t} — Y) € Ru.
e A fixed element of Ry, denoted by | L|.

A A-model M is called standard or intuitionistic if R 4 is the set of all saturated sub-
sets of A.

A formula of L with parameters in M is an expression of the form F[®/X, ..., ®r/ Xk,
where F'is a formula of £, X; a predicate variable of arity n;, and ®; : 7g" — Ry for
1 <i < k (the functions ®; are the parameters of the formula).

For each closed formula F' of £, possibly with parameters, in M, we define its value in
the model M, which is an element of R4, denoted by |F'|ps. This is done, by induction
on F', in the following way:

If F is atomic, then F' = ®(tq,...,t,) with ¢1,...,t, € 7, or F = 1. In both cases,
|F| o is defined in an evident way.

If FF =VzG, then |F|p = N{|G[t/x]|m;t € T}

If F =VXG, X being a predicate variable of arity k, then |F|y = N{|G[®/X]|m; P :
T¢ — R}

When t € |F|r, we say that ¢ realizes the formula F' in M (notation t |- F in M).

Typed terms

We shall consider typed terms i.e. expressions of the following form:

x1 Ay, o, 0 Ap Fe T 0 A, where Aq, ..., A, A are formulas of £, xq,...,x, are
A-variables, 7 is a A-term, and £ a system of equations for integers.

The rules of construction of typed terms are as follows ([4, 8, 9]):

1.xy i Ay, o s A e 0 Ay

2. If oyt Ay, o xp Ao Abe T B, then oy : Ay, ..., 2 ApFe dx7: A — B.

3. Iy Ay, ... o ApbeT: A— B, 7 : Athen oy : Ay, ...,x1 : Ay Fe 77 1 B.

4. Ty Ay, s A be 7 Vo A, then xy 0 Ay, ... oy 0 A e 70 Aft/z] for every
L-term t.

5. Ifwy t Ay, ..o x s ApFe 70 A, then xq @ Ay, ... 2 Ay e 7 : V2 A, if x is a first
order variable which does not appear in Ay, ..., Ag.

6. If wq : Ay, xp s A ke T VX A then xy 1 Ay, ..o ap s A be 70 A[F/ Xy1 ..y



(X is a predicate variable of arity n, F'is any formula; A[F/Xy; ...y, is the formula
obtained by replacing, in A, each atomic formula Xt ...t, by F[t1/y1,...,tn/Yn])-

7. Ifawy: Ay, o s Ap Fe 70 A then oy : Ay, ... 2 : Ap Fe 7 : VX A if X is a
predicate variable which does not appear in Ay, ..., A.

8 Ifwy: Ar,... ;o Apbe T Alt/x], thenxy : Ay, ... 2 Ap e 7 Alu/z] ift =u
is an equational consequence of £.

These are the rules for second order intuitionistic logic.
Lemma 1 (Adequacy lemma) If zy : Ay,...,z, @ Ap Fe t 1 A is a typed term,

where Ay, ..., Ag, A are closed formulas of L, and if M is a A-model, then, for every
ur € |A1|m, - - ug € |Ak|m, we have tluy/xy, ... ug/xx] € |A|am-

The proof is postponed in an appendix. It is not really necessary for a first reading,
because of the following remark.

Remark. In fact, we shall never use precisely the rules of construction of typed terms,
but only the property expressed by the adequacy lemma. Therefore, in all what follows,

we could indeed as well define a typed term as an expression xq : Ay, ...,z @ Ag F¢
t: A, where A, Ay, ..., Ay are closed formulas of £, such that, for every A-model M,
if up € A1 pm,y - uk € [Ag|m, then tug /zq, .. ug/xk] € |A|m-

The R,-reduction

In the following, we shall consider a system & of equations for integers, a A-model N/
and some fixed O € Ry

Ift,u € A, and i € N, we define X (t,u,7) C A by induction on i:

X(t,u,0)={n € Ajun € O} — O;

X(t,u,i+1)={n e A;t(n € O for each ¢ € X(t,u,i)} — O.

We set X (t,u,a) = A for every a € T¢ which is not an integer of 7¢. Clearly, X (¢, u,a) €
Ry for every t,u € A, a € Te¢.

Lemma 2 For every t,u € A we have u € X(t,u,0) and t € |Vy[X(t,u,y) —
X(t,u, sy)]|w-

Let Y(u) = {n € A;un € O}. Then, clearly, u € (Y (u) — O) = X(t,u,0).

Let i € 7¢; we have to show that ¢ € (X(¢,u,i) — X(t,u,si)). This is clear if i is
not an integer of 7¢, because neither is si (by the properties of &), and, therefore,
X(t,u,si) = A.

Now, if i is an integer of g, let Z(t,u,i) = {n;t¢n € O for each { € X (t,u,i)}. Let
¢ € X(t,u,i); we have to show that t¢ € X (t,u,i+1), thatisn € Z(t,u,i) = t(n € O.
But this is clear by definition of Z(t, u, ).

Q.E.D.

It follows from this lemma that (¢)'u € X(t,u,i), for every t,u € A and i € N;



therefore, X (t,u,a) # () for any t,u € A, a € T¢.

Let V be the set of A-variables, with a given enumeration. Let W be an infinite subset
of V such that V—)W is also infinite. Let (g, ug, vg, ng)x>1 be a one-to-one enumeration
of A% x N.

We define, by induction, a sequence (by)ren of distinct elements of W: by is the first
element of W; by is the first element of W, which is different from by, ..., b, and
which does not appear in ¢;, u;,v; (1 <i < k+1).

Let B = {by; k € N}. For k > 1, we set:

gb(bk) = tk, @Z)(bk) = Uk, X(bk) = Vg, W(bk) = nNg, ht(bk) =k.

In this way, we have defined five fonctions of domain By = B— {by }; ht(b) will be called
the height of the variable b. For every u € A, we define ht(u) to be the maximum of
ht(b) for all free variables b of u, b € By (ht(u) = 0 if u contains no variables in By).
Let us notice that the map by — (t, ug, vg, nx) is one-to-one from By onto A® x N;

and that the only variables of B which appear in ¢y, ug, vx are amongst by, ..., bx_1, by
definition of B.

Now, let n be a fixed integer.

A substitution o : {bg, ..., b} — A will be called n-suitable if:
oby € [Int(n)|x and ob; € X (0¢b;, opb;, wb;) for 1 < i < k.

A substitution o : B — A will be called n-suitable if:

oby € [Int(n)|n, and ob € X (o0¢b, opb, wb) for every b € By.

Lemma 3 FEvery n-suitable substitution o : {bg,...,b} — A can be extended into an
n-suitable substitution & : B — A.

We already know that X (t,u,i) # 0, and oby € |Int(n)|y. We define 5b; = ob; for
0 < j < k; for j > k, the definition of &b; is done by induction on j, by choosing
ab; € X(o¢b;,a1b;, mb;). Notice that the only variables of B which appear in ¢b;,
Yb; are taken among by, . ..,b;_1; therefore 6¢b;, o1b; are already defined, and so is
X(5¢bj, 5’@[)[)]', 7Tbj).

Q.E.D.

Lemma 4 Let o be an n-suitable substitution on B, b € By, and ( € X(o¢pb, o1pb, 7b).

Then, there is an n-suitable substitution o' on B, such that ¢'b = ¢ and o'¢pb =

o¢b, o'pb = opb, o’ xb = oxb.

Let k > 1 be such that b = by; we first define o’ on {by, ..., b, } by setting o’b; = ob; for
0 <i<k,and o’by = (. Then ¢’ is clearly an n-suitable substitution on {by, ..., bs}.
By lemma 3, we extend it into an n-suitable substitution, also denoted by o', defined
on the whole of B. We have ¢'b = (, by construction of ¢’. And also o’'¢b = o¢b
because the only variables of B which appear in ¢b are among by, ..., by_1. The same
apply to ¥b, xb.

Q.E.D.

We now define a binary relation on A, which we call R,,-reduction, and denote by >pg, .
It is the least reflexive and transitive relation, such that
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(A\x w)tty ...ty =g, u[t/x]ty...ty, for every k € N and u, t,t1,..., 1 € A;

bw =g, (Yb)w, if w e A, and b € By is such that 7(b) = 0;

bw =g, (pb)V'w if w € A, and b € By is such that 1 < 7(b) < n—1; V' is the single
variable in By such that ¢(V') = ¢(b), ¥(b') = ¢¥(b), x(V) = w, 7(V/) = 7(b) — 1;

botuv =g, tbv, where b is the single variable in By such that ¢(b) = ¢,¢(b) =
u, x(b) = v, m(b) =n — 1; t,u,v are arbitrary A-terms.

Theorem 1 Let e € A be such that oe € O for every substitution o on B. If E € A is
such that E >, e, then oE € O for every n-suitable substitution o on B.

The proof is by induction on the length of the R,-reduction £ >  e. The result is
clear if £ = e. Let us consider now the first rule of R,-reduction which is applied in
the R,-reduction of E:

1. E = (Ax u)tty ... t; by the induction hypothesis, we have o{u[t/z]t; ...t} € O,
for every m-suitable substitution o on B. Therefore, cE = o{(Ax u)tt;...t;} € O,
since O is saturated.

2. FE = bw with b € By,m(b) = 0. By the induction hypothesis, we have
o((Pb)w) € O, that is opb.ow € O, for every n-suitable substitution o on B. But
ob € X(o¢b, ob,0), by definition of an n-suitable substitution, since wb = 0. There-
fore, (ocb)n € O, for every n such that (oyb)n € O. If we take n = ow, we get
ob.ow € O, that is oF € O.

3. E = bw, with b € By,n(b) = i,1 < i < n — 1. By the induction hypoth-

esis, we have o'((pb)b'w) € O for every n-suitable substitution ¢’ on B. Therefore,
o'¢b.o’t.c'w € O. Moreover, we have ¢(b') = ¢(b), (V') = ¥(b), x(') = w and
w(b)=1—1.
Suppose now that o is an n-suitable substitution on B. Let ¢ be an arbitrary ele-
ment of X (o@t/,o¢b',i — 1). By lemma 4, there exists an n-suitable substitution o’
on B such that o'ty = (, o’¢b/ = opl/, o't/ = olf, o'xb' = oxb'. Since ¢(b') =
¢(b), we have od'¢pb = o¢b. From x(b') = w, we obtain ¢'w = ow. Therefore
o'pb.a’'b .oc'w = o¢b.(.ow, and it follows that 0¢b.(.ow € O. And this is true for every
¢ € X(opl,ob,i—1) = X (o¢b, o, i—1) (because pb’ = ¢b, Vb’ = 1hb). On the other
hand, since o is an n-suitable substitution, and 7(b) = ¢, we have ob € X (o¢b, o1bb, 7).
From the definition of X (¢,u,4) for ¢ > 1, it follows that (cb)n € O for every n € A
such that (oc¢b)(n € O for every ¢ € X (o¢b, o1pb,i — 1). If we take n = cw, we obtain
ob.ow € O, in other words o F = o(bw) € O.

4. FE = bytuw; by the induction hypothesis, we have o’(tbv) € O for each n-suitable
substitution ¢’ on B. Here, b € By, m(b) =n — 1, ¢(b) =t, ¥(b) = u, x(b) = v.

Now, let o be an n-suitable substitution on 53, and ¢ an arbitrary element of X (ot, ou, n—
1) = X(o¢b,o9pb, w(b)). By lemma 4, there exists an n-suitable substitution ¢’ on B
such that ¢'b = (, o't = ot, c'u = ou, c’'v = ov. Thus, o'(thv) = o't.o’b.o’v =
ot.C.ov and it follows that ot.(.cv € O; and this is true for every ( € X(ot,ou,n —



1). But, by the fact that o is n-suitable, we have oby € |Int(n)|y, and, therefore,
oby € |Vy[X (ot,ou,y) — X(ot,ou, sy)], X(ot,ou,0) — X(ot,ou,n)|y. On the other
hand, by lemma 2, we know that ocu € X(ot,ou,0) and ot € |Vy[X(ot,ou,y) —
X (ot, ou, sy)]|n. It follows that oby.ot.cu € X(ot,ou,n). By definition of X (at, ou, n),
we have oby.ot.cu.n € O, for every n € A such that (ot)(n € O for each ( €
X(ot,ou,n — 1). Therefore, by taking n = owv, it follows that obg.ot.cu.cv € O,
that is o E = o(bptuv) € O.

Q.E.D.

A subset X C A will be said R,,-saturatedif t € X, t' =, t =1t € X.
Lemma 5 For every model M such that | L| pq is Ry, -saturated, we have by € [Int*(n)|m.

Assume that t € |Vy(=Xy — = Xsy)|m, v € |2X0|m, v € | Xn|p. We have to show
that botuv € |L|y. Let us first show that, for every b € By such that ¢b = t,9b = u
and w(b) =14 (0 <i<mn-—1), we have b € |=Xi|r; this will be done by induction on i.
If 7(b) = 0, we have bw >, vw. But, if w € | X0|p, then vw € | L]y, and therefore
(since | L|pq is Ry-saturated) bw € | L|p. Thus b € |[=X0| .

Ifr(b) =i (1 <i<n—1), wehavebw >pg, tt'w, withbd' € By, ¢p(b') = ¢(b) =t, (') =
(b) = uw and 7(b') = i — 1. By the induction hypothesis, we get v/ € |=X (i — 1)|u4,
and therefore tb' € |=Xi|p. Thus, if w € |Xi|r, we have th'w € | L|ry; since |L|aq is
R,-saturated, it follows that bw € | L], and finally, b € |~ Xi| .

Now botuv =g, tbv with ¢(b) =t, 1(b) = v and 7w(b) = n — 1. By what has just been
proved, we have b € [=X(n — 1)|p. Therefore th € |[=Xn|y. Since v € | Xn|y, we
obtain thv € | L|r. Therefore bytuv € | L| o because | L is R,,-saturated.

QE.D.

Lemma 6 Let £ be a system of equations for integers, n € N, T a \-term such that
Fe T : =Int(n) — —Int*(n), and f a variable € W — B. Then there exists o, € A,
a, g AMfAx frx (or, possibly, o, ~5 Axx if n = 1) such that T fby > g, fou,.

Let M be a standard model of £ such that | L|y = {t € A; t =g, fo for some a ~4
nor a~g Arzif n = 1}. Since M is a standard model, we have, by lemma 8 below,
[Int(n)m C{a € A; a~gn}ifn#1, and |[Int(1)|pm C{a € A; a~p lora g
Az x}. In either case, it follows that f € |=Int(n)|ap. Since, by the adequacy lemma 1,
T € |=Int(n) — —Int*(n)|m, we have Tf € |=Int*(n)|pm. But, by lemma 5, by €
|Int*(n)|pm, because | 1|y is R,-saturated. Therefore T'fby € |L|r, and this is the
desired result.

Q.E.D.

Definition. If F¢ T : =Int(n) — —Int*(n) with n € N, the A-term «,, defined in
lemma 6 will be called the T-value of the integer n. We define Val(T,n) C A as
Val(T,n) = {oay,;o substitution on BU {f}}. If n € T is not an integer of 7¢, we
define Val(T,n) = 0.

Lemma 7 Let 0 be a substitution on V — B. Then, there exists an extension of o
into a substitution o', defined on the whole of V, such that c'by = by, and, for every
T.UeNT>r, U= 0T >p, o'U.



We define o’by, by induction on k: o'by = bg; o’by, for k > 1 is the single variable b € By
such that ¢b = o'pby, b = o'1pby, xb = o'xbi, mb = 7wh;,. Notice that the heights of
@by, Vb, xby, are < k, so that o'¢by, 0’1y, o' xby are already defined.

Thus, we have ¢o’'b = o’ pb, 1o'b = o’'1bb, xo'b = o'xb and wo'b = wb for every b € By.
We prove that T' -, U = ¢'T >, ¢'U by induction on the length of the R,-reduction
T >p, U.

If T = (Axu)tty ...t one step of R,-reduction gives the A-term T} = u[t/z|t; ... 1.
By the induction hypothesis, we have ¢'T} =g, ¢'U, and, clearly, ¢'T > o¢'Ty. Thus
o'T R o'U.

If T"= bw with b € By,mb = 0, then one step of R,-reduction gives the A-term
Ty = ¥b.w. The induction hypothesis gives o'T} =g, ¢'U. We have o'T = o'b.c’w =g,
Yo'b.o'w = o'Pb.oc’w = ¢'Ty. Therefore o'l =g, o'U.

If T'=bw with b € By and 1 < b < n — 1, then we set T} = (¢b)b'w, where V' € B
is determined by the conditions @b’ = ¢b, Yb' = b, xb/ = w and wb’ = wb — 1. The
induction hypothesis gives ¢'T) =g, oc'U. But o'T = o'b.c’w =g, ¢o'b.b".c'w, with
b" € By such that ¢b” = ¢a’b, Yb" = Yao'b, xV' = o'w and 7©b" = 7wo’b — 1. It follows
that b = o'/, since ¢po’'t/ = o’ ot/ = o’ Ppb = po’'b; Yo' = o'Pb’ = o'pb = Pa'b; xo'l =
o'xt/ = o'w; and 7o' = 70 = b — 1 = wo'b — 1. Thus, o'T =g, ¢o’b.c’'t.c'w =
a'¢b.o’'t.c’'w = o'Ty, and, eventually o'T =g, o'U.

If T = bytuv, one step of R,-reduction gives the A-term T} = tbv. We have ¢'T} =
o't.c’b.c’v. But b is the variable of By defined by ¢b =t, b = u, xb = v, 1b =n — 1;
by definition of o', we have ¢’b € By, po’'b = o't, 1po’b = o'u, xo'b = o'v, mo’'b=n — 1.
It follows that o'T" = byo't.c’'u.c’v =g, o'Ti. By the induction hypothesis, we get
o'Ty »g, o'U, and it follows that ¢'T >, o'U.

Q.E.D.

Storage theorems

We can now prove a general result about the behaviour of A-terms of type —Int(z) —
—Int*(z).

Theorem 2 (General storage theorem)

Suppose that £ is a set of equations for integers, n is a L-term, N is a A-model and
O € Ry. Then

i) If ke T : =Int(n) — —Int*(n), then T € |(Val(T,n) — O) — (Int(n) — O)|-

i) If Fe T : Vz[-Int(x) — —Int*(z)], then T € |Va[(Val(T,z) — O) — (Int(z) —
O)]| -

Remark. The intuitive meaning of this theorem, when n is an integer of 7¢, is
as follows: let T be a A-term of type Vz[-Int(x) — —Int*(x)]; for example, T =
AfAz(x)AhAg(h)g o suc.\g g0.f, which is given by the simplest proof of Va[-Int(x) —
—Int*(z)]; suc is a A-term for the successor, and o is the operator of composition

(fog=Az(f)(9)r).



Then, by lemma 6, to each n € N, is associated a A-term «,, ~g n, which is a kind
of computed value which we called the T-value of n (for the above example, «,, is
suc™0). Notice that, from the point of view of computation, all A-terms oa,,, for any
substitution o, are equivalent to «,,; indeed, free variables in «,, are dummy variables
since «, is J-equivalent to a closed term. It follows that the A-terms we substitute for
them are never computed in the call-by-name strategy.

Now, let ¢ be a A-term which can only handle integers in the reduced form «, (or oa,,
for any substitution o). This means that we know the behavior of ¢ only on these
integers; this is expressed by the fact that ¢ € |Val(T,n) — O].

Then T'¢ will be able to handle any “general” integer n, i.e. any A-term which realizes
Int(n), and it will have the same behavior as ¢. This is expressed by the fact that T'¢
will realize Int(n) — O.

Clearly, T' can only accomplish this by first computing the T-value «,, of the general
integer n, before giving it, as an argument, to the program ¢. This is exactly the
simulation of call-by-value in the head reduction (call-by-name) strategy.

Proof of theorem 2.

i) We first suppose that n is an integer. Let ¢ € |[Val(T,n) — O|y, 0 € |Int(n)|y. We
have to show that T'¢pf € O. We first remark that the set W of variables can be chosen
arbitrarily. Therefore, we can assume that no variable of W, and thus of BU{f}, has a
free occurrence in ¢. By lemma 6, we have T fby =g, fo,. Let oy be the substitution
[¢/f] defined on V — B, and o}, its extension defined in lemma 7. Then, by lemma 7,
oo(T fbo) =g, o4(fan), that is Toby =g, ¢.0)0.

Now, for any substitution ¢ on B, we have o(¢.0(a;,) = ¢.0'a,, where ¢’ = o o0 is a
substitution. Therefore o(¢.0(a,) € O, because ¢ € |[Val(T,n) — O|y. By theorem 1,
we deduce that o(T¢by) € O for every n-suitable substitution ¢ on B. We choose o
such that o(by) = 0 (by means of lemma 3, in which we set k = 0), and eventually, we
get Toh € O.

Suppose now that n is not an integer. Then Val(T,n) = 0, so that |Val(T,n) —
O|n = A. Thus, if ¢ is any A-term, and 6 € |Int(n)|y, we have to show that T'pf € O.
Let M be the standard model such that | L], = O. Since n is not an integer of 7¢,
and M is standard, it follows, by lemma 8 below, that |Int(n)|p = 0. Therefore
¢ € |-Int(n)|pm. By the adequacy lemma, we have T € |=Int(n) — —Int*(n)|p, and
it follows that T'¢ € |—~Int*(n)|m.

We now show that 6 € |Int*(n)|a; the result will follow, since we get Tgf € | Ly = O.
Let = be an arbitrary function 7e¢ — R We have to prove that 0 € |Vy(Z'y —
='sy),Z'0 — Z'n|p, with Z'p = (Enp — O) for every n € T¢. But, since O € Ry,
we have Z'n € Ry for every n € 7¢, and the desired result follows from the fact that
0 € |Int(n)|y = VX [Vy(Xy — Xsy), X0 — Xn]|.

ii) Immediate from (i), by definition of |Vz[(Val(T,z) — O) — (Int(x) — O)]|n-
Q.E.D.

We obtain, as corollaries of theorem 2, the storage theorems for intuitionistic logic [6]
and for classical logic [7], and some strengthening of them (theorems 3 to 5).
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Theorem 3 (storage theorem for intuitionistic logic)
If ke T : =Int(n) — —Int*(n), n € N, f is a variable, and 0 ~z n, then T f0 > f.oa,
for some substitution o, «,, being the T-value of n.

We apply theorem 2(i), taking for N a standard model. We set O = {t € A; t > f.oa,
for some substitution o}. From this definition of O, it follows that f € |[Val(T,n) —
O|n. From theorem 2, we deduce that T'f € [Int(n) — O|x. But, since 6 ~5 n, the
following lemma shows that 6 € |Int(n)|y, and therefore T f0 € O.

Q.E.D.

Lemma 8 If 0 ~5 A\fAx f"x, n € N, then 0 € |Int(n)|y, for every model N'. Con-
versely, if M is a standard model and 0 € |Int(u)|pm (v € T ), then u ~g s™0 for some
n €N, and 0 ~g A\f x f"x (or, possibly, if n =1, 0 ~3 A\xx).

Let ¢ € |Vy(Ey — Zsy)|y and a € =0, with = : 7¢ — Ry. We have to show that
Opa € En. Let f,a be A-variables not in 6. Since 0 ~g AfAzx f"z, we have 0fa >
fto; tn = fta_1;...; ta = fty; t1 = a. Since the weak head reduction is compatible
with substitution, we deduce that Opa = ¢t.; t. = ¢t. _1;...; ty, = ¢t}; 1] = «, where
t; = t;l¢/f,a/a]. By induction on 4, we show that ¢/, € =i, for 0 < i < n. This is
clear for i = 0, since Z0 is saturated. If ¢/ € Z(: — 1), then ¢t, € Zi and therefore,
t;., € =i, because Zi is saturated (1 <14 < n). Thus t;, € =(n — 1), so that ¢t;, € =n,
and fpa € =n, by saturation of =n.

Conversely, let 6 € |Int(u)|p. We define = : Te — Ry by Z(v) = 0 if v ¢ s0 for any
k € N; Z(s*0) = {7 € A; 7 ~5 f*a}, f and a being variables not in . Then a € Z(0),
and f € |Vy(2(y) — Z(sy))|m (indeed, if v € T is not an integer, then Z(v) = ), and
thus (Z(v) — Z(sv)) = A).

It follows that 0 fa € Z(u); thus, Z(u) # 0, and u ~¢ s"0 for some n € N. Therefore,
Ofa ~p f"a, and it follows easily that 6 ~3 A fAa f"a (or, possibly, if n = 1, 8 ~5 A f f).
Q.E.D.

In order to state the storage theorem for classical logic, we introduce a constant C
in A-calculus. We define the head C-reduction on A-terms (notation >.) as the least
reflexive and transitive binary relation on A such that:

(Azt)uuy ... ug = tlu/x]ug . oug;

Cutly ... ug = (uW)Az(x)uy ... uk, x being a variable not in wuq, . .., uy.

A subset X of A will be called c-saturatedif t € X, t' =, t =t € X.

The A-constant C is declared to be of type VX(—-—=X — X). In this way, without
changing the rules of construction of typed terms, we get typed terms in classical logic.
We write: 1 @ Ay, ...,z A FE t 0 Ainstead of oy : Ay, ..., 2 0 A, C: VX (- X —
X) I_g t: A

A A-model M will be called L-standard or classical if | 1|p is C-saturated, and Ry
is the set of all intersections of subsets of A of the form |X;,..., &y — L], with
ke N, Ay, ..., & C A (or, what amounts to the same thing, the set of all intersections
of subsets of A of the form |{¢1},...,{ts} — L|m, with k € N, tq,...,t € A).
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Lemma 9 If M is a A-model which is L-standard, then c€ VX (==X — X)|um.

We have to prove that c€ |[-—=X — X|u for every X € Rpq. Let us suppose first that
X =t} ..., {ts} = L|m, with ¢y, ... & € A. Then, we remark that \x(z)t; ...t €
| =X | pm (z being not freein ¢y, ..., ty): indeed, for every t € X', we have tty ... tx € |L|m-
But | L|y is C-saturated, and, therefore, (Az(x)t;...tx)t € |L|m.

Now let t € | ==X o; from what has just been proved, it follows that (t)Az(x)t; ...ty €
| L|pm. Since |L|ag is C-saturated, we get Ctty ...t € | L, that is ¢t € X. It follows
that ce ‘_"'.)C' — X’M

Let now X be any element of Ry. Thus we have X = N;c; X, each A being of the
form [{t:},...,{tx} — L|m. Now, we know that ¢ € |-=X;, — Xj|m. If t € [7=X | u,
then ¢t € [==X;|p for all i € I, since X C AX;; therefore ¢t € X; for each ¢ € I, and it
follows that ¢t € X', which is the desired result.

Q.E.D.

Theorem 4 (1st storage theorem for classical logic)

If F¢ T ¢ =Int(n) — —Int*(n), and F¢ 7 : ==Int(n) (n being an integer), then
(T f = f.oa, for some substitution o, o, being the T-value of n. Furthermore,
for any A-terms tq, ... tg, we have (T)Ax T fxty ...ty =. f.oa,.ty ...ty for some sub-
stitution o.

Corollary 1 If F¢ 6 : Int(n), then, for any k € N and t1,...,t, € A, we have
TfOt,.. .ty =. f.oa,.ty... .t for some substitution o.

Indeed, if F¢ 6 : Int(n), then & 7 : ==Int(n), with 7 = Aggf (g being a variable
which does not appear in 6), and we only have to apply theorem 4.
For k = 0, this gives theorem III.3 of [7].

Proof of theorem 4:

We apply theorem 2(i), taking for A" a L-standard model of £. We first set O = | L| =
{t € A; t > f.o«, for some substitution ¢}. From this definition of O, it follows that
f € |Val(T,n) — Ol|y. From theorem 2, we deduce that Tf € |Int(n) — O|y i.e.
Tf € |-Int(n)|y. But, by hypothesis, we have ¢: VX (==X — X) k¢ 7 : ==Int(n),
and lemma 9 gives c€ |[VX (==X — X)|y. From adequacy lemma, it follows that
T € |==Int(n)|y, and therefore (7)(T')f € | L|x = O, which is the first desired result.
Now, we set |L|y = {t € A; ¢t =. f.oa,.t;...t; for some substitution o}, and
O = {t1},...,{ts} — |L|xy. These definitions ensure that f € |Val(T,n) — O|n.
By theorem 2, we obtain T'f € [Int(n) — O|y. By definition of O, it follows that
e T faty ...ty € |=Int(n)|y. Again from lemma 9 and adequacy lemma, we have
(T)A\x T faty ...t € | L]y, which gives the second part of the theorem.

QE.D.

In the following theorem, ¢(x) is a term of the language £, the only free variable of
which is z. Rg(¢) is its range, i.e. the set of all £L-terms which are ~¢ ¢(t), for some
closed L-term t.
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Theorem 5 (2nd storage theorem for classical logic)

If be T :Va[-Int(x) — —Int*(x)], and F§ 7 : Jxint[p(z)], (¢(x) being a L-term) then
(T)(T)f = f.oay, for some integer n € Rg(¢) and some substitution o, o, being the
T-value of n. Furthermore, for any A-terms tq, ... t;, we have (T)Ax T fxty.. .ty =,
foa, .ty ...ty for some integer n € Rg(¢) and some substitution o.

The proof is almost the same, and we only prove the first part. We apply theorem 2(ii),
taking for N a L-standard model. We set O = |L|y = {t € A; ¢t =, f.o«, for some
integer n € Rg(¢) and some substitution ¢}. From this definition of O, it follows that
f € Ve(Val[T, ¢(x)] — O)|n. From theorem 2, we deduce that T'f € |Vz(Int[¢(z)] —
O)|nx ie. Tf € |Va—Int[¢(z)]|n. Now, by hypothesis, we have ¢ 7 : 3xInt[p(z)], that
is ¢ 7 @ =Va—Int[é(x)]. Again from lemma 9 and adequacy lemma, it follows that
()(T)f €| Ll = O.

Q.E.D.

Remark. If we take ¢(x) = z, this theorem suggests to represent the type of integers
by the formula JxInt(z). And also, by taking ¢(z) = 2z, for example, it suggests that
we could define the type of even integers, by the formula 3z Int(2x).

Appendix: proof of the adequacy lemma

Let M be a A-model. A wvaluation § in M is a map defined on the set of variables of

L, and such that: dx € 7 if x is a first order variable; d.X : 72" — R if X is a second
order variable of arity n.

If t is a L-term, with variables x1, . . ., z,,, we define 6t € T by dt = t[0x1/x1,. .., 0Ty /Tm].
If A is a formula, possibly with parameters in M, with free variables z1, ..., z,,, X1, ..., X,,
and ¢ is a valuation in M, then § A is defined as the closed formula A[dxy/x1, ..., 0T /Tm,
0X1/X1,...,0X,/X,] (with parameters in M).

We now prove the

Theorem 6 [fx: Ay,...,xp: Ax Fet: A and § is a valuation in M, then, for every
uy € |0A1 M,y - ug € [0AR| M, we have tluy /1, ... up/xk] € [0A|m-

The adequacy lemma is the particular case of this theorem when Aq,..., Ay, A are
closed formulas of L.

Let 1 @ Ay,...,xr : Ax Fe t : A be a typed term, 0 a valuation in M, and
uy € |0A1|m, -y uk € |0Ag|pm. We prove that tuy/xq, ..., ux/zx] € [6A|p by induc-
tion on the length of the derivation of xy : Ay,...,xp : Ax Fe t: A. Let us look at the
rule used in the last step:

If it is rule 1, we have t = x; and A = A;(1 < i < k). Then the result is trivial.

If it is rule 2, we have t = Ax 7 and A = B — C'; the previous step gave xq : Ay,...,xy :
Ay, z: BFg 71 :C. By the induction hypothesis, if u € |0 B|r, we have:

Tluy/xy, ... uk/xk, u/z] € |6C|pm. Since |§C| 0 is a saturated set, we get:

Az Tur /a1, .. ug/xg])u € |0C|m, 1e. tuy/zy, ... up/xi]u € [0C| 0. Since this is
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true for every u € |0B|pm, we get tluy/xy, ..., ur/xx] € |0B — 0C|p = |0A| M.

If it is rule 3, we have ¢ = vw and previous steps gave xy : Ay, ..., x5 1 Ap Fe v :
B — Aand zy : Ay,...,z, : Ay F¢ w : B. By the induction hypothesis, we have
v[uy/xy, .. ug/xg] € |0B — 0A|pm and wluy/xq, ... uk/x] € |0B|pm.  Therefore,
(vw)[uy/my, ... u/zk] € |0A| M, Le. tlur/z1, ... uk/zE] € [0A| M.

If it is rule 4, we have A = Blv/z|, v being a L-term. The previous step gave 1 :
Ay, ...,z 0 A Fe t 2 Vo B. By the induction hypothesis, we have t[uy/z1, ..., ux/xy] €
|0(VzB)|m. But 6(Bv/z]) = dB[dv/x], and therefore |§(VaB)|p C |6(Blv/z])|m. It
follows that t{uy/x1, ..., ux/zx] € |0(Blv/x])|m = [0A| m.

If it is rule 5, we have A = Vx B, and the previous step gave xq : Ay,...,x : Ax Fet : B,
x not being free in Ay,..., Ax. Let v € 7, and ¢’ be the valuation identical with
0, except on x, and such that 8’z = v. Since x is not free in A, ..., A, we have
0A; = 0'A;, and therefore u; € |6’ A;|p. By the induction hypothesis applied with ¢,
we get t{ui/xq, ..., ur/xx) € |0 Blpm = |0(B[v/z])| pm. Since this is true for each v € T,
we obtain t[uy/z1, ..., ux/xk] € Nyer |0(Blv/x])|m = [6(V2B)|pm = [0A| m-

If it is rule 6, we have A = B[F'/Xy; ...y, and the previous derivation step gave x; :
Ay, ..oz s A Fe t 2 VX B. By the induction hypothesis, we have t[uy /21, ..., ux/xy] €
(VX B) g = (HS(BIO/ X)) 5 T — R

By the following lemma, we have |§(B[F/Xy1...yn])|lm = |0(B[Po/X])|a for some
®g : T — R It follows that [0(VX B)|m C [0(BIF/Xyi...yn])|lm = |6A|p. Thus
tlur/my, ... u/xk] € |0A| M.

If it is rule 7, we have A = VX B, and the previous derivation step gave xq : Ay,..., xy :
A Fet: B, X not being free in Ay, ..., Ay. Let ® : 7' — Ry, n being the arity of X,
and let ¢’ be the valuation identical with ¢, except on X, and such that §’X = ®. Since
X is not free in Ay,..., Ay, we have [0A4;|pm = |6 Ai|m, and therefore u; € |0"Ai| -
By the induction hypothesis, we get t[ui/xy,...,ur/xr] € |8/ Blpm = |0(B[®/X])| -
Since this is true for every &, we get t{uy/z1, ..., ux/xx] € N{|0(B[®/X]))|pm; @ : T8 —
Rtk = [0(VX B)| = [3A[ 1.

If it is rule 8, we have A = Blv/z|, and the previous derivation step gave z; :
Ay, ..z s Ag Fe t: Blu/z], u and v being L-terms such that € - u = v.

By the induction hypothesis, we have t[uy/z1, ..., ux/x] € |Blu/z]|pm. But u ~¢ v,
and therefore |Blu/z]|ym = |Blv/z]|m = |A|m. Hence the result.

QE.D.

Lemma 10 Let B and F' be formulas of L, possibly with parameters in M, and § a
valuation in M. Then |§(B[F/Xy1 ... yn))|m = [0(B[Po/X])| M, where Oy : T8 — Rpg
is defined by Po(t1, ..., tn) = |0(Ft1/y1, - tn/Yn))| M for every tq,... t, € T¢.

The proof is by induction on the formula B. If B is atomic, the only non-trivial
case is B = Xvy...v,, v1,...,0, being L-terms. Then |0(B[F/Xyi...yn))lm =

0(F[v1/y1s s 0n/Un]) M = |0(Fov1 /21, .« o, 600 /Yn)) | i = Po(Sv1, ..., 0v,) = 0(Po(vy, ...

If B= B — B”, the result follows immediately from the induction hypothesis.
If B = VaB’', we may assume that the first order variable x does not appear in F.

Then [6(B[F/Xy1 ... yn])lm = Neer [6(B'[F/Xy1 ... yn][t/2]) | =
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Neer [0(B't/x][F/Xy1 - yn])lm = Mier [0(B'[t/2][®o/X])|m (by the induction hy-
pothesis) = (Yer [0(B[®o/ X][t/2])| 0 = |0(Va B'[®0/ X])|m = [6(B[Po/ X]) |-

If B=VYDB'| Y being a second order variable of arity p, (we may assume it does not
appear in F') then:

O(BIE/Xyr .- yal)lan = NHIO(B'TE/ Xy .l [0/ YD ¥ : T — Ros}

= BT Y][F/ X sy ¥ TE — Roae)

= N{|0(B[Y/Y][®o/X])|r; ¥ : TF — R} (by the induction hypothesis)

— IO @0/ XIIW/Y]) a5 W £ T — Raa} = [8(VX B0/ X]) |t = |3(BIPo/ X))l
Q.E.D.
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