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Introduction : classical realizability

e Itis a method to get programs from mathematical proofs

by extending the proof-program correspondence up to classical set theory.
The transition from intuitionistic to classical logic is due to Griffin's discovery
that a control instruction is typed with the law of Peirce (1990).

e Itis also a new technique to build models of ZF
and to obtain relative consistency results.
Until now, only two such methods are known (thus, a third one is welcome)
e Inner models (particularly the model of constructible sets) :
the model is a subclass of the ground model.
e Forcing : the model is an extension of the ground model ;
the axiom of choice is maintained.

In both cases, ordinals are not changed.




Introduction

A classical realizability model is neither a subclass nor an extension
of the ground model. The ordinals and even the integers are changed.
The axiom of choice is not preserved, only dependent choice may be.

The main tools are :

e Realizability algebra
a three-sorted variant of the well known combinatory algebra.

e ZF. set theory
a conservative extension of ZF ;
€ is a strong membership relation which lacks extensionality.




Introduction

We prove relative consistency results not obtained by previous methods :
ZF + DC (dependent choice) +
e there exists a sequence of infinite subsets of R

with strictly decreasing cardinals ;

e there exists a sequence X (n = 2) of infinite subsets of R
with strictly increasing cardinals
such that X;; x X;, is equipotent with X5 ;

Each proposition implies (trivially) that R is not well ordered.

Remarks.
e Itis the simplest possible realizability model which has such a strange R.
e A new proof of the independence of the well-ordering axiom.




Classical realizability : an extension of forcing

More precisely, forcing is a degenerate case of classical realizability.

The generalization is about the set of conditions

which is always a first order structure with a binary operation :

e In the case of forcing, it is a commutative idempotent monoid

with an identity I ; in other words, a meet-semilattice with a greatest element.
The axioms are : XY=)YX; XeYZ2=Xyez; xx=Xx;lx=1x.

Moreover, we have an ideal (initial segment) which is the set of false conditions.
Usually, these false conditions are removed.

Then, we get a practically arbitrary ordered set

(any ordered set in which two compatible elements have a g.l.b.).




An extension of forcing and combinatory algebra

e In the general case of realizability, we have again a first order structure

but with three types ; | call it a realizability algebra.

The commutative idempotent monoids of forcing are a simple particular case
which is in no way representative (far too degenerate).

Another well known interesting case is the combinatory algebra of Curry.

It is only an approximation of a realizability algebra,

but is much more representative.

A binary operation with two constants K and S, called combinators.

The axioms are : Kxey=x;Sxy.2=xz.)z.

Combinatory algebra is very interesting because of its close connection
with A-calculus and therefore with intuitionistic propositional logic,
by the proof-program (a.k.a. Curry-Howard) correspondence.




Realizability, forcing and combinatory algebra

We want to extend intuitionistic propositional logic (IPL) up to classical set theory !
To do this, we need to add some axioms to IPL, and therefore,

by the proof-program correspondence, some constants to the algebra.

 If the algebra is commutative, the only possible constant is I.

Then, there is no problem, we can add all the axioms we need at one go
without changing the algebra ; it is the case of forcing.

e In the general case, for some axioms, we need to add new constants,

and even new sorts, to the first order structure.
These problematic axioms are the excluded middle and the dependent choice.

The general axiom of choice is much more difficult to handle
than dependent choice ; it will not be considered in these talks.




The excluded middle

It is, far and away, the toughest axiom.

The solution was not (it could not be !) found by a logician,

but by a computer scientist, Timothy Griffin, in 1990.

The constant associated with the law of Peirce is a sophisticated instruction
which can save and restore the context (or environment).

This is a major discovery, of the same importance, at least,

as the Godel incompleteness theorem.

We now need a first order language with two sorts
in order to speak about programs and environments.

We also need to consider the dynamics (execution)
hence a third sort for processes.




Realizability algebra

It is a first order structure, which consists of :
e Three sets :
A the set of terms, I1 the set of stacks and A xI1 the set of processes.
e Six distinguished terms : B, C, |, K, W, cc (elementary combinators) ;
they are not necessarily distinct.
e Four operations :
Application : Ax A — A denoted (¢)n (or often ¢n)
Push : A xI1 — II denoted ¢.7
Continuation : I1 — A denoted k
Process : A xI1 — A xII denoted ¢ x 7

(¢,n are arbitrary terms and 7 is an arbitrary stack)
A preorder on processes, denoted > (execution)

A distinguished subset 1. of A xTI




Axioms of realizability algebra

e The preorder > is such that :
O * =& xTm
Ixem>EXm
Kxéenem > X
WkeneT >EXNenen
CxéeNelem>EX(aneTt
Bxéenelem>EXx (M *xm
CCk el >ExKyom
kp*x&e@>Exm

e The set I of processes is a terminal segment of AxII i.e.:
Exmell, &, a'>éxm=>E*n'el.

If I = @, the realizability algebra is called trivial.




c-terms and A-terms

A c-term is a term of the language of realizability algebras

built with variables x, y,..., elementary combinators and application.
A closed c-term is called proof-like. It has a value in A.

Examples : integers in combinatory logic.

o = (BW)(B)B (the successor) ; 0=Kl; n+1=(o)n

Let ¢ be a c-term and x a variable ; define inductively a c-term written Ax ¢ :
e Axt=(K)tif xisnotint

e Axx=I

o Axtu=(CAxt)uif xisin ¢t but notin u

e Axtx=rtif xisnotin ¢

o fxtx=W)Axtif xisint

o fx()(w)v=AxB)tuv if xisin uv

We now define our translation of A-calculus, by setting : Ax = Ax(l)r.
We use A-calculus only as a convenient way of writing c-terms.




c-terms and A-terms

The rewriting of Ax ¢ is finite because :

e no combinator is introduced inside ¢, but only in front of it ;

e the only changes in ¢ are : moving parentheses, erasing occurrences of x ;
e each rule decreases the part of r which is under Ax ;

o except for the last rule, this decrease is strict ;

 the last rule can be applied consecutively only finitely many times.

Theorem. Let t[xy,...,x,] be a c-term and &q,...,&;, € A. Then

AX1.. AXpt*xE1eoe. oo >ti1/Xx1,...,¢nlxn] * 1.

Easily proved, by induction on the length of the rewriting of t.

The usual KS -translation does not satisfy the theorem. For instance :
Ax(X)xx*xEem= ((S)S)N) Ik éEem =Sk éElEem = ExIENE e instead of (E)EE * 7.
The above Curry-style translation gives:

Ax(xX)xx*x et = (W)(W)B)B)I xEem > BXkBleololemm> (E)EE*T




The formal system for ZF;

We use first order logic with the only connectives T, L, —,V, some function symbols,
three binary relation symbols #,¢,< and the usual rules of natural deduction :
o X1:A1 ..., Xn:Ap XA
o X1:A1,..., xn:Apt:A— B, x1:A1,...,XxnpiApFu:A = x1:Ay1,...,xpApE (Hu:B
e X1:A1,..., XnAp, x:AFt:B = x1:A1,...,Xx5:Ap-Axt:A— B
o X1:A1,..., XAt A = x1:Ay,..., xnApE VXA (xisnotin Ag,...,Ap)
o X1:A1,..., XA tVXA = x1:Ay,...,XnApt AT/ X]
(T is a ¢-term of ZF, i.e. a term built with variables and function symbols)
e X1:A1,..., x5 Ayt cc:((A— B)— A) — A (law of Peirce)
o X1:A1,.. ., xnApkt L = x1:A1,..., x5 A A

Notation. We write F1,...,F. — F for F1 — (Fo — -+ — (Fj. — F)--)
and dx{Fy,..., F;} for Vx(Fy,...,Fj— 1) — L.




Axioms of ZF set theory

The axioms of ZF. essentially say that ¢ is a well founded relation

and that its extensional collapse € satisfies ZF.

Foundation scheme. VZ (Vx((Vyex)F[y,z] — Flx,Z]) — YaF|a,Z])

for every formula F[x, Z].

Collapse. VxVy(xey— Fzey){xcz,z<x}); VaVy(x Sy — (Vzex)z€ y)
Comprehension scheme. VzZVaidbVx(xeb — (xea N F|x, Z]))

Pairing. YaVb3ix{aex, be x}

Union. Yadb(Vxea)(Vyex)yeb

Power set. VadbVx(dyeb)Vz(zey — (zea N z€ x))

Collection scheme. VzZVa3b(Vxea) (Iy Flx, y,Zl — Jyeb)Flx, y,Z])
Infinity scheme. VzVadb{acb,(Vxeb)(JyFlx,y,Zl — 3yeb)Flx,y,2])}

A conservative extension of ZF.




Realizability models of ZF;

The ground or standard model ./ is an ordinary model of ZFC.

Its elements are called individuals.

The formulas of ZF (i.e. without ¢) are interpreted in .4 (true or false).
The realizability model A has the same domain as .

The function symbols have the same interpretation as in ..

The formulas of ZF; are interpreted in A/, but with truth values in 22(I1).
Although .# and A have the same domain (which means that

the quantifier Vx describes the same domain for both)

AN has more individuals than .4 because some of them are not named.
For instance, in the “thread model” below, there are necessarily

non standard integers in A, i.e. integers which are not named in ..

Therefore, realizability models are not forcing models.




Realizability models of ZF;

For each closed formula F of ZF, with parameters ay,...,a, in 4
we define its truth value |F| < A and its falsity value || F| < TII.
Ee|F|isread €& realizes F and is written ¢ |- F.
These values are connected by the relation: (e |F| & (Vrne|F|)(*me 1)
so that we only need to define the falsity value || F||, by induction :
e Fis atomic;
ITI=@; ILI=II; lla £bll={rx €Il (a,n) € b}
la< b|,|a¢ b| are defined by induction on the ranks of a, b :
lacbll = Ji€.m; €N, e, (c,mea é |-cé b}
C

lag bl = JiE.& em; &, €N, e, (c,m)eb, ¢ Facce, & |Feccal.
(5

e F=A—B;then |F|={¢.n;¢ A me|B|)}
e« F=VYxA;then |F|=[]JIAla/x]l

a




Realizability models of ZF;

The following adequacy lemma is an essential tool.
Theorem. If x1: Ay,...,xn: Aptt:Aand &1 |FAy,....¢n Ay,
then t[&1/x1,...,¢nlxn] |- A. In particular, if +1¢:A, then ¢ | A.

We say that the model A realizes F if there is a proof-like term ¢ |- F.
Notation : A |- F or even |- F.

By adequacy, the class of realized formulas is closed by classical deduction.
Theorem. The axioms of ZF., and thus also the axioms of ZF, are realized.

Therefore, the realizability model may give us relative consistency results
if it is coherent, i.e. L is not realized. This means :
For every proof-like term &, there is a stack n such that Exm ¢ 1L

For instance, 1. = A xIT (the whole set of processes) gives an incoherent model.




Equality

In the realizability model we have two notions of equality :

e The strong or Leibniz equality x =y whichis Vz(x ¢z — y #2).

We have |-VxVy(x=y,Flx] — F[y]) for every formula F.

e The extensional equality x = y, which is x < y,y < x.

We have |-VxVy(x=y,F[x]— F[y]) for every formula F of ZF

(i.e. without the symbol ¢).

Each function symbol f on .4 extends immediately to .4, with the same values

on named individuals. ZF, remains satisfied with the extended language.

On the other hand, to satisfy ZF, we must check that f is compatible with = :
FYxVyx=y— fx=fy)

or else FVxVy(x<cy,ycx— fx<fy)




Equality

In order to compute more easily with Leibniz equality, we introduce the symbol # :
laZbl|=TI=|Lllifa=b; laZbl=p=ITIif a#b.

Then x = y is defined as x # y — L. It is equivalent with Leibniz equality ; indeed :
Theorem.

) | FVz(a ¢z— b ¢z),a#b— L ;

i) AxAy(coAk(x)(k)y F(a#b— 1) —Vz(a £gz— b £z).

i)Leté |FVz(a ¢z— b £2),n |Fa#b and € Il. We must show { xn.me L.

If a# b, then |Vz(a gz— b #2)|| =T — L| (take z = {b} xII).

Therefore ¢ T — L and we are done.

If a=b,thenn |-L,thusn |-a ¢z;

take z={(b,m)},thente|b Zz||and n.m€|la #z— b Zz|. Thus { xn.me 1.




Equality

iyLetl Fa#b— 1, nlFagZzandre|b Zz|.

We must show (co)Ak(&)(k)n*me I, i.e. {xkyn.me L.

If a# b, then ¢ T — L and we are done.

If a=Db, then nxme I, and therefore k;n |- _L. Thus kyn.me || L— LJ.
But{ |- L — 1, hence { xkyn.me L.

Q.E.D.




The axioms of ZF; are realized

Foundation. Y |- Vx(Vy(F[y]l — y #x),Flx] — 1) — Vx(F[x] — 1)
with Y =AA and A =AxAf(f)(x)xf (Turing fixed point combinator).
Let ¢ FVx(Vy(Flyl—y £x),Flx] — 1), n | Fla] and m €Il.

We show Y %« ¢.n.m € IL by induction on the rank of a.

Since Yx&onerr > ExYEn o, it suffices to show ExYEn.me I,

Now, ¢ |-V y(Flyl — v £a), Flal — L, so that it suffices to show

Y¢ |-VYy(Flyl — y £a), in other words Y¢ |- F[b] — b ¢ a for every b.
Let { |- F[b] and @ € ||b #al|. Thus, we have (b, ®) € a, therefore rk(b) < rk(a)
and Y x¢.(.o € 1L by induction hypothesis.

It follows that Y¢ x (.o € AL, which is the desired result.

Q.E.D.




The axioms of ZF; are realized

Collapse. |FVxVy[xcy— (Vzex)zey]; FVxVylxey— Qzey){x<z,z< x}]
Indeed, we have :
lacb||=|Vz(z¢ b— z £a)| and |la¢ bl =|Vz(aS z,zSa— z ¢b)|
This follows immediately from the definition of |la< b| and ||a ¢ b| :
lac bl = Ji.m; E€e A, e, (c,m)€ea,é |céb};
Cc

lag bl =| JiE&em; &, €N, meTl, (c,m)eb éFacce, & |Feccal
(5

Pairing. If c={a, b} xII, then ||a #c|| =|b Zc| =L ;thus I |Faec, I |Fbec.
Warning. In A", ¢ may have many other g-elements than a, b.

An instance of a pair {a, b} is ¢’ = {(a,K.7); m € 1} U{(b,0.7); 7 € I1}. Indeed :
AxxK|aec; Axx0|-bec; AxAydzzxy FVx(x#a,x#b— x ¢c).




The axioms of ZF. are realized

Comprehension.

Given a set a and a formula F[x], define b = {(u,¢(.7); (u,m) € a, & |- Flul};
then |u ¢b| = |F(u) — u ¢all for every set wu.

Therefore | |-Vx(x ¢b— (F(x) — x #a)) and | |FVx((F(x) — x £a) — x ¢D).

and soon...

The axioms of ZF. are much easier to realize than those of ZF.




Type-like sets in A

Define the function symbol ] by JE = ExII. Define the quantifier v E by :
IVxEAlxl = | IAla/x]| ; therefore [YxiEAlx]| = () |Ala/x]l.

acE acE
Let us see that this quantifier has the intended meaning Vx(xeJE — A[x]) :

Theorem.

i) AxAyyx |- VxiEAlx] — Vx(-Alx] — x £JE) ;

ii) cc |- Vx(-Alx] — x £1E) — Vx EAlx].

i) Let ¢ |-Vx EA[x], n |- —Alal and 7€ ||a #1E| ie. acE.
Then ¢ |- Alal ; therefore AxAyyx*&enem>n*&ome L.

i) Let ¢ FVx(mA[x] — x £JE), ac E and m e ||Alal| ;

then ¢ |- —=—Alal, k; |F—Alal ;thusccx e > Exkyome L.
Q.E.D.




Type-like sets in A

Let f, g be some terms built with the function symbols in the ground model ..
If 4|=f:E1x---xE—E then A |- f:JE;x---xJE — JE

(in fact, | |- VP R f o) #E — L),

Moreover, if /4 |=(Vx1€ E)---(Vx€ ER)If(x1,...,x1) = g(x1,..., X1)]

then | |- ‘v’xi‘El---Vx]:lEk[f(xl,...,xk) = g(x1,...,xp)].

For instance, let A, v, - be the (trivial) boolean operations on the set 2=1{0,1}.
They give a structure of boolean algebra on J2 in the realizability model 4.
This boolean algebra is, in general, non trivial and even infinite ;

but, only two elements of J2 are named : 0 and 1.

Remarks about J2.

e |Vx2F[x]| =|F[1]|n|F[0]] ; thus Vx12F[x] behaves like an intersection type

o Every e-element of J2 except 1 is empty ; indeed | |- ‘v’sz‘v’y(x Z1—y £Xx).




Integers

Define the function symbol s in . by s(a) = {a} xI1=1({a}) and 0 = @.
s(a) represents some singleton of a in the realizability model A" ;
The following formulas are realized in A" :

VxVy(sx=sy—x=y), Vx(sx#0);

VxVyx=y— sx=sy).

Let us define N ={(s"0,n.7); neN, 7 eIl};

N is the set of integers of the realizability model .4 (see below).
Since we have IN = {(s"0,7); n €N, € I1}, it follows that | |-N < JN.
In general, this inclusion is strict.




Integers

Define the quantifier V"t by [Vx" Flx]| = | Jin.7; ne N,z e | F[s"0]|}.
Remark. ¢ |- VX" F[x] implies ¢n |- F[s"0] for each neN (Kleene realizability).
We see, as before, that the quantifier Vx'" has the intended meaning

which is Vx(xeN — F[x]).

N represents the set of integers of the model 4. Indeed :

Theorem. Axx0 F0eN ; AfAx(f)(o)x |FVx(sx #N— x #N) ;

| |- V2"tV y(F[sy] — Fly]), Flx] — F[0]) for every formula F[x].

The following theorem gives a characteristic property of recursive functions :
the image of an integer is an integer and not only an element of JN.
Theorem. Let f:NK — N be a recursive function defined in ..

Then A |- ‘v’xilnt...Vx}?t(f(xl,...,xk)sN).




Standard realizability algebras

We consider now a (very) special case : the standard realizability algebras.
The terms and the stacks are words composed with the following alphabet :
e the elementary combinators B C | K W cc ¢ (there is a new one)
e the symbols k . () []

e a countable set I1y of empty stacks.

The sets A of terms and IT of stacks are defined as follows :

e each elementary combinator is a term ; each empty stack is a stack ;
e if {,n are terms, then ()n is a term (application, written also ¢n) ;

e if {is aterm and 7 a stack, then ¢.7r is a stack (push) ;

e if 7 is a stack, then k[z] is a term (continuation, written k).

A process is an ordered pair (¢, ) with (€ A,m eIl ; it is written ¢ % 7.

The four operations of application, push, continuation, process
are defined in the obvious way.




Execution of processes

Define the preorder > on processes (execution) by the following rules :
(7> EHhnun

Ixem >k

Kxéener >k

WkCeneT >EXTNeNem

CxéeNelem>EXx(enen

BxéeneCom > ()M * 7

CChkEel>ExKyomm

kp*xéed>Exm

CHxCelell>GC KNyl

where 77— ny is a fixed (not necessarily recursive) numerotation of terms.
1L is any set of processes such that ¢xme I, *a'>¢éxm = & *n'e L.
The proof-like terms are generated with the seven combinators B, C, |, K, W, cc,¢.




Non extensional and dependent choice

Theorem. For each formula F[x, y], we can define a function symbol f such that:

Ax(Q)xx |- ‘v’x(‘v’lcintF[x,f(k, x)| = VyFlx,yl.

Now, let ¢p(x) = f(k, x) for the first k s.t. = F|[x, f(k, x)] if there is one ; else 0. Then
N |FVYx(Flx,¢p(x)] = VyFlx, y])

This gives the axiom of choice in the realizability model A" for ZF, but not for ZF,

because we cannot find a symbol f which is compatible with =,

This axiom is much weaker than choice, we call it non extensional choice (NEC).

As we shall see below, it does not even imply the well ordering of R.

Nevertheless, it implies the axiom of dependent choice (DC). The proof is easy :

from Vx3y F|x, y], using NEC, we get a function ¢ such that Vx F[x, ¢x] ;

then, given ag, we have the sequence a;. = ¢*(ag) such that Flay, a;.1).




The Boolean algebra J2

The Boolean algebra ]2 is essential in order to understand the structure

of the realizability model 4. It is rather difficult to handle because, in general,

it is infinite (even atomless) but only its obvious elements 0 and 1 are named.

It has the remarkable property of having a countable dense subset.

Theorem. There exists a function A:N — 2 such that

AxAy(Q)yxx |- VxP2(x #£0 — InMA () #0, (A(n)vx) = x}).

A is defined as follows in 4 : let n— ¢, be the inverse of

the given recursive enumeration of A which is {— n;

(recall : the execution rule of the instruction ¢ is ¢ *¢.n.7m > *ny.m). Then
An)=0<o &, L.

In &, we have A:IN — J2 and therefore A:N — J2.

The theorem says that every element # 0 of J2 has a lower bound A(n) # 0 with neN.




The pseudo integers In

In the ground model .#, we put, for each integer n :
n=1{0,1,...,n—1}=1{0,50,...,s""10}.
The functions n — n and n— In are defined in the realizability model A
with domain JN.
We define the function (m<n) from (JN)? into J2, by putting, in .4, for m,neN:
(m<n)=1if m<n else (m<n)=0.
The relation (m<n) =1 is a strict (well founded, partial) order on N
which is the usual order on the set N of integers in A.
The following formulas are realized :
VxJN‘v’m:'N((x<m) =1« xeJm)
vmANY nN((m<n) = 1 — Jm < In)
vmANY ndN(the application (x,y)— my+x
is a bijection from JmxJn onto J(mn)).




Injection of Jn into R

The application x — {neN; A(n) < x} is, in A, an injection of ]2 into Z(N)
(the real line of the model .#4"). Therefore :

N ™ @Er: 32)" — R)(f is injective).

By recurrence on n, we see that (J2)"" is equipotent with J(2™).

Now, for each integer n, we have n < 2" and therefore Jn < J(2"). Thus :
N (™ @Ef:In— R)(f is injective).

We will now choose the set L such that, in the realizability model .4/,
J2 is infinite and the “cardinals” of Jn form a strictly increasing sequence
(which means that there is no surjection of Jn onto J(n + 1)).

Since Jmx In is equipotent with J(mn), it follows that

neither J2 nor R are well ordered in .




The model of threads

Remark. If J2 is non trivial, then there are non standard integers in the model 4.
Indeed, let aeJ2,a #0,1 ; there is an integer n such that A(n) #0 and A(n) < a.
Thus A(n) #0,1 ; n is non-standard because A(m) =0 or 1 for each standard m.

Thus, the realizability model 4 we are looking for, has non-standard integers.
It cannot be a forcing model or an inner model.

We define now the simplest non trivial coherent realizability model. Let :

n— 1, be an enumeration of the empty stacks

n— 0, be a recursive enumeration of the proof-like terms

The thread with number n is the set of processes ¢ *m such that 0, xm, > ¢ * .

The only empty stack which appears in the terms of the n-th thread is 7.




The model of threads

The simplest way to ensure a coherent model is to decide that 0,, x w,, € I.©
(1L is the complement of IL). Then, every thread must be in I.°. Thus, we decide :

1 € is the union of all threads

Therefore ¢ xme Il iff £ x m never appears in any thread.
¢ |-L iff ¢ never appears in head position in any thread.

Theorem. The following are satisfied in the model of threads :

i) There is a proof-like w such that wk;¢ |- L or wky;&" |- L for any 7, &, & with & £ &,
ii) If {o,(1,(2 are distinct, then kyalg |- L or kyali |- L or kyals |-L for any a,m.

i) Take w = Axxx)Ax xx or (WI)(W)I.

ii) If the process a x m appears twice in a thread, then the execution enters in a loop,
and there will be no third appearance.

Q.E.D.




Consequences of (i)

We now consider any realizability model which satisfies properties (i) or (ii) (or both).
Theorem.

If a realizability model A satisfies property (i), then it realizes the formulas :

e ]2 is not countable.

o Vm'"ty " ((m<n)=1— there is no surjection from Jm onto In).

Since there is an injection of Jn into R, it follows that :

there exists a sequence X;(n = 2) of infinite subsets of R such that

their “cardinals” are strictly increasing and X, x X, is equipotent with X;;;,.

Dependent choice is true, but R is badly not well orderable.

The behaviour of cardinals is far from the usual one :

compare card(X») with card(X> x X») which is card(Xy)

or worse, card(Xs) < card(Xg) < card(X7) and card(X5x X7) < card(Xgx Xg).
This relative consistency result is not obtainable with forcing.




Consequences of (ii)

Theorem.
If a realizability model A satisfies property (ii), then it realizes the formulas :
e 12 is an atomless Boolean algebra.

o ‘v’ajz‘v’bjz(a/\b =0,b #0 — there is no surjection from aJ2 onto bJ]2).

e Vai2¥b¥2(a< b — there is no surjection from aJ2 onto bJ2).

al2 is the ideal {x&]2; x < a} of the boolean algebra J2.

We have an atomless Boolean algebra 28 of infinite subsets of R such that :
X, YeERB,XNY =¢ = card(X) and card(Y) are not comparable.

X, YeRB XY, X#Y = card(X) < card(Y).

Thus, there is a family (X,),cr of subsets of R such that

r < s = card(X;) < card(Xy).

Very far from the continuum hypothesis and the well ordering of R.




Realizability algebras and models of ZF

Appendix
Some proofs




Non extensional choice

Theorem. For each formula F[x, y], there is a function symbol f such that :
Ax(Q)xx |- ‘v’x‘v’y(‘v’lci”tF[x,f(k, x)] — Flx, y]).
Foreach jeN, let Pj={mell; {;x j.m¢ L} ;¢ is the term 7 such that n; = ;.
For each individual a, we have IIVy_F[a,y] I =JIFla,bll.

b

Thus, there exists a function f such that, given j € N and a such that
PinlVyFla,yll # @, we have P;n|Fla, f(j, @)l # @ (by axiom of choice in .#).
Now, we want to show Ax(¢c)xx |- Vlci”tF[a,f(lc, a)]l — Fla, b], for every a, b.

If this is false, we have cxn.n.7 ¢ L, for some 17 |- Yk Fla, f(k,a)] and 7 € || Fla, bl |.
Therefore nx j.m ¢ 1L with j = Ny and it follows that 7 € Pin|Fla, bl]l.

Thus, there exists ® € P;in |Fla, f(j,a)l| ; then l‘D € ||Vki”tF[a,f(k, a)lll.
Therefore, by hypothesis on 7, we have ) x j.® € IL. Contradiction with @ € P;.

Q.E.D.




J2 has a countable dense subset

Define A:N — 2 as follows in .4 : A(j)=0 < §j -1

(¢ j is the term 7 such that n;, = j).

In A, we have A :IN — J2 and therefore A:N — J2.

Theorem. AxAy(¢)yxx |- Vx22(x £0,VnM(A() #£0 — x # A(n)vx) — L1).

letac{0,1}, ¢ Fa#0,n |- Vr"'(A(n) #0 — a # A(n)va) and 7 € I1.

We must show ¢ xn.¢.¢.me 1L thatis n*ng.¢.me L.

By hypothesis on 7, it suffices to show n¢s.¢.m € IV (A1) #0 — a# A(n)va) |

i.e. by definition of the quantifier vn'"': ¢.re IA(Ng) #0 — a # Ang)vall

This amounts to show ¢ [-A(ng) # 0 and a = A(ng)va.

e Proof of ¢ |- Alng) #0 ¢ trivial if A(ng) =1 because [[A(ng) #0[ =@ ;
if A(ng) =0, then ¢ -1, by definition of A.

o Proof of a=A(ng)va : obvious if a=1;if a=0, then ¢ |-_L (hypothesis on ¢) ;
thus A(ng) = 0 by definition of A, hence the result. Q.E.D.




J2 is not equipotent with J4

This is the key property to prove that R is not well ordered.

Theorem. Suppose there is a proof-like w such that & # ¢’ = wkz€ |- L or wkz& |- L.
Then AxAx' (cAAk(xNAz(xzz)(w)kz |-

Vz[(VXV Yy (F(x,,2), F(x,¥,2),y # ¥ — 1), Yy*3x2F(x,y,2) — L)].

The formula F being arbitrary, this tells us that there is no surjection from J2 onto J4.
A similar proof will show that there is no surjection from N onto J2.

Since J4 is equipotent with (J2)? it follows that J2 is not well ordered.

Proof. If this is false, there exist ¢,¢' € A, € IT and an individual ¢ such that :

AxAx (cOAk(xNAz(xz2) (W kz*E& e g 1L ;

$IFVYxVYVY'[F(x,y,0,F(x,y,0),y#y — 11;

& - VyHavx2- Fx, y, ).




J2 is not equipotent with J4

Therefore, we have ¢’ xn.m ¢ I with n=1z(¢z2)(w)k;z.

By hypothesis on &/, we have 1 |£ Vx12=F(x,i,c) for i < 4.

Thus, there exists 6; € {0,1} such that n |[£ = F(0;,1, c).

Then, there exist {; € A and ;e [T such that ; |- F(6;,i,c) and nx¢&;em; ¢ L.,

By definition of n, we get { % &; & ek &iom; & L.

By hypothesis on &, we have wk;¢; 41 # 1, i.e. wky;E; |~ L for every i <4.

Now, the hypothesis of the theorem gives ¢; = ¢ ; for every i, j <4.

But, since §; <2, there exist i, j <4, i # j such that §; =6 = 6.

Then, §; =& [FF(6,i,0),F(6,],c) and wky¢; [-i # j since [[i # jll = @.

Thus, by hypothesis on ¢, we have & x & .¢;.wky; ¢ o € AL, which is a contradiction.

Q.E.D.
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