Realizability algebras III : some examples

Jean-Louis Krivine

Université Paris-Diderot - C.N.R.S.

April 14, 2016

Introduction

The notion of realizability algebra, which was introduced in [17, 18], is a tool to study the
proof-program correspondence and to build new models of set theory, which we call realiz-
ability models of ZF.

It is a variant of the well known notion of combinatory algebra, with a new instruction cc,
and a new type for the environments.

The sets of forcing conditions, in common use in set theory, are (very) particular cases of re-
alizability algebras ; and the forcing models of ZF are very particular cases of realizability
models.

We show here how to extend an arbitrary realizability algebra, by means of a certain set of
conditions, so that the axiom DC of dependent choice is realized.

In order to avoid introducing new instructions, we use an idea of A. Miquel [19].

This technique has applications of two kinds :

1. Construction of models of ZF + DC.

When the initial realizability algebra is not trivial (that is, if we are not in the case of forcing
or equivalently, if the associated Boolean algebra J2 is # {0, 1}), then we always obtain in this
way a model of ZF which satisfies DC + there is no well ordering of R.

By suitably choosing the realizability algebras, we can get, for instance, the relative consis-
tency over ZF of the following two theories :

i) ZF + DC + there exists an increasing function i — X;, from the countable atomless Boolean
algebra 2 into 2 (R) such that:

Xo=1{0}; i #0> X;isuncountable;

Xin Xj = Xl',\]' ;

if iAj=0 then Xjy; isequipotent with X; x X ;

X;x X; is equipotent with Xj ;

there exists a surjection from X; onto R ;

if there exists a surjection from X; onto X;, theni < j;

if 7,7 #0,i A j=0, there is no surjection from X; w X; (disjoint union) onto X; x X; ;

more generally, if A< 28 and if there exists a surjection from ;e Xj onto Xj, then i < j for
some j € A.



In particular, there exists a sequence of subsets of R, the cardinals of which are not compa-
rable, and also a sequence of subsets of R, the cardinals of which are strictly decreasing.

ii) ZF + DC + there exists X c R such that:

X is uncountable and there is no surjection from X onto X,

(and therefore, every well orderable subset of X is countable) ;

X x X is equipotent with X ;

there exists a total order on X, every proper initial segment of which is countable ;
there exists a surjection from X xRX; onto R ;

there exists an injection from X, (thus also from X xX;) into R.

2. Curry-Howard correspondence.

With this technique of extension of realizability algebras, we can obtain a program from any
proof, in ZF + DC, of an arithmetical formula F, which is a A.-term, that is, a A-term con-
taining cc, but no other new instruction.

This is a notable difference with the method given in [14, 15], where we use the instruction
quote and which is, on the other hand, simpler and not limited to arithmetical formulas.

It is important to observe that the program we get in this way does not really depend on the
given proof of DC — F in ZF, but only on the program P extracted from this proof, which is
a closed A -term. Indeed, we obtain this program by means of an operation of compilation
applied to P (look at the remark at the end of the introduction of [17]).

Finally, apart from applications 1 and 2, we may notice theorem 27, which gives an interest-
ing property of every realizability model : as soon as the Boolean algebra J2 is not trivial (i.e.
if the model is not a forcing model), there exists a non well orderable individual.
Acknowledgements. I want to thank the referees, especially the second one for numerous
pertinent and helpful remarks and suggestions.

1 Generalities

1.1 Realizability algebras

It is a first order structure, which is defined in [17]. We recall here briefly the definition (with
a little change) and some essential properties :

A realizability algebra </ is made up of three sets : A (the set of terms), I1 (the set of stacks),
A %11 (the set of processes) with the following operations :

(&,m) — (&)n from A? into A (application) ;

(&, m) — &om from AxITinto IT (push) ;

(&, m) — & * o from AxIlinto A % IT (process) ;

7 — k; from IT into A (continuation).

There are, in A, distinguished elements B,C,|,K,W,cc, called elementary combinators or in-
structions.

Notation. The term (... ((()n1)n2)...)n, will be also written as ()n1172...0, 0r ENiN2...Ny.
For instance : ¢énd = (E)nd = En) = (En)].



We define a preorder on A xI1, denoted by >, which is called execution ;

Exm>¢ x ' isread as : the process & x 1t reduces to &' x 7'

It is the smallest reflexive and transitive binary relation, such that, for any ¢,n,{ € A and
7,® € I1, we have :

N *m>Exner.

I % &em>E& .

Kx$enerm >¢ K.

Wx&enem>Exnener.

Cxéenelem > XL enem.

Bx&éenelem>Ex ().

cCrxéem>ExKyem.

kpy*x&e@>¢& K.

We are also given a subset L of A %I such that:
Exa>=&xa &' *xn'el = Exme L.

Given two processes ¢ x ,¢" x ', the notation & x 7 > ¢’ x 7/ means :

Exmegl=>Exn'¢ 1.

Therefore, obviously, é x> & x7’ = Exm> & xa'.

Finally, we choose a set of terms QP < A, containing the elementary combinators :
B,C,I,K,W, cc and closed by application. They are called the proof-like terms of the algebra <f .
We write also QP instead of QP if there is no ambiguity about <.

The algebra «f is called coherent if, for every proof-like term 6 € QP_,, there exists a stack n
suchthatxmw ¢ L.

Remark. The sets of forcing conditions can be considered as degenerate cases of realizability algebras,
if we present them in the following way : an inf-semi-lattice P, with a greatest element 1 and an initial
segment I of P (the set of false conditions). Two conditions p, g € P are called compatible if their
glb. prgisnotin L.

We get a realizability algebraif weset A=II=AxII=P;B=C=1=K=W=cc=1and QP={1};
(p)g = peq=p*q=pnrqand k, = p. The preorder p > q is defined as p < g, i.e. paq = p. The
condition of coherenceis 1 ¢ 1.

1.2 c-terms and A-terms

The terms of the language of combinatory algebra, which are built with variables, the con-
stant symbols B, C,I,K, W, cc and the application (binary operation), will be called combina-
tory terms or c-terms, in order to distinguish them from the terms of the algebra ¢, which
are elements of A.

Each closed c-term (i.e. without variable) takes a value in the algebra <7, which is a proof-like
term of <.

Let us call atom a c-term of length 1, i.e. a constant symbol B,C,1,K, W, cc or a variable.

Lemma 1. Everyc-term t can be written, in a unique way, in the form t = (a)t; ...ty where a
isanatomand ty, ..., ty arec-terms.



Immediate, by recurrence on the length of t.
Q.E.D.

The result of the substitution of ¢;,...,¢{, € A to the variables x1,...,x, in a c-term ¢, is a term
(i.e. an element of A) denoted by ¢[¢,/x1,...,{,/x,] o1, more briefly, t[glic'].

The inductive definition is :

a[f/a'c’] =¢;ifa=x;(1<i<n);

a[E/?cJ = aifais anat_gm;éxl,...,xn ;

(tw)[E/X] = (t[E/ XD ulé/X].

Given a c-term ¢ and a variable x, we define inductively on ¢, a new c-term denoted by Ax ¢,
which does not contain x. To this aim, we apply the first possible case in the following list :

1. Ax t = (K)t if t does not contain x.

2. kxx=1.

3. Ax(H)u = (CAx t)u if u does not contain x.
4. Ax(t)x = tif t does not contain x.

5. Ax(H)x = (W)Ax t (if t contains x).

6. Ax(H)(w)v =Ax((B)t)u) v (if uv contains x).

Lemma 2. This rewriting is finite for every c-term.

For each c-term ¢, we define inductively as follows the integers I[f], vol[t],v1[£],valt] :

lla]l =1foreveryatom a; [[(Hu] =I[t] + [u] +2;

volal = 0 for every atom a ; vo[(H)ul = l[u] ;

vi[x] =1; vylal =0 for every atom a # x; vi[(t)ul = vi[t] +vilul;

volt] =0if xisnotin ¢; va[x] =1; va[(f)u] = valul] if x appearsin u; va[(H)u]l = valt]l+1ul +1
if x isnotin u (and then x appears in f).

I[¢] is the length of ¢ ;

volt] is the length of the argument, when ¢ is an application ;

v1[t] is the number of occurrences of x in ¢ ;

v, (1] is the distance to the end of the term ¢, of the last occurrence of x in t.

Rule 5 strictly decreases v; () ; rule 3 does not change v; [f] and strictly decreases v, [t] ; rule 6
does not change v, [#] and v;[f] and strictly decreases vy |].
Therefore, after a finite number of applications of rules 3, 5 and 6, we must apply one of the
rules 1, 2 or 4, and the rewriting stops.

Q.E.D.
Given a c-term ¢ and a variable x, we now define the c-term Ax ¢ by setting :
Axt=AKx()r.
This enables us to translate every A-term into a c-term. In the sequel, almost all c-terms will
be written as A-terms.

The fundamental property of this translation is given by theorem 3 :

Theorem 3. Let t be a c-term with the only variables x1,...,x, ; let ¢1,...,é{, € A and n € T1.
Then Ax1.. Axpt*&1e...elpem>=t[E1/X1,...,Enl xp] * 0.

Lemma 4. Let a be an atom, t = (a)1; ...ty a c-term with the only variables x, y1, ..., yn, and
EN,econne s then (Ax )1yl *x e > alllx, 1Yl x 1 [E/x,1) Pl ... o ti[E] X, 1)/ Y] o Tr.
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The proof is done by induction on the number of rules 1 to 6 used to translate the term Ax t.
Consider the rule used first.
e Rule 1: we have (Ax ) [}/ Y1 *x e = (K t[N)/ ] % et > KKk t[N)/Jlo& o > L[N}/ ] x 7T
= t[¢/x,1/ Y] % m because x is not in t. The result follows immediately.
e Rule 2 : we have ¢ = x, Ax t = and the result is trivial.
Inrules 3, 4, 5 or 6, we have ¢ = uty with u = at; ... ty_;, by lemma 1.
eRule3: (Ax )M/ Pl *&em = (CAx W ) [/ Y]} Eert > Chk (AX ) [1)/ Y] o tr[1/ Y] e em
>Axw) Iyl *xEetr N Ylom
>alélx,nl Yl * 1 [E1x,1 Yo ... e tp_1[E/ X,/ V] o ti [}/ Y17 by the induction hypothesis
=alé/x,nl Y1 * 1 [E1x,1 Pl ... e t—1[E1 X,/ V] o ti[E/ x,1)/ Y] o 7T since x is not in .
In rules 4 and 5, we have ;. = x, i.e. t = (u)x.
e Rule 4 : we have (Ax 0)[1/ y]l x et = ulf)/ Y] % & ot = ulé/ x,7}/ ] % £ « T because x is not in u.
Since u = at; ...ty and t; = x, the result follows immediately.
e Rule5: wehave 1, = xand (Ax ) [}/ J] x Eet = WAX W) 1/ Pl % Eart > Wk (AX 1) [T}/ J] & Tt
>(Axw)I Pl *x &> alllx, 1 Y1 % 1 [E1X, 7 Yo ... ot [E/x,T) V] ot
by the induction hypothesis
=all/x,nl Y1 * (&1 x,1/ Ple ... e ;[ x, 7] Y] e .
* Rule 6: wehave fp = (v)w and (Ax0)[1)/Jl *x e = (AxB)uvw) [/ yl xEem
>Bxulé/x,n/ylev[&/x,n/yle w[&/x,7/Y]en (by the induction hypothesis)
>ulé/x, 0y * tx[&/x, 71§l e
>alélx,nl Y1 *x 1 [E1x,1 Pl ... e tp—1[E/ X, V] o ti[E1 X, 1 Y] o 7.
Q.E.D.

Lemma5. (Ax1)[f)/y] % &em > t[E/x,7/ Y] % 7.

Immediate by lemma 4 and the definition of Ax ¢ which is Ax(l) z.
Q.E.D.

We can now prove theorem 3 by induction on 7 ; the case n = 0 is trivial.
Wehave Ax1...Axp_1AXpt*C1e...0ép1elpnemm>Ax,)[E1/ X1, 1/ Xp1]1 % Epem
(by induction hypothesis) > t[¢y/x1,...,$n-1/Xn-1,¢n/ Xp] * 7w by lemma 5.

Q.E.D.

1.3 The formal system

We write formulas and proofs in the language of first order logic. This formal language con-
sists of :

e individual variables x,y,...;

e function symbols f, g, ... of various arities ; function symbols of arity 0 are called constant
symbols.

« relation symbols ; there are three binary relation symbols: ¢ ,¢,c.

The terms of this first order language will be called ¢-terms ; they are built in the usual way
with individual variables and function symbols.

Remark. Thus, we use four expressions with the word ferm : term, c-term, A-term and ¢-term.



The atomic formulas are the expressions T, L, td u, t ¢ u, t < u, where ¢, u are ¢-terms.

Formulas are built as usual, from atomic formulas, with the only logical symbols —, V :
e each atomic formula is a formula ;

e if A, B are formulas, then A — B is a formula;

e if Ais aformula and x an individual variable, then Vx A is a formula.

Notations. Let Ay,..., A;, A, B be formulas. Then :

A— 1 iswritten "A;

Ay — (Ap— -+ — (A, — B)--+) iswritten Ay, As,..., A, — B;
-Ay,...,A;, — L iswritten A; V...V A,;
(A,...,A,— 1) — L iswritten AjA...ANAy;;
aVx(Ag,..., A, — 1) iswritten Ix{A;,..., Ay}

The rules of natural deduction are the following (the A;’s are formulas, the x;’s are variables
of c-term, t, u are c-terms, written as A-terms) :

l.x1:A1,...,xp: Ap x50 A

2.X1:A1,..,xp Ay t:A—B, x1:A1,....xp Ayt u:A > x1:A,...,xp: Ay tu: B.
3.X1:A1,.., XA, X AR E:B = x1:A1,..., x5 Ay Axt: A— B.

4.x1:A1,..,xp  ApEt: A > x1:A5,..., X, Ay E t:Vx A where x is an individual variable
which does not appear in Ay, ..., Aj,.

5. X1:A1,.., X5 Ay t:VXA = Xx1:Ay,...,x,: Ay t: Alt/x] where x is an individual
variable and 7 is a /-term.

6.x1:A1,...,x,: Ay Fcc: ((A— B) — A) — A (law of Peirce).

7.%1: A1, XxnApkt:L = x1:A5,...,x,: Ay t: A forevery formula A.

1.4 Realizability models

We formalize set theory with the first order language described above. We write, in this lan-
guage, the axioms of a theory named ZF,, which are given in [18].

The usual set theory ZF is supposed written with the only relation symbols ¢, c.

Then, ZF; is a conservative extension of ZF, which is proved in [18].

Remark. In ZF., we have two membership relations : € which the weak or extensional one, and &
which is the strong one and does not satisfy extensionality.

Therefore, we have also two relations of inclusion : x € y = Vz(z ¢ y — z ¢ x) (€-inclusion or ZF-
inclusion) and x € y = Vz(zd y — z4d x) (e-inclusion). Finally, we have three notions of equality :

the weakest one is (x ~ y) = x € y A y € x (e-equality) ; the strongest oneis (x =y) = Vz(xd z— yd z)
(Leibniz equality) ; the middle one is (x = y) = x € y A y € x (e-equality).

Let us consider a coherent realizability algebra </, defined in a model .4 of ZF + V =L, which
is called the ground model. The elements of .4 will be called individuals (in order to avoid
the word set, as far as possible).

We defined, in [18], a realizability model, denoted by A, (or even ./, if there is no ambiguity
about the algebra 7).

It has the same domain (the same individuals) as .# and the interpretation of the function
symbols is the same as in .

Each closed formula F of ZF, with parameters in .4, has two truth values in ./, which are



denoted by | F|| (which is a subset of IT) and | F| (which is a subset of A).
Here are their definitions :
|F| is defined immediately from || F| as follows :
(e|F| © (Vmel|F)éxme L.
We shall write ¢ |- F (read “¢ realizes F ”) for € |F|.
| F|l is now defined by recurrence on the length of F :
e Fis atomic;
then F has one of the forms T, L, ad b, ac b, a¢ bwhere a, b are parameters in .#. We set :
ITh=@; ILI=1I; lad bl ={m €Il; (a,n) € b}.
la < bll,lla ¢ b| are defined simultaneously by induction on (rk(a) Urk(b),rk(a) nrk(b))
(tk(a) being the rank of a in .#).

lacbll=J{&em; E€A, e, (c,m) €a, & I-cé b}

la¢ bl = Ji&&'em; &8 €N, mell, (c,meb, éace, & |Fecal.
Cc

e F=A—Bjthen |Fll={.m;{I-A melBl}.
e F=VxA:then |F||=JllAla/x]|.
a

The following theorem, proved in [18], is an essential tool :

Theorem 6 (Adequacy lemma).
Let Ay,..., Ay, A be closed formulas of ZF;, and suppose that x): Ay,...,Xp: At t: A.
If &1 IFAy,....¢n IF Ay then t[Ey/xy,...,¢nlx,] - A. In particular, if & t: A, then ¢ |- A.

Let F be a closed formula of ZF,, with parameters in .#. We say that .4, realizes F or that F
is realized in A, (which is written A, |- F or even [ F), if there exists a proof-like term 6
such that 0 |- F.

It is shown in [18] that all the axioms of ZF; are realized in ./, and thus also all the axioms
of ZF.

Remarks. .4, is not a Tarski model of ZF,, because the truth values of formulas are not 0 or 1 but
subsets of I1. We can obtain Tarski models by using the completeness theorem, or else an ultrafilter
on the set of truth values equipped with a suitable structure of Boolean algebra (see [18]). Note that,
doing this, we introduce new individuals in the model, i.e. individuals which are not in .#.

An individual a of ./ is, in general, not related with its interpretation in .#,,. For instance, if no
element of a is an ordered pair (b, ) with 7 € I1, then a is interpreted as @ in A,.

Indeed, we have |[Vx(xd a)ll =@ =TI

Definitions. Given a set of terms X < A and a formula F, we shall use the notation X — F as
an extended formula; its truth value is || X — F|| ={ em; (€ X, m € | F|l}.

Two formulas Fl[xi,...,x,;] and Glx,...,x,] of ZF, will be called interchangeable if the
formula Vx;...Vx,(Fl[x1,...,x3] < Glx1,...,Xx,]) is realized.
That is, for instance, the case if |Flay,...,a,lll = |Glay,...,a,l|l
or alsoif ||Flay,...,a,lll = |I7Glay,...,a,]l
for every ay,...,a, € M.

The following lemma gives a useful example :



Lemma 7. For every formula A, define "Ac A by "A={k;; me|Al}.
Then nA— B and 'A— B are interchangeable, for every formula B.

We have immediately k; |- A for every x € | A||l. Therefore, |"'A — B|| < ||7A — B| and it
follows that | |- (A — B) — ("A— B).
Conversely, let{,ne A, ¢ |- 'A— B,n|--Bandletz € | Al
We have ¢k, |- B, thus () (é)k, |- L and therefore (1) ({)k; x w e L.
It follows that 0 x { e e € UL with 8 = AxAy(c)Ak(y) (x)k.
Finally, we have shown that 6 |- ("A — B) — (7B — A), from which the result follows.
Q.E.D.

1.5 Equality and type-like sets

The formula x = y is, by definition, Vz(xd z — yd z) (Leibniz equality).

If £, u are ¢-terms and F is a formula of ZF,, with parameters in .4/, we define the formula
t = u— F. When it is closed, its truth value is :

lt=u—=Fl|=ITl=@ if dI=t#u;llt=u—F|=|F| if 4Ft=u.

The formula f=u— 1 iswritten f# u.

The formula 1 =u; — (b =up — ---— (t,, = U, — F)---) is written :
h=uy,b=uy...,t,=u,— F.

The formulas t=u — F and t = u — F are interchangeable, as is shown in the :

Lemma 8.
D) CllFVYxVy(x=y—=F—x=y—F);
ii) Cl FVxVy((x=y—F)— (x=y—F)).

i) Trivial.
ii) Let a, bbeindividuals;let{ |-Fa=b— F,n|-a=bandn € | F||. We show thatn*{.m € L.
Let ¢ = {(b, )} ; by hypothesis on 1, we have n |- ad ¢ — béd c. Since 7 € | bd c|, it suffices to
show that ¢ | ad c. This is clear if a # b, since ||aéd c|| = @ in this case.
If a = b, then ¢ |- F, by hypothesis on &, thus { x 7 € L ; but |lad c| = {n} in this case, and
therefore ¢ | aéd c.

Q.E.D.

We set JX = X xII for every individual X of ./ ; we define the quantifier Vx3X as follows :
IV 21X F L] = Ugex I Flal .
Of course, we set EIxJXF[x] = —IijX—lF[x].
The quantifier Vx?¥ has the intended meaning, which is that the formulas Vx*XF[x] and
Vx(xeJX — F[x]) are interchangeable. This is shown by the :

Lemma 9.

Cl |- Vx* X Fx] — VX X=F[x] ;

cc |- Vx3X=F[x] — VX Flx] ;

IV XX =~F[x]|l = IVx(=F[x] — x& IX)|.

Immediate.
Q.E.D.



Each functional f : 4" — 4, defined in .4 by a formula of ZF with parameters, gives a
function symbol, that we denote also by f, and which has the same interpretation in the
realizability model A, .

Proposition 10.

Let t, t1,...,th, U, Uy,..., u, be €-terms, built with variables x,...,x, and function symbols
of .

DIf ME=YXy.. VXt =Uy,..., tyk=ur— t=u), then:

VX .. Vxe(th = uy,.. k= U — t=1u).

i) If M= (Vxp€eXy)...(Vxp € Xp) (6 = uy,..., g = up — t = u), then :

/ II—foXI...Vx?CX’“(tl =UL,..., k= U — = U.

Trivial.
Q.E.D.

Proposition11. If f: X)x---xX,, — Y isafunction in /4, its interpretation in N is a function
f:IXyx---x1X, —1JY.

Indeed, let [/, f" : 4™ — . be any two functionals which are extensions of the function f
to the whole of .#". By proposition 10(ii), we have :
Y5 VS (G ) = £, 20).

Q.E.D.
An important example is the set 2 = {0, 1} equipped with the trivial boolean functions, written
A, v, 1. The extension to .4, of these operations gives a structure of Boolean algebra on J2.
It is called the characteristic Boolean algebra of the model A, .

Conservation of well-foundedness

Theorem 12 says that every well founded relation in the ground model .#, gives a well foun-
ded relation in the realizability model .A".

Theorem 12.

Let f : M?* — 2 be a functional defined in the ground model ./ such that f(x,y) =1 is a well
founded relation on . Then, for every formula F|x] of ZF, with parameters in M :
YIFVy(Vx(f(x,y) =1= Flx]) — Flyl) = Yy Flyl

with Y =AA and A= Aaldf(f)(a@af (or A= (W)B)(BW)(C)B).

Letus fix b€ X and let ¢ | Vy(Vx(f(x,y) =1 F[x]) — F[y]). We show, by induction on b,
following the well founded relation f(x,y) =1, that Y *{.m € I for every n € | F[b]|l.
Thus, suppose that 7 € | F[b]| ; since Y*&em > *YE o, we need to show that {xY¢eme L.
By hypothesis, we have ¢ |- Vx(f(x,b) =1— F[x]) — F[b] ; thus, it suffices to show that :
Y¢ |- f(a,b) =1— Fla] forevery ac X. This is clear if f(a, b) # 1, by definition of —.
If f(a,b) =1, we mustshow Y¢ |- Flal, i.e. Yx&+.® € L forevery @ € || Fla]|. But this follows
from the induction hypothesis.

Q.E.D.

Remarks.
i) If the function f is only defined on a set X in the ground model .4, we can apply theorem 12 to the

9



extension f’ of f defined by f'(x, y) = 0if (x, y) ¢ X°.

This shows that, in the realizability model .4/, the binary relation f(x, y) = 1 is well founded on JX.
ii) We can use theorem 12 to show that the axiom of foundation of ZF; is realized in .A4,,.

Indeed, let us define f :.#? — 2 by setting f(x, y) = 1 < 3z((x, z) € y). The binary relation f(x,y) = 1
is obviously well founded in .#. Now, we have | |FVxVy(f(x,y) #1 — xd y) because m € | xd y|| =
f(x,y) = 1. Thus, the relation xe y is stronger than the relation f(x,y) = 1, which is well founded
in A, by theorem 12.

1.6 Integers

Let ¢, € A and n € N ; we define (¢p)"a € A by setting (¢)’a = a; ()" a = () () a.
For n € N, we define n = (0)"0with 0=Kland o = (BW)(B)B;

nis “the integer n” and o the “successor” in combinatory logic.

The essential propertyof0and g is: O x e @ e T > A *k T ;0 *k VepeQeT > Vhk PepaeT.

We set Ny ={(n,n.m); neN,n €Il}; it is shown below that N is the set of integers of the
realizability model A, .

We define the quantifier vxit as follows :
IVX™Fx]ll = {ne; neN, z € || Flnll}.
which means intuitively :
IV F(x] ) = IV N () — Fln)ll.

The formulas Vx"tF [x] and Vx(xeNg — F[x]) are interchangeable, as is shown in the :

Lemma 13.

AXAnAy(y)(x)n |- VX Fx] — Vx"™==F[x] ;
AxAn(cc)(x)n |- Vx"=-F[x] — VX" F[x] ;
IV X" ==Flx]ll = IVX(2Flx] — x8 Ngy)ll.

Immediate.
Q.E.D.

Lemma 14.

i) KIFVx(xd IN — xd Ng).

i) Ax(x)0[F0dNgy — L; AfAx(f)(o)x |- Vy:”\'((y+ 1)dNgy — ydNy).

iii) I |-Vx"™ (Vy™N(Fly] — Fly+11), FI0] — F[x]) for every formula F[x] of ZF.

i) and ii) Immediate.
iii) LetneN, ¢ |- VyJN(F[y] — Fly+1]),a |- F[0] et w € | F[n]|l. We must show :
nxpe.ae.me lie,bylemmal5, (¢p)"axme L.
But it is clear, by recurrence on n, that (¢)"a |- F[n] for every n € N.
Q.E.D.

Lemma 14(i) shows that N, is a subset of IN.

But it is clear that IN contains 0 and is closed by the function n— n+ 1.

Now, by lemma 14(ii) and (iii), N is the smallest subset of JN which contains 0 and is closed
by the function n — n+ 1. Therefore :

Ny is the set of integers of the model N .
The following lemmas 15 and 16 will be used in section 3 (proof of lemma 39).
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Lemma 15.

Let O,ce Abesuchthat: Ok% e e > aA*xTT ANd ¢ VePe@eT > VhkPepaem
foreverya,v,p€ A andm €I1.

Then, foreveryneN,a,(,pe Aandn eIl :

D) ©)"O*xpeaesn> (P)'axm;in particular, nx e e > (P)"a*xm

ii) (©)"O*xCBpeleen>{*(P) " aem.

i) Proof by recurrence on n ; thisisclearif n=0;if n =m+ 1, we have :

Cx(Q)"Oepeaern> (6)"Ox Ppepa«m > ()" ()@ x 7 by the recurrence hypothesis.

The particular caseis O =0,¢ =o0.

ii) By (i), we have (¢)"Ox CBppe(ea e > (CBP)"{ *x ao.

We now show, by recurrence on n, that (CB®)"{ x @ e > { % (p)"a«m. Thisis clearif n=0;

ifn=m+1,wehave (CB®)"{*x aerm > CBp* (CBP)"(edem > CxkBehe (CBY)""(exerm >

Bx (CBP)"' {epexerm > (CBP)"' x pa e > { % ()" (¢P)a « w (by the recurrence hypothesis).
Q.E.D.

Lemma 16.

Let Q,Xe Abesuchthat: Qx0epeq et > a*m and Zx Vel ePe@em > VxOepepaen
foreverya,d,v,¢ € A and n € 11. For instance : Q = (K)(K)I ; Z = (B)(BW)(B)B.

Then, foreveryneN,a,0,{,pe Aandn eIl :

D) (D)"Axbepeen > (P) a*m.

i) ()"Qx8eCBYel e ert > * (P) A er.

Same proof as lemma 15.
Q.E.D.

2 The characteristic Boolean algebra J2

2.1 Function symbols

Let us now define the principal function symbols commonly used in the sequel. As explained
before, they are defined in the ground model .# and are immediately extended to the realiz-
ability model A,

e The projections pro: XxY — X and pry: XxY — Y defined by:

pro(x,y) = x, pri(x,y) =y

give, in A, a bijection from J(XxY) onto JXxJY.

e We define, in .4, the function app: YXx X — Y (read application) by setting :

app(f,x) = f(x) for fe YX and x € X.

This gives, in .4/, an application app : J(YX)xJX — JY.

We shall write f(x) for app(f, x).

Theorem 17. . .
If X#@, then | |- ‘v’fj(Y )ng(y ) (ijX(app(f, x) = app(g,x)) — f = g). In other words :
I |- the function app gives an injection from J(YX) into (JY)3X.
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Let f,g€ YX, & |- VxiX(app(f, x) #app(g,x) — L) and el f£g— LI.
We must show ¢ x 7 € L. We choose a€ X ; then ¢ |- (f(a) # g(a) — 1).
If f=g,wehave | f(a) #g(a)— LI =If#g— Ll =IL— L]. Hence the result.
If f # g, we could choose a such that f(a) # g(a).
Then, || f(a) #gla) — LI =If #g — LI =T — L|. Hence the result.
Q.E.D.
e Let sp:.# — {0,1} (read support) the unary function symbol defined by :
sp(@) =0;spx)=1ifx# .
In the realizability model .4, we have sp : A — ]2.
e Let P:{0,1}x.# — 4 (read projection) the binary function symbol defined by :
PO, x)=9;P(,x)=x.
In the realizability model A4,,, we have P:12x A4 — A
In the following, we shall write ix instead of P(i, x).
When ¢, u are ¢-terms with values in J2, we write ¢ < u for tau = t.

Proposition 18.
i) 1 - Vi2Yx(i(jx) = (inj)x).
i) | FViRVx(ix=x = sp(x) <i).
iii) If ® € E, then | |-V i2Vx*E(ixe]E).
iv) If f: M — M is a function symbol such that f(®,...,0) = @, then :
NIV 2V VX (e, X0) = FGX -, X))
v) ||~ Vi:‘ZVx(i #1— Vy(yd ix)) and therefore K*| II—ViJZVx(i #Z1—=Vy(y¢ix).

Trivial.
Q.E.D.
Remark. Proposition 18(v) shows that, in the realizability model .4/, every non empty individual has
support 1.
Because of property (iv), we shall define, as far as possible, each function symbol f in .4, so
that to have f(9,...,9) = .
e Thus, let us change the ordered pair (x, y) by setting (@, ) = @. Then, we have :
|- Vi2Vxvy (i(x, y) = (ix,iy)).
 We define the binary function symbol Li:.#? — .4 by setting: aLib=aub.

Remark. The extension to .4 of this operation is neither the union for the e-membership, nor the
union for the e-membership.

The operation J;

Let E € ./ be such that @ € E. In .4, we define J; E for i € 2 by setting :
JE=1{g}={p}xI1; 1 E=JE = ExIL
In this way, we have now defined J;E in 4/, for every i € ]2.

Proposition 19.

D)1 IFYiRYxYy(i(xuy) =ixuiy).

i) | |- ViT2V j2Yx((ivj)x=ixu jx).

iii) | |- ViV jR2YxVyVz(inj=0,z=ixUjy— iz=ix).
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|- Yi2Y j2YxY yVa(inj =0,z = ixu jy— jz = jy).
iv) | |-V j2yxlEv By z (inj =0,z = ixu jy — ze i E).

Trivial.
Q.E.D.

Proposition 20.

If® € E, E', the following formulas are realized :

i) J;E increases with i. In particular, J;E < JE.

ii) The e-elements of 1;E are the ix for xeJE.

iii) The ¢-elements of 1;E are those of JE such that sp(x) <.

iv) The only e-element common toJ;E andJ_;E is .

v) If inj =0, then the application x — (ix, jx) is a bijection from J; jE onto J;ExJ;E.
The inverse function is (x,y) — xuUy.

vi) J;(ExE") =J;Ex];E'.

We check immediately i), ii), iii), iv) below :
i) | IFVi?Vj2VYx(inj =i — (xd I;E — xd 1;E)).
i) | I-Vi2Vxlf(ixeJB) ;| ViV E(ix # x — xd 1 E).
iii) | |- Vi2VxlE (xg J;E — insp(x) #sp(x)) ; | - Vi2VxTE(insp(x) # sp(x) — xd J;E) ;
iv) | |FVi2vxlbvyE(ix=1-i)y— ix=®).
v) By proposition 19(ii), we have ixu jx = (ivj)x=x if xel;y E.
By proposition 19(iii,iv), if x, y € JE, there exists zeJiVjE such that iz=ix, jz= jy, namely
z=ixujy.
vi) By proposition 18(iv), we have | |- Vi¥2VxVy(i(x,y) = (ix,iy)).
Q.E.D.

Proposition 21. Let E, E' € ./ be such that ¢ € E, E' and E is equipotent with E'. Then :
-V i¥2(J;E is equipotent with 1;E').

Let ¢ be, in .4, a bijection from E onto E’, such that ¢(@) = @. Then ¢ is, in A4, a bijection
from JE onto JE'. But we have immediately : | |- Vi*2Vx3E (¢ (ix) = i¢p(x)). This shows that ¢
is a bijection from J; E onto J; E'.

Q.E.D.

2.2 Some general theorems

Theorems 22 to 30, which are shown in this section, are valid in every realizability model.

In the ground model .4, which satisfies ZF + V = L, we denote by « the cardinal of AUITUN
(which we shall also call the cardinal of the algebra </) and by k. = 22(x) the power set of k.

Theorem 22.

Let VXV y F|X, y] be a closed formula of ZF; with parameters in 4 (where X = (x1,...,Xp)).
Then, there exists in 4, a functional fr:xx M — M such that :

i) If a,be M and{ |- Flad, b], then there exists a € x such that ¢ |- Fla, fr(a, d)].

ii) Cl |-VYXVy (FIX, yl — 3V*F[Z, fr(v, H)]).
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i) Let { — a¢ be an injection from A into x. Using the principle of choice in .4 (which

satisfies V = L), we can define a functional fr:xx.#" — .4 such that, in .4, we have :

VIVy(VEeA) (& IFFIX, ¥yl = & |- FIX, frlag, D).

ii) Let¢ |- Fld,bl,n |- Vv F[a, fr(v,d)] and & € I1. Thus, we have n |-~ F[d, fr(as,d)] ;

by definition of fr, we have ¢ |- F[d, fr(a¢, d)]. Therefore nx¢eme ll,and Cl*x¢eneme L.
Q.E.D.

Remark. The function fr is a kind of weak choice function for the relation F[X, y] ; given X, it does not
give exactly a witness y such that F[X, y], but a family indexed by Jx in which there is such a witness.

Subsets of Jx

Theorem 23. Let VxVyVzF|[x,y,z] be a closed formula of ZF,, with parameters in ./ .
Then, there exists, in ./, a functional Br: M — x such that:
WYz (VxVyVy' (Flx,y, 2], Flx, ¥, 2 — y = y) — ViV x(Flx, iBr(2), 2] — sp(x) = ).

By theorem 22(i), there exists, in .#, a functional g:x x.#? — ./ such that :
(%) Ifa,b,ce 4 and ¢ |- Fla, b, c], there exists a € k such that ¢ |- Fla, g(a, a,c),cl.

Using the principle of choice in .4, we define a functional fr:.# — k. such that:
for every a € x and c € ., we have Br(c) # g(a, @, c).
This is possible since x4 is of cardinal > .
Nowlet: a,ce .4, i€{0,1}, ¢ [FVxVyVy (Flx,y,cl,Flx,y,cl,y#y — 1),
¢I-Fla,iPr(c),cl,nlFspla)i #i and m eIl
We must show that Wx ¢peéeneme I, thatis ¢ *Eeéeneme L.
We set b =ifr(c) and therefore, we have ¢ |- Fla, b, cl.
Thus, by (*), we have ¢ |- Fla, g(a, a, c), c] for some a € k.
Let us show that ||b # g(a, a,c)|| < |lsp(a)i # i| ; there are three possible cases :
If i =0, then |sp(a)i # i|| = |10 # 0]l = I1, hence the result.
Ifi=1and a # @, then |sp(a)i # il = |1 # 1|| = I1, hence the result.
Ifi=1and a= @, then:
Ib# gla,a,c)ll = ifr(c) # gla,a,c)ll = | Br(c) # gla,@,c)ll = I T = @, by definition of SF,
hence the result.
It follows that n |- b # g(a, a, c). Now, we have seen that :
¢ |FFla,b,c] and ¢ |- Fla,g(a,a,c),cl.
Therefore, by hypothesis on ¢, we have ¢p x{elenemre L.
Q.E.D.

Remark. Theorem 23 is crucial for the applications in the sequel. A perhaps more intuitive reformu-
lation is given in corollary 24(i).

Corollary 24. If @ € E, then the following formulas are realized :

i) Vi (thereis no surjection from U, E; jel2,j # i} ontoJix ).

ii) Vi2V j2(if there exists a surjection from1;E onto J;x . then j = i).

iii) Vit2Vy j2 (i,j #0,inj =0 — (there is no surjection from Jix, w1k onto Jix,xJjx,)).

Remarks.
w is the symbol for disjoint union.
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The notation U{J;E; j€J2, j # i} denotes any individual X of A4 such that :
N EVx(xeX < 3j2(j #inxel;E)).
i) We apply theorem 23, with the formula F[x,y, z] = (x,y) € z.
In the realizabiblity model 4/, we have fg: A — Jk..
Let zp be, in 4, a surjective function onto J;x .
We have Br(zg) € Jx,, and therefore ifr(zp) €Jik 4.
If xp is such that (xg, i r(20)) € 2o, then sp(xp) =i by theorem 23.
Therefore, we have xoel;E = j = i, by proposition 20(iii).
ii) Itis a trivial consequence of (i).
iii) We take E =« ; since i, j #0,inj =0, we have i, j Z ivj ; by (i), there is no surjection from
Jix+ UJjx, onto Jjy jk .
Now, since inj =0, J;y jk+ is equipotent with J;x 4 xJjx . by proposition 20(v).
Moreover, @ is the only e-element common to J;x+ and 1k by proposition20(iv).
But these sets contain a countable subset by theorem 26. It follows that J;x,UJ;x is equipo-
tent with J;x, w1jx .
Q.E.D.

Theorem 25. There is a function symbol f such that |- (Vy < Jx)Fxedx ) (y = f(x)).
Roughly : | (f is a surjection from Jx ;. onto 279,

Reminder. xS yisVz(zdy —zdx);x=yisxSyAycx.
In the ground model .4, we have x = card(II) ; thus, there exists a bijection f from x,; =2
onto & (kxI1). Therefore, f is a function symbol which is a bijection from Jx . onto JZ2 (kxI1).
In the ground model .#, we define ¢ : 4 — 2 (k xI1) by ¢(x) = x N (x xII).
In A&, we have ¢: N — TPk xII); | |-Vx(d(P(x) = p(x)).
Now, we check immediately that :
) 1YW ?0 My g Jx — v x) because ||vé all < ||vd Jk| for all a € Pk xI1).
ii) | |- Vx‘v’vj"(vd x=vd ¢(x)) because |vd all =|vd P(a)| forall vex.
From (i), it follows that J2 (x xI1) is, in ./, a set of e-subsets of Jx ;
from (ii), it follows that it contains at least one representative for each equivalence class for ~.
It follows that f has the desired properties.
Q.E.D.

Theorem 26. Let E € ./ be infinite and such that ¢ € E. Then we have :
I ‘v’ijz(i # 0 — there exists an injection from N into J;E).

In.,let ¢ :N— (E\{@}) be injective. In A, we have ¢:IN— JE.
The desired function is n— i¢(n). Indeed, we have :

| Vi mINY NG £0 — ip(m+n+1) # i¢p(m)).

This shows that the restriction of this function to N, (the set of integers of .4,) is injective.
Q.E.D.

Theorem 27. |- vil2 (i #0,i #1 — (Jx, cannot be well ordered)).
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Let i € J2,i #0,1; then, J;x; and J,_;x, are infinite (theorem 26) and < Jx, by proposi-
tion 20(i). But there exists no surjection from J;x; onto J;_;x, neither from J;_;x; onto
Jix4, by corollary 24.

Q.E.D.

Remark. It is probably useful to make clear what a well ordering is in this non extensional context.
The formula (R is a strict well ordering on X) is the conjunction of :

Vx,3,2e X)((x, ) €R, (y,2)eR— (x,2)€R), (Vx,ye X) (x#y — (x, )RV (y,X) €R)

(i.e. Risastrict total order) ; (VY € X)(VxeY)3yeY)(VzeY)((z,y) g R) (i.e. R is well founded).
Theorem 27 says that, if the Boolean algebra 12 is not trivial, then Jx is not well orderable. On the
other hand, it can be shown that, if this Boolean algebra is trivial, then the realizability model .4 is an
extension by forcing of the ground model .. In this case, it is well known that .4 itself can be well
ordered (we suppose that the ground model ./ satisfies ZF + V=1L1).

Note also that, even if there is a non well orderable set in 4", we do not know if the underlying model
of ZF satisfies AC or not.

A strict order on Jk .

Abinaryrelation < on X is a strict order ifitis transitive (x < y, y < z = x < z) and antireflexive
(x £ x). This strict order is called total if we have: x<yory<xorx=y.

If (Xo, <o), (X3,<1) are two strictly ordered sets, then the strict order product < on Xy x X is
defined by : (xo,x1) < (0, Y1) © Xo < yp and x; < y;.

Lemma 28. The strict order product of <o, <) is well founded if and only if one of the strict
orders <, <1 is well founded.

Proof of = : by contradiction ; if <y and <; are not well founded, we have :

¥ y0 (V0 (xo <o Yo — Folxol) — Folyol) ; "Folbol ;

vy (V1 <1 1 — Filal) — Finl); ~Fibl;

for some formulas Fy, F; and some individuals by, b;. It follows that :

VoV y1 (YxoVx1 (%0 <o Yo, X1 <1 y1 — Glxo, x11) = Glyo, y11) ; 7Glbo, b1

where G[xy, x1] = Folxol V F1[x1].

Proof of < : suppose that < is well founded and let G[xy, x;] be any formula.

Let F[xo] = Vx1G[xp, x1]. We have to prove YV yoV y1 Gl o, y11, i.e. VyoF[yo] with the hypothesis

‘v’yOVyl (VXOV.X,'l (x0 <o Yo, X1<1)1— Glxg, x1]) — G[YO»J/I]) But this 1mphes :

Yy (on(xo <o Yo — Flxol) = F [yO]) and the result follows, because < is well founded.
Q.E.D.

We denote by <« a strict well ordering on x4, in .4 ; we suppose that its least element is @
and that the cardinal of each proper initial segment is <.

This gives a binary function from x2 into {0, 1}, denoted by (x<y), which is defined as follows
(x<y)=1s x<y.
We can extend it to the realizability model .4, which gives a function from (Jx)? into J2.

Lemma 29. The following propositions are realized :
If i€]12,i #0, then (x<y) =i is astrict ordering of 1ix ., which we denote by <;.
If i is an atom of the Boolean algebra ]2, then this ordering is total.
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We have immediately :
D) | VT Ry 235 (x < p)a(y <2) < (x<2)) 5 | Vx5 ((x<x) = 0).
i) | |- ViRvate vy ((ix<iy) <i).
iii) 1 |-V vy (x<y) =0,(y<x) =0— x = y).
It follows from (i) that, if i # 0, then (x<y) =i is a strict ordering relation on Jx ;.
It follows from (ii), that this relation, restricted to J;x 4, is equivalent to (x<y) = i.
Finally, it follows from (iii), that the relation (x<y) =i, restricted to J;x, is total when i is
an atom of J2.
Q.E.D.

Lemma 30. The following propositions are realized :

i) Vi%(the application x — (ix, (1 —i)x) is an isomorphism of strictly ordered sets
from (Jx1,<) onto (Jix, <) x (A1-iK4, <q—;)).

ii) Vit (either Jix, or Ji_ix4 isa well founded ordered set).

i) It follows from proposition 20(v), that the application x — (ix, (1 —i)x) is a bijection from
Jx, onto JikyxJy_;x 4. In fact, it is an isomorphism of ordered sets, since we have :
| ViV vy T ((x<y) = (ix <iy)v((1 - )x<(1—i)y)) and therefore :
- ViRVxTk e vy (xay) =1 (ix<ip) =i (1 -Dx<1-D)y) =1-1i).
ii) By theorem 12, the relation (x<y) =1 is well founded on Jx. Thus, the result follows
immediately from (i) and lemma 28.
Q.E.D.

2.3 Jx countable

In this section, we consider some consequences of the hypothesis : (Jx is countable).

Non extensional choice (NEAC) and dependent choice (DC)

The formula VxVyVy'((x,y) € f, (x, ¥ € f — y = y') will be written Func(f)

(read: f is a function).

We recall that x < y is the formula Vz(zd y — z4d x).

The formula Vz3f (f <z AFunc(f) AVxVy3y'((x,y)ez— (x,)) e f))

is called the non extensional axiom of choice and denoted by NEAC.

It is easily shown [18] that ZF, + NEAC F DC (axiom of dependent choice). On the other
hand, we have built, in [18], a model of ZF, + NEAC + —AC ; and other such models will be
given in the present paper. In all these models, R is not well orderable.

Theorem 31.
There exists a closed c-term H such that H |- (Jx is countable) — NEAC.

We apply theorem 22(ii) to the formula (x,y)ez. We get a function symbol g such that
ClFVxVyVz((x,y) ez — I (x, gW,x,z2))€z).

Therefore, it suffices to prove NEAC in ZF,, by means of this formula and the additional hy-
pothesis : (Jx is countable). Now, from this hypothesis, it follows that there exists a strict
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well ordering < on Jk. Then, we can define the desired function f by means of the compre-
hension scheme :
(X, pef—(x,y)ezN EIVJK(y =g, x,2) A Va¥(a<v— (x,8(a,x,2)d z).
Intuitively, f(x) = g(v, x, z) for the least v & Jx such that (x, g(v, x, 2)) € z.
Q.E.D.

Subsets of R

Theorem 32. |- (Jx is countable) —
every bounded above subset of the ordered set (Jx 1, <) is countable.

Every proper initial segment of the well ordering < on « is of cardinal k. Thus, there exists
a function ¢ : x xx; — x4 such that, for each x € x;,x # @, the function @ — ¢(a,x) is a
surjection from x onto {y € x+ ; y <x}. Then, we have immediately :
|Vl vy (y<x) = 1= (Yao¥ (y # pla, x)) — 1)).
This shows that, in ./, there exists a surjection from Jx, onto every subset of Jx, which is
bounded from above for the strict ordering <.
Thus, all these subsets of Jx , are countable, since Jx is.

Q.E.D.

Theorem 33. |- (Jx is countable) — there exists an injection from Jx , intoR.

We have obviously | (Jx is countable — J2 is countable), and therefore :
|- (Jx is countable — (32):“‘ is equipotent to R).
Now, by theorem 17, we have : |- (there is an injection from Jx . = J(2¥) into (J2)7).
Q.E.D.

Theorem 34. The following formula is realized : (Jx is countable) —

there exists an application i — X; from the countable Boolean algebra ]2 into 2 (R) such that :
i) Xo=1{2},;1i#0 — X; is uncountably infinite ;

ii) X;xX; is equipotent with X; ;

iii) X;nX; = Xijn;j and therefore i< j — X;c Xj;

iv) inj =0 — Xjy; is equipotent with X; x Xj ;

v) there exists a surjection from X, onto R.

vi) if A is a subset of 12 and if there is a surjection from Ujc o X onto X;, then i < j for some
JEA.

vii) if there is a surjection from X; onto X;, then i < j ;

viii) ifi, j #0,inj =0, then there is no surjection from X; ¥ X; onto X; x X;.

For each i €12, let us denote by X; the image of J;x . by the injection from Jx into R, given
by theorem 33.

i) The fact that X; is infinite for i # 0 is a consequence of theorem 26.

If i =1, X; is uncountable by (v). If i # 0,1 and X; is countable, then X;_; is infinite and thus,
there exists a surjection from Xj_; onto X;. This contradicts corollary 24.

ii) By proposition 20(vi), J;x 4 xJ;x is equipotent with J;(x?2), thus also with J;x by propo-
sition 21.

iii) If aeJ;x; and aeljk, then ia = a, and therefore (irj)a= ja = a.
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iv) This is proposition 20(v).

v) Application of theorem 25.

vi), vii), viii) Applications of corollary 24.
Q.E.D.

Theorem 34 is interesting only if the countable Boolean algebra ]2 is not trivial.
In this case, by theorems 27 and 33, R cannot be well ordered ; the underlying model of ZF
does not satisfy AC.

3 Collapsing Jx

In this section, we start with an arbitrary realizability algebra « and we build a new alge-
bra 28 such that:

o Nz realizes the formula : (Jx is countable).

e The (countable) Boolean algebra J2 of the model .4 is elementarily equivalent (for the
language of rings) to the algebra 12 of A,.

In the sequel, we shall consider two interesting cases : J2 is atomless ; J2 has four -elements.

3.1 Extending a realizability algebra

In the ground model .4, we consider a realizability algebra « = (A,II, A% I, L), the elemen-
tary combinators of which are denoted by B, C, |, K, W, cc and the continuations k; for € II.

Let « be an infinite cardinal of .4, x = card(A UTI) ; we consider the tree (usually called x<“)
of functions, the domain of which is an integer, with values in .

Let P be the ordered set obtained by adding a least element O to this tree.

P is an inf-semi-lattice, the greatest element 1 of which is the function @.

The greatest lower bound of p, g € P, denoted by pgq, is p (resp. q) if p,q # O and g < p (resp.
p < q). Itis O in every other case.

Remark. P\ {0} = k= is the ordered set used, in the method of forcing, to collapse (i.e. make count-
able) the cardinal x.

We define a new realizability algebra 28 by setting :

A=AxP;II=IIxP; AxII=(AXxI)xP;

CPe(mq)=Cem,pq); & p)*(m,q)=(*m,pq); & p)n,q) =(CEn,pg).
B=B"1);C=(C"1D;I=(0%1;K=(K*1);W=(W*1);cc=(cc*1); k(n,p) = (k;;,p).
The combinators B*,C*,1*,K*,W*,cc*, and the continuations k;, are defined in such a way
that we have, for every v,¢,n,{ e Aand m € I1:

B* xVeleNelem>>=ExveCnlem;

C' *VelaNel et >=EXxValal)oT;

% Velem>>EXkVar;

K*xVeloenemr>Ekver;

W% VeleNelT > X ValleNeTl;

K:*Vele@>EXxVar;

CC* * Vel e > Exveks o

(reminder : the notation x> ¢ %7’ means Exnme¢ 1L =& xn'¢ 1).

19



Therefore, we set :

B* = AnAxAyAz(xn)(Q)yz = ((O)(BC)(C)(B)(BB)B)C;

C* = AnAxAydz(x)nzy = (Q)(B)C;

" = AnAx(x)n=Cl;

K*=AnAxAy(x)n or (C)(B)K;

W* = AnAxAy(x)nyy = (O (B)W;

k; = AnAdx(ky) (x)n = (O (B)ky ;

cc* = AnAx(ciAk(xn)AnAx(k)(x)n

= (O (BB (B () (B)((B)(B)((B)(B)cc)B)B)C)B.

We define, in .#, a function symbol from P xN into {0, 1}, denoted by (p <« n), by setting :
(p<n)=1< p#0 and the domain of p is an integer < n.

We define 1L g, that we shall denote also by L, as follows :

Exmplell & (VneN)((p<n)=1=>¢xn.nel) forpeP,{e Aandrell.
In particular, we have ({ x 7,0) € 1l forany ¢ € A,m €Il

We check now that 28 is a realizability algebra.

s &P *rell=(,p)xm,q)e(r,r) ¢l :
Suppose that ({ xne.m, pqgr) € 1L ; we must show (Cén*m,pqr)e Il i.e. C{n*neme L for
(pgr<n)=1. Now, we have Cén* ne«m > ¢ *x nenen whichisin 1 by hypothesis.

s B emq)e((,1)e(m,8) g I = (&, p) * (0, @), 7)o (m,8) & AL :

Suppose that (&, p) x (7, q)((,r)e(m,s) € I ie. (*xCnlem, pqrs)e L ; we must show :
B**x&enelem, pqrs) €l iie. B* xneéenel.me L for (pqrs<n) =1. Now, we have :
B* % el enelemm > &*x neCnl«m which is in I by hypothesis.

e D)X e e, e(m, )¢l = (&, p)*((,1) e, q)e(m,s) ¢ 1L

Suppose that ({ *(«nem, pqrs) € I ; we must show :

(C*x&enelem,pqrs) € Il ie. C* *xneleneleme L for (pqrs«n)=1. Now, we have:
C'*xnelenelenm > éxnelene.n whichisin L by hypothesis.

e IMKD*E,pem, @& = (& p)*(r,q) ¢l :

Suppose that (£ * 7, pqg) € Il ; we must show :

(I"%x¢em,pg)e L ie. I"xneleme L for (pg<n)=1. Now, we have:

I* * nelem > ¢ x nemr whichisin I by hypothesis.

s KDx(Ep)emqe(mr)e Ll = (§,p)x(m,r) ¢ lLl:

Suppose that (¢ * 7w, pr) € 1L ; we must show :

K**x¢enem,pgr)e Il ie. K**xneéeneme L for (pgr<n)=1. Now, we have:
K*xnelenem > ¢*ne.m whichisin I by hypothesis.

e WS Dx(Ep)emq@)em,)ell= (&p)*x(1,q) e, q)e(m, )¢ Il :

Suppose that ({ xnenem, pqr) € 1L ; we must show :

W*x¢enem,pqr) e Il i.e. W* *xneéeneme L for (pgr<n)=1. Now, we have :
W*xnelenem > ¢ *nenenem whichisin 1L by hypothesis.

o (cc*, D*(E,ple(mg) el = (& p)*(ky, q)e(m,g) ¢ L :

Suppose that (£ xk; «7, pq) € 1L ; we must show :

(cc* x¢em,pg) € Il ie. cc* xneleme 1L for (pg<n)=1. Now, we have :

CC* * neéemm > ¢k Nk} o« whichisin I by hypothesis.
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e ki, p)*x (&, @) e(@ )¢l = (& q)x(m,p) ¢ L

Suppose that (£ * 7, pg) € Il ; we must show :

(kyx&ed,pgr)e UL ie. ky xnele@e 1L for (pgr<n)=1. Now, we have :

k; * nele@ > ¢ x nem whichisin I by hypothesis.

For each closed c-term 7 (built with the elementary combinators and the application), we
define 7* by recurrence, as follows :

if 7 is an elementary combinator, 7* is already defined ;

weset (tu)* =Ct*u*.

In the algebra 2, the value of the combinator 7is 74 = (T;,, 1).

In particular, the integer n of the algebra 8 is ng = (n*,1).

We have 0, =(0%,1) = (K*,1)(I*, 1) ; therefore : 0* = CK*I*.
Wehave (n+1)g=(n+1",1)=(c"1)(n*1); therefore : (n+1)*=Co*n".
Thus, we have, for every n e N : n*=(Co*)"0".

We define the proof-like terms of the algebra 28 as the terms of the form (0, 1) where 0 is a
proof-like term of the algebra «/. The condition of coherence for 48 is therefore :

If 0 is a proof-like term of «/, there exist n€e Nand 7 € [l such that O xne.m ¢ L.

If of is coherent, then so is 98 : indeed, if 6 is a proof-like term of <, then so is 60 ; this gives a
stack 7 such that 00 x 7w ¢ L.

Notations.

The realizability models associated with the algebras «f and 28 are denoted respectively by
N, o and JVgg.

The truth value of a formula F in the realizability model A5 will be denoted by | F||5 or
also || F]ll.

We write (¢, p) |FgF or (&, p)llFF tosay that (¢, p) realizes the formula F in the realiz-
ability model A.

3.2 The collapsing function

We now define ¢ € .4 in the following way :
@G = { ((m,@),(m,p)) ; meN, aex, well, pe P\ {0}, p(m) is defined and p(m) = a}.

Theorem 35.

The formula (¥ is a surjection from N onto Jx) is realized in the model N .
More precisely, we have :

i) 0o, 1) |- VxVy‘v’y’_((x, VeYd,y#y — (x,y)d9) with 0y = AnAkAx(x)n;

i) (01,1) -V y [V X" (x,y)d 9) — L] with 8; = AnAx((((n)(CB)(Q)o*)(C)x)0*)(0)n,
and o = (BW)(B)B (successor).

)LetmeN,a,a’ ex, (m,p)ellm,a)d4ll, (x',p)ellima)d¥4|l and &, q) IFa#a'.
Thus, we have m € dom(p), m € dom(p'), p(m) = @ and p'(m) = a'.

By lemma 7, we can replace the formula (m, a) &%, which is —((m, @) d 4), with the set of
terms " ((m, @) & ¢), which is {k(n,p) s (mp)elllim,a)d 4l}.

Therefore, we have to show that :

(B0, 1) %Kiz, py o (&, @) o (', p) € UL thatis (Bgxk;«Sen’,pp'q) € L.
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This is obvious if pp’'q = 0. Otherwise, p and p’ are compatible, thus a = a'.

Let n be such that (pp’q<n) =1; we must show that Oy x n.k; &’ € 1L ie. Exnen’e L.
Now, we have (¢, q) |- L by hypothesis on (¢, g), thus (&, g) * (/,1) € L.

Since (q <« n) =1, it follows that { x nen’ € 1.

ii) Let us first show that 6; x nene®@ > nxn+len*«® foreachneN,ne A and @ € I1.
Wehave 01 x nene®@ > nx (CB)(Q)o* eCne0*en+1em.
By lemma 15(ii), in whichwe set { =Cn,¢p =Co*,a =0",¢ =0,0=0 and 7 =n+1.o0, we

obtain: Oy xnene®@>Cn*xn*en+le.d (since n*=(Co*)"0*) »>n*n+len*.o.

We prove now that (01,1) [I- ¥y [Vx™((x, y) § ) — L].
Let a € x, (1, po) I V™ ((x, ) § 4) and (@, go) € [Ix P ;
we show that (0;,1) x (17, po) « (@, qo) € L.
This is trivial if pogo = O ; otherwise, let n € N be such that (poqo < n) = 1.
We must show that 8; *x nene@ € 1L, thatis nxn+len*e@e L.
But we have (1, po) IF{(n*,1)} — (n,a)d ¢ by hypothesis on 7.
Since (poqo < n) = 1, we can define g € P with domain n+1 such that g > poqo and g(n) = a.
Then, we have (@, q) € ||(n,a) d 4| by definition of 4.
We have thus (1, pg) x (n*,1)«(®, g) € IL thatis (M *x n*«®, poq) € L.
But we have pygq = ¢, and therefore (n*n*.®,q) € 1.
Since (g<n+1)=1,itfollowsthat nxn+1l.n*ee L.
Q.E.D.

Al

Corollary 36. A realizes the non extensional axiom of choice and thus also DC.

Indeed, by theorem 35, the model .4 realizes the formula : (Jx is countable).
But we have x = card(A UITuUN), since x = card(A UITuUN) and x = card(P).
Therefore A5 realizes NEAC, by theorem 31.

Q.E.D.

Remark. Intuitively, the model A is an extension of the model .4, obtained by forcing, by collaps-
ing Jx. We cannot apply directly the usual theory of forcing, because Jx is not defined in ZF.

3.3 Elementary formulas

Elementary formulas are defined as follows, where ¢, u are ¢-terms, i.e. terms built with vari-
ables, individuals, and function symbols defined in ./ :

e T,1 are elementary formulas ;

e if U is an elementary formula, then t=u— U and VxU are too;
e if U,V are elementary formulas, then U — V too;

e if U is an elementary formula, then vty too.

Remark. ¢ # u is an elementary formula, and also ¢ g Ju (which can be written f (¢, u) # 1 where f is
the function symbol defined in .4 by : f(a,b)=1iff a€ b).

If U is an elementary formula, then VXU is too : indeed, itis written Vx(f(x,t) =1— U).

For each elementary formula U, we define two formulas U, and U”, with one additional free
variable p, by the conditions below.

Condition 1 defines U” by means of U, ; conditions 2 to 5 define U, by recurrence :
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UP =vgvn"(pg<n)=1—U,);
lpy=landT,=T;

(t=u—=U)p=t=u—Up); VxUIx])p=VxUplx];
U —V),=Vgvrif (p=qr— w7 —W));
(VnintU[n])p =vniN({n*} — Up(n)), in other words :
||(VnintU[n])p|| ={n*em;neN,me|Uylnll}.

With the help of these formulas U,, UP, we can interpret realizability in the algebra 9 in
terms of realizability in the algebra </, at least for elementary formulas, as shown in the
following lemma 37.

o b

Lemma 37. For each closed elementary formula U, we have :
@, p ellUll e melUpl; & p)lIFU < IFUP.

Proof by recurrence on the length of the formula U.
1. We have (,p) IFU < (&, p) x (7, q) € I for (7, g) € ||U]l, that is :
(¢ * 7, pq) € 1L for every m € |Uy||, by the recurrence hypothesis, or also :
(VgeP)Vre |UsD(VReN)(pg<n)=1=¢x ne.me 1) whichis equivalent to:
£V gV ™ (pg<n) =1— U,) thatis & |l U?.
2 and 3. Obvious.
4. Any element of [|U — V|| has the form (¢, q).(r,r),i.e. ((«m, p), with p=gr, ,q) IFU
and (7, r) € || V]|l ; by the recurrence hypothesis, this is equivalent to ¢e.m € |[UY — V.
5. We have [|Va™Un]|l = IVr™({(rn*, 1)} — Uln)|
={n*,1)e(m,p); neN,(m, p) € NUIn} ={(n"em, p); neN,(m, p) € NUILn]Il}.
Thus, by the recurrence hypothesis, itis {(n*.7, p); neN,m € [|[Uy[nl|}.
Q.E.D.

Lemma 38.

For each elementary formula U, there exist two proof-like terms 0° ,9[1], such that:
i) 0% I+ VpJPVni_”f((p« n=1— U-—Upy);

ii) 0L -V PPV (p<n) =1~ (U, — V) ;

iii) 0 Y p YRt (p<n) =1— (U— UP);

iv) 1L IFYp YRt (p<n) =1~ (UP — U));

with T?] = An)tx/lm(ﬁ(l)])mx and T%] = An&x(ﬁbn)(x)n.

We first show (iii) and (iv) from (i) and (ii).

(D)= (iii)

Let pe Pand ne€ Nbesuchthat (p<n)=1;letl |- U and r € |UP||. We have to show :
AnAxAm(O})mx*ne€eme 1.

Now, by the definition (1) of U, there exist g € P, me Nand @ € || Uyl such that (pg<«m) =1
and 7 = m.®. Therefore, we have (g <m) =1 and, by (i) :

Gg*m.f.a)e 1, hence Amlxﬂm(@%)mx*g.f.m.a)el.

(i) = (iv)

Letpe P,neN,{ € Aand 7 € |U|| such that (p<n)=1and ¢ |- UP.

We have to show : /ln)Lx(G%]n)(x)n *ne.éeme ll ie. Hb*g.ég.n el.
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But, by the definition (1) of U?, in which we set g = p, we have ¢n |~ U, ; therefore, the
desired result follows from (ii).

We now show (i) and (ii) by recurrence on the length of U.

o If Uis 1L or T, we take 9?] = 9%] =Anlxx.

e If U=(t=u—V)or U=VxV, then 9?]:9?/ and 9%]:9‘1/ by (3).

e fU=V —-W,letqg,reNand p = gr;let neNsuch that (p<n) =1. We have :
WV =V rnlkVIi—V; 4 nl-W—W,; 0} nl-W, —W.
Let ¢ |-V — W ; then, by the recurrence hypothesis, we have :

Oy o -V — W, and Oy moso(ryn |-V — W,

Thus, by (4), we obtain 87, = AnAxAy(63,n)(x)(t},n)y.

Now, let ¢ |- V9 — W, ; then, by the recurrence hypothesis, we have :
O}, moé VI —W and (6;,n)oéo(xdn) |-V — W.

Thus, by (4), we obtain 8}, = AnAxAy(6;,n)(x) (T, n)y.

o If U = Vm'™V[m], we first prove :

Lemma 39.

There exist two proof-like terms Ty, Ty such that, for every closed formula F of ZF; :
i) Tp I-YnN((n*} — F) — ((n} — F)).

i) Ty |- YnN(({n} — F) — (n*} — F)).

iii) For every elementary formula V[n], we have :

To I (Yn™V(nl), — Yn"™V,[n] and Ty |-Yn"™V,[n] — (Yn"V[n]),.

i) We apply lemma 15(ii) to the realizability algebra ¢, with :
¢=0,0=0,¢=Co" and @ =0*. Forevery neN,{ € A and r € I1, we obtain :

n* (CB)(CQ)g* (0" e > {*n*em, since n* = (Ca™*)"0".
Therefore, if we set To = AfAn((n)(CB)(CQ)d*)f0*, wehave To*x{enem > *n* o1.
Thus, we have Ty |-Vn™N(({n*} — F) — (in} — F)).

ii) We apply now lemma 15(i) to the realizability algebra 28, with :
¢=0%,0=04,¢=(CZNa=(Q,1)and Q=AdAfAaa;Z=AnAdAfAa(ndf)(f)a.
Since ng = (033)”9@ = (n*,1), we get, by setting X, = (QEE
(n*, 1) % (CZ, 1)« (Q, 1) e (@,1) > ((Z2)"Q, 1) % (@,1)
because ((CX,1))"(Q,1) = ((Z2)"Q,1). We write this as :
(" *xCZeQed, 1) > (22)"Q % @, 1).
It follows that n* * 0. CZ e Qe @ > (Z2)"Qxde® for some d € N.
Let us take ® = CBo «(«0+7. We obtain :
N**%0eCEeQeCBOle0emm> (£2)"Q*kdeCBTe(s0er.
Now, we apply lemma 16(ii), with ¢ = 0 and @ = 0 (note that X, = (C)2Z satisfies the hypoth-
esis of lemma 16). We obtain (Z,)"Qx d«CBo«{s0e7m > x (0)"0+7 and therefore :
N**0eCZeQeCBOe(e0emr> (X ner.
Finally, if we set T; = A fAn((((n0)(C)X)Q)(C)Bo) f0, we have :
Ty *{en*em > { *ne.n and therefore T |- VHJN(({Q} — F) — ({n*} — F)).
iii) This follows immediately from (i) and (ii), by definition of (V nintV[n]) p-
Q.E.D.
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We can now finish the proof of lemma 38, considering the last case which is :

o U=Vm™V[m].

We show that 0, = AnAx(T)Am(6, n)(x) m.

By the recurrence hypothesis, we have 9?, - ijPVnint((p <n)=1—= (Vim] — V,[m])).

Let pe P,neN,¢ € Abesuchthat (p<n)=1and¢ |- VmintV[m].

Then, for every m € N, we have {m |- V[m] ; thus (Qgg) (§)m |- V,[m] and therefore :

Am©% n)(E)m |- ¥ m™V,[m]. By lemma 39(iii), we get :

(THAMOYn) () m |- (Y m™V[m]), and therefore :

Ax(TAM©O% 1) (x)m |-V m™tV [m] — (Y m™V[m]),,. Finally :

AnAx(TAMO% ) () m |-V p PV ™ (p<n) = 1 — (Ym™V [m] — (Y m™V [m]) ).

We show now that 0[1] = )Ln/lx)lm(e‘l/n)(To)xm.

By the recurrence hypothesis, we have 0}, |-V p?* Vi ((p<n) = 1 — (V,[m] — V[m))) ;

Let pe P,neN,¢ € Abesuchthat (p<n) =1and ¢ |- (Ym™V[m]),.

By lemma 39(iii), we have To¢ |- Vm!™tV),[m], thus Toém |-V, (ml.

Therefore (03, 1) (To)ém |- Vm], and Am(65,n)(To)ém |- Vv mi®V[m], hence the result.
Q.E.D.

Theorem 40.
The same closed elementary formulas, with parameters in 4, are realized in the models N
and Ng.

Let U be a closed elementary formula, which is realized in .4, and let 8 be a proof-like
term such that 6 |- U. Then, we have (T?]) nf |- UP for (p<n) =1, by lemma 38(iii) ;
therefore, setting p = @ = 1, we have ((T%)QQ, 1) - U by lemma 37.
Therefore, the formula U is also realized in the model A.
Conversely, if (9,1) |- U with 8 € QP, we have 6 |-U", by lemma 37. Thus 7,00 |- U by
lemma 38(iv).

Q.E.D.

Remark. For instance :

o If the Boolean algebra ]2 has four e-elements or if it is atomless, in the model ./,;, the same goes
for the model Ag.

o Arithmetical formulas are elementary. Therefore, by theorem 40, the models .4, and A7 realize
the same arithmetical formulas. In fact, this was already known, because they are the same as the
arithmetical formulas which are true in . [15, 16].

3.4 Arithmetical formulas and dependent choice

In this section, we obtain, by means of the previous results, a technique to transform into a
program, a given proof, in ZF + DC, of an arithmetical formula F.

We notice that this program is a closed c-term, written with the elementary combinators
B,C, I, K, W, cc without any other instruction.

Thus, let us consider a proof of ZF, - NEAC — F (NEAC is the non extensional axiom of
choice, see section 2.3).
It gives us a closed c-term @, such that @, |- NEAC — F, in every realizability algebra.
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We now describe a rewriting on closed c-terms, which will transform ®, into a closed c-
term @ such that @ | F in every realizability algebra <.

By theorem 31, we have @; |- (Jx is countable) — F with ®; = Ax(®g)(H)x.
We apply this result in the algebra 28, which gives :

(®*,1) I~ (Jx is countable) — F.

Now, theorem 35 gives a closed c-term A such that (A, 1) |- (Jx is countable).
It follows that (®7,1)(A, 1) - F, i.e. (¥,1) [I- F, with ¥ = COTA.

Since F is an arithmetical formula, it is an elementary formula.

Therefore, by lemma 37, we have ¥ |- F 1 Now, by lemma 38(iv), we have :
LIV PV ™ (p<n) =1 — (F? — F)).

We set p =1 and n =0, and we obtain TII:Q - F' - F.

Finally, by setting ® = (T}:)Q‘I’, we have @ |- F.

3.5 Arelative consistency result

In [18], we have defined a countable realizability algebra «f such that the characteristic
Boolean algebra J2 of the model ./, is atomless (in this example, we have x = N).

If we apply the technique of section 3, in order to collapse Jx, we obtain a realizability alge-
bra 28 and a model .4/, the characteristic Boolean algebra of which is also atomless. Indeed,
the property : (J2 is atomless) is expressed by an elementary formula.

But now 12 is the countable atomless Boolean algebra (they are all isomorphic). Therefore, by
applying theorems 31 and 34, we obtain the relative consistency result (i) announced in the
introduction.

Remark. We note that this method applies to every realizability algebra such that we have :
|- (32 is an atomless Boolean algebra).

4 A two threads model (J2 with four elements)

In this section, we suppose that & is a standard realisability algebra [18].
This means, by definition, that the terms and the stacks are finite sequences, built with :
the alphabet B, C, I, K, W, cc, k, o, (,), [, ]

a countable set of term constants (also called instructions),

a countable set of stack constants

and that they are defined by the following rules :

B, C |, K, W, cc and all the term constants are terms ;

if £, u are terms, the sequence (f)u is a term ;

if m is a stack, the sequence k[r] is a term (denoted by k) ;

each stack constant is a stack ;

if ¢t is a term and 7 is a stack, then ¢ .7 is a stack.

If ¢ is a term and 7 is a stack, then the ordered pair (z, ) is a process, denoted by ¢ * 7.

A proof-like term of «f is a term which does not contain the symbol k ; or, which is the same,
a term which does not contain any stack constant.

We now build a realizability model in which J2 has exactly 4 elements.
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We suppose that there are exactly two stack constants 7°, 7! and one term constant d.

For i € {0,1}, let A! (resp. I1%) be the set of terms (resp. stacks) which contain the only stack
constant 7.

For i, j € {0,1}, define JJ.; as the least set P c A’ x [T’ of processes such that :

1. d* jeme P foreverymeIl’.
2. ExmeN KT, & xn'eP,éxn>&*n =>ExmeP
3. If at least two out of three processes { x 1, nx 7, { x m arein P, thend *2+¢ene(m€ P.

Remarks.

The preorder > on A * [1 was defined at the beginning of section 1.

We express condition 2 by saying that P is saturated in A % 1",

Following this definition of >, the constant d is a halting instruction. Indeed, we have :
dxm>¢éx@ © Ex@=d*T.

Wedefine I by:  A*II\L=(A" %M\ L) u A+ L))

In other words, a process is in L if and only if

either it is in iLg U JL% or it contains both stack constants 7%, !.

Lemmad4l. Iféxme JL;'. and Ex > xn' then & x7' € JLj. (closure by reduction).

Suppose that &g * g > & x 7y, Eo* Mo € iLj. and ¢y x 7y ¢ iL; We may suppose that :

(%) o * o > &y * 7 in exactly one step of reduction.

Let us show that iL; \ {{o *x o} has properties 1,2,3 defining JL; , which will contradict the
definition of 1L ; :

1. If §oxmo =d * jemr, with w € IT", then d* jem > &% g, thus {gxmy=dx jem.
Therefore ¢j* H6_€ iL;'. , which is false. - -

2. Suppose Exme Al x T, Exm > *n' € JL;'. V& w ! #£ & *my. Then Exme JLj.,by 2).

If Exm=E&)xmg, then &g*my > & *7;’ ; since &' * 1’ # &g % 7, it follows from (x) that
o * my > & x ' and therefore &, x ;) € JJ_;. , which is false.

3. Suppose that two out of the processes ¢ x m,n % 7, { * 7 are in iL; \ {&p * 7o}, but d %
2+.&en el emisnot. From (3), it follows that d x2e{ene{ e = & * 7.
Thus, d*2e¢enelem > & * 7y, and therefore ¢ * 1y =d*2elenelem.
Therefore ¢ 6 * 7'[6 € JL; , which is false.
Q.E.D.

Lemma42. L )nl!=g.
We prove that (A’ +I1°\ 1L1) > 1L} by showing that A’ xI1'\ IL! has properties 1, 2, 3 which
define 1L},

l.dx0Q.m¢ iLi because iLi \ {d % 0.7} has properties 1, 2, 3 defining iLi.

2. Follows from lemma 41.

3. Suppose &g x g, o * Ty & JLi ; we show that d x 2e&ge1ge e g & iLi by showing that
iLi \{d % 2+&pen0egemp} has properties 1, 2, 3 defining JL{.

1. Clearly, dx1.7"€ (JL{ \{d*2e&gengelgemo}) for every n’ € IT'.
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2. Suppose that Exme AT, Ex > & *m' € L1, & %' #d *24&g 10«07 and that
Exm (LIN{d*2eEgemeloeT0}).
From (2), it follows that & x 7 = d x 2« &g e 70« {0« o Which contradicts & x 7 > & * 7',
3. Suppose that two out of the processes ¢ *m, nx 7, { x 7 are in JLi \{dx2e&gengeloeTo},
but thatd x 2.¢ e« is not.
It follows from (3) that d *2eleNele T =d*2e&pengelge T, i.€. {=E&0,m=100,{ =0
and 7 = 7. But this contradicts the hypothesis &g x g, 179 * o ¢ iLi.
Q.E.D.

Theorem 43. This realizability algebra is coherent.

Let 8 € QP be such that 07 € JJ_8 and @' e JJ_%. Then Ox7° € JLngL(l) which contradicts
lemma 42.
Q.E.D.

Lemma 44. d2 | (the boolean algebra 12 has at most four € -elements).

We show that d2 |- VX2V yR2(x #0,y #1,x # y — Xny # X).

Let i,j€{0,1},{IFi#0,nl-j#L,(I-i#j and mwe|inj #il.

Since ||inj # ill # @, we have i < j. Thus, there are three possibilities for (i, j) :

i=j=0;i=j=1;i=0,j=1.

In each case, two out of the terms ¢, 7, realize L. Thus, we have d x2.feneeme L.
Q.E.D.

Remark. If 7 € T\ (IT° UTT'), then { x 7 € L for every term ¢. Thus, we can remove these stacks and
consider only IT° U T},

We define two individuals in this realizability model :

Yo = ({0} x T U ({1} x ITY) 5 vy = ({1} x IT%) U ({0} x ITH).

Obviously, yo,y1 <32 = {0, 1} xI1. Now we have :

IVx2(xd yo) | =TI° UIT* = || L|| and therefore | |-V x¥(xd yo).

d0 |-0&yo and d1 |14 yo.

It follows that y(,y; are not e-empty and that every e-element of yy, y; is # 0, 1. Therefore :
The Boolean algebra 32 has exactly four € -elements.

We have ¢ |- ijz(xey(), xey; — 1) for everyterm ¢ :

Indeed, let i, j € {0,1} ; using lemma 7, we replace the formula iey;, i.e. 2(idy;), with
(i dy;) which is {ky ; 7 € II"*/}. Therefore, we have to check :

po €, py eIt = & x Ky, o Ko, e € 1L which is clear.

In the same way, we get :

AxAydzz |-NYxVy(xey;, yeyi,x#y— L).

It follows that yg,y; are singletons and that their e-elements are the two atoms of J2.

4.1 J2 has four e-elements and Jx is countable

We now apply to the algebra ¢ the technique expounded in section 3, in order to make Jx
countable ; this gives a realizability algebra 2.
In this case, we have x =N, and therefore x, = 22(x) =R.
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Now, there is an elementary formula which express that the Boolean algebra ]2 has four -
elements, for instance : Elsz{x Z0,xZ1}A VxJZVyJZ(x £Z1L,y#1,x#y—xy=0).
Therefore, the realizability model .43 realizes the following two formulas :

(J2 has four e-elements) ; (Jx is countable) ;

and therefore also NEAC by theorem 31.

Let us denote by iy, i; the two atoms of J2 ; thus, we have i} = 1 — ij.

We suppose that .4 |= V = L ; thus, there exists on x; = 22(N) = R a strict well ordering <
of type X;. This gives a function from R? into {0, 1}, denoted by (x <), which is defined as
follows: (x<y)=1< x<y.

We can extend it to A4,, and .4z, which gives a function from (JR)?2 into J2.

From lemmas 29 and 30, we get :

For i = iy or iy, the relation (x<y) = i is a strict total ordering on J;R and one of these two
relations is a well ordering ;

in order to fix the ideas, we shall suppose that it is for i = ij.

The relation (x <y) = 1is a strict order relation on JR, which is well founded.

The application x — (ipx, i, x) from JR onto J;,RxJ; R is an isomorphism of strictly ordered
sets.

It follows from theorem 26, that each of the sets ] iR, ] i;R contains a countable subset.

By corollary 24, there is no surjection from each one of the sets J;,R,J;,R onto the other.
Thus, there is no surjection from N onto J;,R or onto J;, R.

Therefore, the well ordering on J iR has, at least, the order type R in .

Now, by theorem 32, every subset of JR, which is bounded from above for the ordering <, is
countable ; thus, the same goes for the proper initial segments of ] iR and | i; R, since these
sets are totally ordered and JR is isomorphic to J;,RxJ; R.

It follows that the well ordering on J; R is at most X;, and therefore exactly X;.

Moreover, there exists, on 1;,R, a total ordering, every proper initial segment of which is count-
able.

Then, we can apply theorem 34, to the sets X;,, X;, which are the images of J;/R, J; R by the
injection from Jk, into R, which is given by theorem 33. By setting X = X;,, we obtain
exactly the result (ii) of relative consistency announced in the introduction.
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