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Introduction

The essential aim is to explore the Curry-Howard correspondence : we want to associate a
program with each mathematical proof and to consider each theorem as a specification, i.e.
to find the common behavior of the programs associated with every proof of this theorem. It
is a very difficult and very interesting problem, which I call the “ specification problem ” in
what follows.

In the first place, we must give the programming language in which we write these programs,
and also the machine which will execute them. This is done in the first section, it is the
“ program side ” of the correspondence. As we shall see, this programming frame is very
similar to usual imperative programming. As the theory develops, many usual and important
notions of imperative and system programming will naturally appear, such as : storage and
call-by-value for datas, pointers, signature of files, system clock, boot, ...

Then we must give a computational content to each logical rule and each axiom. We do this
by means of elementary instructions. The instructions for the rules of intuitionistic proposi-
tional logic have been found long time ago, at the very discovery of the Curry-Howard cor-
respondence ; the programming language was Church’s lambda-calculus. Then the instruc-
tions for intuitionistic second order logic were obtained and the programming language was
still the same.
But mathematical proofs are not done in intuitionistic logic, not even in pure classical logic.
We need axioms and the usual axiom systems for mathematics are :

1. Second order classical Peano arithmetic with the axiom of dependent choice ; this
system is also called “ Analysis ".

2. Zermelo-Freaenkel set theory with the axiom of choice.

In this paper, we consider the first case. We shall give new elementary instructions for the
lacking axioms, which are : the excluded middle, the axiom of recurrence and the axiom of
dependent choice. It is necessary, for that, to define an extension of lambda-calculus. We
notice that some of these instructions are incompatible with B-reduction. Therefore the ex-
ecution strategy is deterministic and is given in the form of a weak head reduction machine.



The same machine is used for Zermelo-Frankel set theory. The instructions associated with
the axioms of ZF are given in [7]. The full axiom of choice remained an open problem until
recently (may 2005). The new instructions necessary for this axiom and also for the contin-
uum hypothesis will be given in a forthcoming paper.

Terms, stacks, processes, execution

We denote by QP the set of closed A-terms built with some set of constants which are called
instructions ; one of these instructions is denoted by cc. We shall denote the application of ¢
to u by (t)u or tu ; the application of ¢ to n arguments u;,...,u, is denoted by (f)u; ... u, or
tu ... u,. Therefore, we have tuv = () uv = (tu) v with this notation.

Elements of QP are called proof-like terms.

Let L > QP be the set of closed A-terms built with a new constant k and a set I1y # @ of new
constants called stack constants.

A closed A-term of L of the form k#;...t,mo with n €N, 11,...,1, € L and ny € I is called a
continuation.

A A -termis, by definition, a closed A-term 7 € L with the following properties :

- each occurrence of k in 7 appears at the beginning of a subterm of 7 which is a continua-
tion ;

- each occurrence of a stack constant in 7 appears at the end of a subterm of 7 which is a
continuation.

Remark.
Proof-like terms are therefore A.-terms which do not contain the symbol k or, which amounts to the
same thing, which do not contain any stack constant.

The set of A.-terms is denoted by A.. In what follows, we almost always consider only A.-
terms ; so, they will be called simply “ terms ” or “ closed terms "

Lemmal. i) QPc A,;

i)Iftue Acandu ¢y, thente Acandue A; ;

iii) If tu € A, and u € Iy, then tu is a continuation ;

iv) IfAxt,ue A, then tlu/x] € A¢;

viIfty,...,the A\c meN) and g€y, then (kty...t,)mo € Ag.

i) Trivial.

ii) Consider an occurrence of k (resp. of a stack constant my) in ¢ or u ; it is therefore in
tu. Since tu € A, this occurrence is at the beginning (resp. at the end) of a continuation
kty...t,mo = (k... t,)mo which is a subterm of tu. Now u # 7, so that this subterm is not tu
itself ; thus, kt; ... t,, 7 is a subterm of ¢ or u.

iii) We have u = mq € 1y and this occurrence of 7y is at the end of a subterm of tmy which is a
continuation (ktj ... t,)7g. Therefore, this subterm is t7ng itself.

iv) Consider an occurrence of k (resp. m¢) in ¢[u/x] ; thus, itisin Ax t or u. But Axt,u € A, so
that this occurrence is at the beginning (resp. at the end) of a continuation kt, ... ;79 which
is a subterm of Ax ¢ or u. If this continuation is a subterm of u, it is also a subterm of #[u/x].
If it is a subterm of Ax ¢, then this occurrence of k (resp. 1) in t[u/x] is at the beginning



(resp. at the end) of the subterm k#; [u/x]... t,[u/x]my, which is a continuation.
v) Trivial.
C.Q.F.D.

If t1,...,th € A; (n €N) and 7 € Iy, the sequence 7w = (ty,..., t,, mo) is called a stack and is
denoted by #,.1,... t,.7¢ ; the set of stacks is denoted by II. The continuation k¢, ..., is
denoted by k. If t € A and w = t;.15.... t,.7mo € 11, then the stack t.t,.1, ... t;,.7o is denoted by
t.m. Thus, the dot is an application of A, xITin II.

Every term 7 € A, is either an application, or an abstraction, or a constant which is an in-
struction (indeed, this term can be neither k, nor a stack constant, by definition of A.-terms).
From lemma 1, it follows that, for every 7 € A., we are in one and only one of the following
cases :

i) T is an application tu with u ¢ Iy (and therefore t,u € A;) ;

ii) 7 is an abstraction Ax¢;

iii) 7 is an instruction (particular case : T = cC) ;

iv) 7 is an application tu with u € I, i.e. T = k; for some stack 7.

A processis an ordered pair (t,7) with 7 € A, m € I1. Itis denoted by 7 x 7 ; 7 is called the head
or the active part of the process. The set of all processes will be denoted by A, x II.

We describe now the execution of processes, which is denoted by >. We give the rule to
perform one execution step of the process 7 x 7. It depends on the form (i), ..., (iv) of T given
above. In the four rules that follow, ¢, u, Ax v denote elements of A, ; 7, p denote stacks.

i) tuxm>t* u.m (push);

ii) Ax v % u.m > viu/x] x 7 (pop) ;

iii) cc % .7 > t % k.7 (store the stack) ;

iv) k; % t.p > t % 7 (restore the stack).

Rules for other instructions will be given in due time.

We say that the process t * 7 reduces into t' x 1’ (notation t x 7 > t' x n') if we get ¢’ x 7’ from
¢ * 7 by means of a finite (possibly null) number of execution steps.

Remark. By lemma 1, we can check that the four execution rules give processes when applied to
processes.

Truth values and types

Consider an arbitrary set of processes, which is denoted by 1L and which we suppose cc-
saturated ; it means that :

txmel, 'xn' >t xm=>t*xn"el.
22 (1) is called the set of truth values. If U c I1is a truth value and ¢ € A, we say that ¢ realizes
U (notation ¢ |- U) if (Vre U)t*xme L. The set {t € A; t |- U} will be denoted by |U|. Thus,
we have |U;ie; Uil = Nier Uil
The truth value @ (resp. Il) is called true (resp. false) and denoted by T (resp. ). Thus, we
have [T|=A¢; te|l]| © t*me L for every stack € II.
Whenever U, V are truth values, we define the truth value :
(U—-V)={tm t|U,meV};weput U= U—1).
We shall sometimes use the following notation, when V is a truth value and Ac A, :



A-V)={tmte A, eV}

For example, {t} — V is the truth value {t.n; m € V}ifte Acand V cII.

With this notation, U — V is the same as |U| — V, for U,V cII.

Remarks. If I = @, then either |U|=|T|= A, or |U| = |L| = @ for every truth value U.

| L] = @ is equivalent to 1L = @. Indeed, the implication < is obvious. Conversely, if 1L # @, let
txme I ;thenk;t*p>txme I for every stack p, and therefore k, £ € | L|.

Types are usual formulas of second order logic, written in the following language : the only
logical symbols are — and V ; we have function symbols of arity k which are functions from
N* into N and predicate symbols of arity k which are applications from N¥ into 22(II) (k is any
integer = 0). First order variables (also called individual variables) are denoted by x, y,... ;
second order variables (also called predicate variables) are denoted by X, Y,... Each second
order variable has an arity which is an integer. Predicate variables of arity 0 are also called
propositional variables.

Notations.

The formula Fy — (F; — ... — (F, — G)...) isdenoted by Fy, F, ..., F, — G.
lisdefinedasVX X ;- FasF— |;

FvGasVX[(F— X),(G— X)—X];

FAGasVX[(FG— X)— X];

AY F[Y]asVX{VY(F[Y] - X) — X}; Ay Flylas VX{Vy(F[y]l — X) — X};
We use the notation 3Y{F;[Y],..., F;[Y]} for the formula :
VX{VY(F11Y],...,FlY] = X) — X};

we have the same notation for the first order existential quantifier.

(In all these formulas, X is a propositional variable and Y has an arbitrary arity).
x = yis defined as VX (Xx — Xy) (where X has arity 1).

Let xy,..., X be individual variables, X a predicate variable of arity k, A and F arbitrary for-
mulas. Then, we define A[F/Xx; ...xx] by induction on (the length of) A:

If X is not free in A, then A[F/Xx;...x;] is A.

If Ais X(f1,..., t;), then A[F/Xxy...x;]is F[t1/x1,..., te! xi].

(A— B)[F/Xxy...x)is A[F/Xxy...xx] — B[F/ Xx1...Xxt].

(VyAIF/ Xxy...x ] isVy A[F/ Xxy ... xk].

(VY A)[F/Xxy...x,]is VY A[F/ Xx; ... x] if Y is a predicate variable which is # X
(as usual, we assume that y and Y are not free in F).

When F is an atomic formula of the form kR(xl, ..., X1), where R is either a second order vari-
able of arity k, or a parameter (R € (NN, we write also A[R/X] instead of A[F/Xx...x].

We now give the deduction rules for classical second order logic and, at the same time, the
typing rules for Acc-terms, which are the usual A-terms (possibly not closed) written with the
constant cc ; in such an expresssion as “ t: A”, tis a Acc-term and A is a type, i.e. a second
order formula.

Let I' be a context, i.e. an expression of the form x; : Aj, ..., x,: Aj.

1.THx;:A; 1<i<n)

2.I'Ft:A—-B, T+u:A=>T+Ftu:B.

3., x:A+t:B=>T+Axt: A— B.

4.THt:(A—-B)— A>T}Fcct: A

5THt:A=>TFt:VxA( (resp. VX A)if x (resp. X) isnotfreeinT.
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6.Ft:VxA=T*F t:Alr/x] forevery term 7 of Z.
7.THt:VXA=>TFt: A[F/ Xx;...xi] for every formula F.

Rule 4 uses the interpretation of Griffin [2] for the law of Peirce.
Rule 7 uses Takeuti’s interpretation for the comprehension scheme.

Let A be a closed second order formula with first order parameters in N and second order
parameters of arity k in e@(H)Nk for each integer k. We define below its truth value, which is
denoted by || All. We denote by | A| the set of terms in A, which realize A, i.e. |A| = {t € A;
(Vme|Al) txme l}. We write t |- A (read “ t realizes A”) if t € | A|.

The definition of || A| is given by induction on A :

If Ais atomic,i.e. A= R(ty,..., ), then f,..., f; are closed terms and R € P}”(H)Nk is asecond
order parameter. Let a; € N be the value of ¢; ; then, we put :

IR(t1,..., )l = R(aa, ..., ar) <11
The other steps of induction are as follows :

|A— Bl ={tm; te|Al, me|Bl};

IVxA| = U lAlal/x]| ; (and therefore |Vx A| = ﬂ |Alalx]]) ;

aeN aeN

IVXA| = U{IIA[R/X] I; Re @(H)Nk} if X is a predicate variable of arity k
(and therefore |[VX A| = ﬂ{lA[R/X] l; Re Q’(H)Nk}).

We get || L|| =ITand | L] is the least truth value. There is a greatest truth value, denoted by T,
which is @ ; thus, |T| = A..

Lemma?2. )t|FA—B,u|-FA= tul| B.
i)IfVueAJ)(ul-A— tul|-B) thenAxtx |- A— B.

DIfme|B|,then tuxn>t*xun. Nowu.ne|A—Bllandt|-A— B,thustxu.we 1.
ii)Letu|-Aandn € ||B|]. Wehave Axtxxu.m>tuxme 1.
C.Q.F.D.

The following theorem shows that realizability is compatible with deduction in classical sec-
ond order logic. It is an essential tool in this theory.

Theorem 3 (Adequation lemma). Let Aj,..., Ak, A be closed formulas such that
X1:A1,..., X Ar F t: A is provable with the rules above.
Ifti |- A; forl1<i<k,thent[ty/xy,..., t!/xi] - A.

In particular, if A is a closed formula and + ¢: A is provable, then ¢ |- A.

The following lemma is a stronger, but more complicated, form of this theorem ; it is suitable
for a proof by induction.

Lemma 4.

Let Ay, ..., A, A be formulas, free variables of which are amongst y1,...,¥m, Y1,..., Y. Letb; €
N (1 <i<m)andPje€ @(H)Nkj (1 = j < n), where k; is the arity of Y;. Suppose that x; :
Ay,..., Xk Ax & t: Ais provable with the above rules.

Ifti FAilby/y1,.... b ym, P11 Y1,..., Pyl Yyl for1 < i <k, then

tlt/xy,..., e xi] ”—A[bl/yl,...,bm/ym,Pl/Yl,...,Pn/Yn].



We make an induction on the length of the proofof I'-¢: A

where T is the context x; : A, ..., Xk : Ax. We shall use the notation ¢’ for t[t;/x3,..., tx/ Xk
and A’ for A[by/y1,..., bm! Ym, P11 Y1,..., Pyl Y,]. Consider the rule used in the last step of the
proof:

Ifitis rule 1 the result is trivial ;

Ifitisrule 2, we have t = uvand '+ u: A — B, v: A. We must show that ¢’ € |B’|, that
is u'v' x € I for every stack 7 € ||B||. But u'v' x w > u' % v'.7r, hence the result since, by
induction hypothesis, we have u' € |A' — B'|, v’ € |A'| and thus v'.m € || A" — B'|.

If it is rule 3, we have t = Axu, A= (B— C)and T, x: B+ u: C. We must show that Axu €
|IB' — C'|, thatis Axu' xm € L for every 7 € || B’ — C’||. Now, we have 7 = v.@ with v € |B’| and
@ € ||C’||. By induction hypothesis, we have u'[v/x] | C" and therefore u'[v/x] x® € IL. Thus
Axu' x v.@ € 1, because L is cc-saturated.

Ifitis rule 4, we have r =ccuand '+ u: (A — B) — A. We must show that ¢’ € |A’|, that is

ccu'xme I forevery i € || A'||. Since L is cc-saturated, it is sufficient to show that u' x k.7 €

1. We first show that k, € |A’ — B’| : indeed, if ve |A'| and p € | B|, thenk, x v.p > vxm e L.

Now, by induction hypothesis, we know that v’ € |(A" — B’) — A’|, hence the result.

If it is rule 5 for a first order x, we have A=VxB and I' |- ¢ : B. By induction hypothesis, we

get t' € |B'[al x]| for each a € N. Thus t' € Nuen|B'lalx]| = VxB'| = |A'].

If it is rule 5 for a second order variable X of arity k, we have A=VXBand '+ ¢: B. By

induction hypothesis, we have t’' € |B'[R/ X]| for every R € Q?’(H)Nk.

Thus t' € VX B'| = |A|.

If it is rule 6, we have A = B[r/x] and ' 7 : VxB. By induction hypothesis, we get ¢’ €

[VxB'|. But, if a € N is the value of 7, we have |B'[t/x]| = |B’[a/x]| o |Vx B'| and therefore

te|B'[t/x]|=|A.

Ifitis rule 7, we have A = B[®(z1,...,2p)/ Xz ... zp] and therefore :

A' = B'[®'(z1,...,2,)/ Xz1...25]. We have T - ¢ : VX B and we must show that ¢’ € |A|. By

induction hypothesis, we know that ¢’ € |V X B| and the result follows from lemma 5.
C.Q.E.D.

Lemma5. Let @ (resp. A) be a formula with parameters, with the only free variables z,, ..., z;
(resp. X of arity p). Define Re (I by :

R(ay,...,ap) = |1®lay/ z1,...,ap/ zplll for ay,...,ap €N.

Then ||Al®/ Xz ...zplll = |A[R/ X]|| and therefore :

[A[®/ Xz, ...2plll  IVX Al and |V X A| € |A[D/ X z; ... 2p]l.

We show || A[®/ Xz, ...zp]ll = [|A[R/ X]|| by induction on the length of A.

The result is trivial if X is not free in A, if A is atomic, orif A= (B — C).

If A=VxB, then [[A[®/Xz;...2p]| =Uaen | BI®/ X 21 ... zp][al x]|

=Uaen 1Bla/ x][®/X zy ... zp]ll = Ugen | Bla/ x][R/ X]|| by induction hypothesis
=Uaen IBIR/ X][al x]|| = IVx B[R/ X1|| = || A[R/ X]|l.

If A=VY B, with Y of arity g and Y # X, then:

IA[®/ Xz ...2p]ll = U BI®/ X z1...2,][S/Y]Il; S € 720!
=UlIBIS/Y][®/Xz;...2p]l; S€ 720!



= UIIBIS/ Y[R/ X1II; S € 2(I)N} by induction hypothesis
= UIBIR/X1(S/Y1Il; S 2(IN'} = VY BIR/ X1l = || AR/ X]|I.
C.Q.E.D.

Remark. The terms we obtain by means of proofs in classical second order logic are Acc-terms, that
is A-terms with the constant cc, not necessarily closed. On the other hand, the terms which appear
in processes are in A, (i.e. closed terms with instructions and continuations). The common elements
are proof-like terms with the only instruction cc (hence the name “ proof-like ”).

Theorem 6. For U,V e 22(I), weput U<V < (I0€QP)O |FU — V.
Suppose that 1 is coherent, which means that (V0 € QP)0 |- L. Then < is a preorder (i.e.
reflexive and transitive) and (2 (I1), <) is a Boolean algebra.

Proof that < is a preorder : if U < V and V < W, then there are ¢, € QP such that¢ FU — V,

n |-V — W. Therefore no¢ |- U — W, hence U < W.

Proof that (22(Il), <) is a Boolean algebra : we have UAV < U and U A V < V (the proofs of

UAV — Uand UAV — V give the requested terms). Moreover, if Z < U, V, then¢ |- Z — U,

Ni-Z — Vthus AzAf((f)(§)z)(n)z|-Z — UAV. Thereforewehave Z<UAVandUAV =

inf(U, V). In the same way, we get U v V =sup(U, V).

Wehave I |- L — Uand I |FU — T. Therefore L is the least element and T is the greatest.

Wehave " UAU<Lland T < UvUsince "UAU — L and T — ~U v U are provable. Thus

—U is the complement of U.

It remains to show that T £ L. This clearly follows from the hypothesis that L is coherent.
C.Q.F.D.

As soon as we choose a coherent set L, each closed formula with parameters is given a value
in this Boolean algebra. The set 7 of formulas with value 1, i.e. formulas which are realized
by a proof-like term, is a consistent theory which contains second order logic. We are inter-
ested in the models of this theory ; we call them generic models.

The case when L = @ is trivial : the Boolean algebra is {0, 1} and we get back the standard
model we started with.

We say that a closed formula F, with parameters, is realized if there exists a proof-like term 6
such that 0 |- F for any choice of the cc-saturated set L.

All axioms of second order logic are realized. Thus, generic models satisfy second order logic.

The tools we have built up to now are sufficient in order to solve the specification problem
for some very simple valid formulas.

Theorem 7. If F0:VX(X — X), thenO x t.n > t x foreveryt € A, and r € I1.

Given t and 7, we put IL = {p € A, xII; p > t *x 7} and | X|| = {}. Thus, we have ¢ |- X. But, by

theorem 3, we have 0 |- X — X, hence  x t.7 € L. It is exactly what we wanted to show.
C.Q.F.D.

We denote by Bool(x) the formula VX (X1, X0 — Xx), which is equivalentto x=0v x =1 in

classical second order logic.

Theorem 8. If 0 : Bool(1) (resp. Bool(0)), then @ * t.u.;w > t* 7 (resp. u* ) foreveryt,u e A,
and m € I1.



Given ¢ and 7, we put 1L = {p € A xII; p > t x 1} and we define a unary parameter X by
putting | X1|| = {r}, | Xnl| = @ for n # 1. Thus, we have ¢ |- X1 and u | X0.
If 6 : Bool(1), by theorem 3, we have 0 |- X1, X0 — X1, hence 0 x f.u.m € 1L, which is the
result.

C.Q.F.D.

Remark. The meaning of these theorems is that the terms of type VX (X — X) (resp. Bool(1), Bool(0))
behave essentially like I = Ax x (resp. AxAyx, AxAyy).

Axiom of recurrence and call by value

We should now realize the axiom of recurrence, which is : VxInt(x) where Int(x) is the
formula VX[Vy(Xy — Xsy), X0 — Xx] that says that the individual x is an integer. Unfortu-
nately, this axiom is not realized. This means that, in a generic model, there may be individ-
uals which are not integers. Moreover, we shall see later that, in general, there may be also
non standard integers in generic models.

In order to solve this problem, we introduce now some simple tools, which will appear es-
sential in what follows.

We define a binary predicate constant, denoted by #, by putting |m # n| = @ if m # n and
lm # nl|l =IIif m = n. The following theorem shows that we can profitably use the formula
x#yinsteadof x =y — L.

Theorem 9. The formula¥xVy[x#y < (x=y — 1)] is realized. Indeed :
AxxI|-VxVyllx=y— 1) —=x#yland AxAyyx |-VxVylx#y— (x=y— 1)].

We first check that | m =n|=|VXX - X)|ifm=nand |m=n|=|T —- L|ifm#n. Itis
immediate, since m = n is the formula VX (Xm — Xn).
We have to show that AxxI |F(m=n— 1) - m#nand AxAyyx|F-m#n,m=n— L for
every m, n € N. In the first case, we only need to check that :
AxxI|F(m=m— L) — 1, whichis obvious since I |- m = m.
In the second case, we must check that :
AxAyyxlFT,m=n— Lifm#nand AxAyyxl-L, m=n—Lifm=n
which is immediate, using the above computation of |m = n|.
C.Q.F.D.

Theorem 10. Suppose that x k,.p € L for any stackn € | X|| andp € |Y|. Then :
VO I--X — Y withV = AxAy(cAAh(y)(cc)Ak(h)(x) k.

Let t|--X and p € ||Y|. We must show that VO t.po € 1L ; but VOxt.p > V*x0.t.p >
(CAAh(1)(c)Ak(h) @)k x p > £ * (cc)Ak(kpy) (@) k.p. Since t |- X — L, it is therefore sufficient
to prove that (cc)Ak(k,) (@) k |- X, in other words (cc)Ak(k,) (@) k * m € I for every m € | X].
This is true because this process reduces into 6 x k. p.

C.Q.F.D.

Remark. With the notation introduced page 3, the hypothesis of theorem 10 is :

0 |-{ks; m € | X[} — Y. Theorem 10 says that the set |7 X| behaves, in some sense, like its subset {ky;
7 € || X} ; and it gives a simple way to check that X v Y is realized.



Theorem 11 (Storage of integers). We put T = AfAn(nlggos) f0, where s is a A-term for the
successor (for instance s = AnA fAx(f)(n) f x).
Ifp € A, is such that ¢ * s0.m € 1L for everym € || X||, then T¢p |- Int[s"0] — X.

Remarks.

1. With the notation introduced page 3, the hypothesis of theorem 11 is: ¢ |- {s"0} — X.

Theorem 11 says that the set |[Int[s"0]| behaves, in some sense, like its subset {s"0}.

2. T is called a storage operator [6]. We understand intuitively its behavior by comparing the weak
head reductions of ¢v and T'¢v, where ¢ and v are A-terms, v =g A fAx(f)" x (Church integer). We
get T¢v > (¢)(s)"0, which means that the integer argument v of ¢ is computed first. In other words,
T simulate call by value in a weak head reduction, that is a call by name execution.

Note that we use the same symbol s for a A-term and a function symbol of Z.

Proof. Let v |- Int[s"0] and & € || X || ; we must show that T¢pxv.re L.
We define a unary predicate P by putting :
IP(j)ll = {s"70.n} for0 < j < nand |P(j)|l = ¢ for j > n.
We have ¢ |- PO by hypothesis on ¢.
Let us show that Ag gos |- Vx(Px — Psx), which means that Ag gos € |P(j) — P(j +1)| for
every j € N. Itis trivial for j = n.
If j <n,let¢ e|P(j)|; we must show that Ag gos* &.s"7J710.r € L. But we have :
Aggosx&Es"I710.m > Eos* s"7I710.m > & % s"710. € I by hypothesis on .
Now, we have T¢p*x v.r > v x Ag gos.¢p.0.m which is in 1L because :
v |- Vx(Px — Psx), P0 — Ps"0 by hypothesis, ¢ |- P0 and 0.7 € || Ps"0]|.
C.Q.F.D.

We are interested in the theory called Analysis or Second order Peano arithmetic, which is
classical second order logic with the following supplementary axioms :

1. A set of equational formulas, i.e. formulas of the form :

Vxy...Vxplt(xy,..., xx) = u(xy,..., xx)], where t, u are terms which represent functions from
N* into N. Of course, all these formulas are supposed to be true in N. For instance, we can
take the following equational formulas, where 0, s, p, +, . are function symbols that represent
respectively the integer 0, the successor function, the predecessor, the addition and multi-
plication on integers :

p0=0;Vx(psx=x);Vx(x+0=x); Vx[x+sy=s(x+y)];

Vx(x.0=0); VxVy[x.sy=x.y +x].

2. Vx(0 # sx).

3. The recurrence axiom Vx Int(x).

4. The axiom of dependent choice.

All equational axioms 1 are realized by I = Ax x. Axiom 2 is realized by any proof-like term.
But there is a problem with axiom 3, as is shown by the following theorem :

Theorem 12. There is no proof-like term and even no instruction which realizes ¥ x Int(x).

Let ¢ be such an instruction ; thus, we have ¢ |- Int(0) and ¢ |- Int(1) for every choice of the
set I.. Let 6 = Axxx, ag =660, a; = 601 ; let w be some stack.

We first take 1L = {p € A, xII; p > ag * 7} (recall that A, % II is the set of processes). We
define a unary predicate X by putting || X0 = {r}, | X(i + 1)|| = @ for every i € N. Thus, we
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have ag |- X0 and ¢ |- Vy(Xy — Xsy) for every t € A;. But ¢ |-1Int(0), thus ¢ |FVy(Xy —
Xsy), X0 — X0. It follows that { * Axa;.ag.m € L. In other words, { x Axa;.a¢.mT > ag *x 7.
We now take I = {p € A, *xII; p > a; x 1} and we define the unary predicate X by putting
X0l =@, IX(i+1)| = {n} for every i € N. Therefore, we have ¢ |- X0 for every ¢ € A, and
Axay FVy(Xy — Xsy). But ¢ |-1nt(1), thus ¢ |FVy(Xy — Xsy), X0 — X1. It follows that
ExAxap.ap.me L. In other words, { * Ax a;.a¢.7 > a; x . This is obviously a contradiction
with the preceding result, because no process can reduce both to ag x 7 and a; * 7.
C.Q.F.D.

A solution for axiom 3 (we shall give another method later) is simply to remove it by means
of the following well known property :

Every proof of a formula © in second order classical logic, using axioms 1, 2 and 3, can be
converted into a proof of ®'"* using axioms 1, 2 and the following axioms :

3.Vxy.. . Yxp{Int(x],..., Intlxg] — Int(f(xy,..., x )]} for each function symbol f of £.

O is the formula that we obtain by restricting to Int all first order quantifiers in ©.

It is inductively defined as follows :

If Ais atomic, then A" = A; (A— B)!"" = A"t — pInt;

(VX A =vX A (Vx A = Vx(Int[x] — A",

It remains to find for which functions from N¥ into N the formulas 3’ are realised. The solu-
tion is given by the following theorem :

Theorem 13. Let f be a function symbol of arity k, which represents a (total) recursive func-
tion. Then the formula¥ x; .. Vxi{Int(x],..., Intxy] — Int[f(xy,...,x;)]1} is realised.

We first need a result about usual A-calculus.

Notations.

A is the set of usual A-terms.

If t,u € A, then t =g t' means that ¢ is f-equivalent to ¢';

t > t' means that ¢ reduce to t' by weak head reduction : a step of weak head reduction is
Axwvvy...vy> (ulv/xDvy...vy,.

The following lemma explains why we use the same symbol > for weak head reduction of
usual A-terms and for the execution des processes.

Lemma 14.

Leté,n, ty,..., ty € A be usual closed A-terms and let w € I1. Ifn) is not an application (in other
words, 1 is a A-constant orn = Axn') and ifE > (Mt ... ty, then

Exm>nxty.... .t

The proof is by induction on the length of the weak head reduction ¢ > () f; ... tx. The first
stepisé = Ayu)vvy...v, > (ulv/ylv; ... v, and, by induction hypothesis :
(ulv/yhDvy...vp* > n* ty.....t,.w. Now, during the first n — 1 reduction steps of the left
hand side, the head of the process is an application ; since 7 is not, we did not reach yet the
right hand process after these steps. Thus, we have :
(ulv/yl) * vy...vp.m >n* fy. ... .67 It follows that :
Exm=Ayuwvvy... vy x> WUv/y) *x V1... V. T >0 % . ... . [r.TT.

C.Q.F.D.
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Notations.

For t,u € A;, we define :
(O"upour neNby : ()°u=u, (" u=(0()"wu.
tou by Ax(f)(u)x, where x does appear in ¢, u.

Lemma 15. Let f, a be A-constants and § € A such that ¢ ~g (f)"a.
Suppose that ¢ |-V y(Xy — Xsy) and a |- X0. Thené[p/ f,alal |- Xs™0.

Proof by induction on n. If n = 0, then { =g a and therefore ¢ > a. If 7 € | XO0||, then
¢ x> axm, bylemma 14. Thus[¢p/f,alal *nm>a*me L.
If n>0, then ¢ > (f)n withn =4 (f)”_la. Letw € | Xs"0| ; then { x m > f *n.7m, by lemma 14
and therefore [/ f,a/al x m > p*nlp/ f,alal.n. Now, ¢ € | Xs"10 — Xs™0| and, by induc-
tion hypothesis, n[¢/ f,a/al € | Xs"10|. Thus ¢ xn[¢p/ f,alal.w e L.

C.Q.E.D.

Theorem 16. LetneNandv € A such thatv =g AfAx(f)"x. Thenv |- Int[s"0].

Let ¢ FVy(Xy — Xsy), @ | X0 and 7 € || Xs"0|| ; we must show that v x ¢.a.m € L. Since
v=g AfAx(f)"x,wehavev>Afn,n>Aaand¢ =g (f)"a. Bylemma 14, we have vx¢.a.m >
Afnx¢.a.n>nlp/ fl* a.n. Again by lemma 14, we have :
nxa.m>Aaé*a.nw > ¢lalal xw and thus n[¢p/ f]1 * a.n > [P/ f,alal x n. Finally, we have
vx¢.a.m > [P/ f,alal x 1. But, by lemma 15, we have ¢[¢p/ f,a/al |- Xs"0 and therefore
vxp.am>E[P/f,alalxme L.

C.Q.F.D.

We can now prove theorem 13. For simplicity, we suppose k = 1 ; thus, we have a recur-

sive function f : N — N. Let ¢ € A be a A-term which represents f : for each n € N, we

have ¢s"0 =g AfAx(f)Px with p = f(n). By theorem 16, we have ¢s"0 |- Int[s”0]. Let

7 € |[Int[sP0]]| ; we have ¢s"0 x 7 € I and therefore ¢’ x s"0.7w € 1L, with ¢’ = Ax¢px. Since

this holds for each 7 € || Int[sP0]||, theorem 11 shows that T¢' |- Int[s"0] — Int[sP0]. Since

this is true for every n € N, with p = f(n), it follows that T¢' |- Vx(Int[x] — Int[f(x)]).
C.Q.F.D.

Arithmetical formulas

We can now consider the specification problem for arithmetical theorems. We begin by two
simple forms : Vx3y[f(x,y) = 0] and 3xVy[f(x,y) = 0] where f is a recursive function. We
suppose that these formulas are proved in classical second order arithmetic, using equa-
tional axioms written with total recursive function symbols (so that theorem 13 applies). In
order to remove the recurrence axiom, we write these theorems in this form:
Vx[Int(x) — Ay{Int(y), f(x,y) =0} and Ax{Int(x),VylInt(y) — f(x,y) =0l]}.

Theorem 17. If -0 : Vx[Int(x),Vy{Int(y) — f(x,y) # 0} — L], then for everyn e N, x € A
and n € 11, we have 0 x n.Tx.7m >k * sP0.1" with f(n, p) =0 (T is defined in theorem 11).

Remark. If we take for x a “ stop ” instruction, we see that the program 6 can compute, for each
integer n, an integer p such that f(n,p) = 0. A “ stop ” instruction has no reduction rule when it
comes in head position ; therefore, execution stops at this moment.
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Of course, the theorem remains true if we use other axioms in the proof of the formula Vx3y[f(x, y) =
0], provided that these axioms are realized by suitable instructions. For instance, as we shall see later,
we can use the axiom of dependent choice for this proof ; then, the program 6 will contain a clock
instruction h the reduction rule of which is :

hix t.m > t x n.w, where n is an integer which is the current time.

Proof. We choose n € N and we put 1L ={p € A, *IT; p > k % s”0.p with p € [T and f(n, p) = 0}.
By theorem 3 (adequation lemma), we have :
() Ol-Int(n),VYy{Int(y)— f(n,y) #0} — L.
We have n |- Int(n) by theorem 16. We show that T« |-V y{Int(y) — f(n,y) # 0}, in other
words that T« |- Int(p) — f(n,p) # 0 for every integer p. By theorem 11, it is sufficient to
prove that x x sP0.p € L for every p € || f(n, p) #0||. It is trivial if f(n, p) # 0 since || f(n, p) #
0l = @. If f(n, p) =0, it is again true by definition of L.
It follows from () that @ x Tx.w € L for every & € I1, which is the desired result.

C.Q.F.D.

We consider now an arithmetical theorem ® of the form :

Ax{Int(x),YylInt(y) — f(x,y) =0]}.

We define a game between two players called 3 and V : 3 plays an integer m, ¥V answers by an
integer n ; the play stops as soon as f(m, n) = 0 and then 3 won ; therefore V wins if and only
if the play does not stop.

Intuitively, 3 is the “ defender ” of the theorem and V “ attacks ” this theorem, searching
to exhibit a counter-example. It is clear that 3 has a winning strategy if and only if Nz @ ;
moreover, in this case, there is an obvious strategy for 3 : simply play successively 0,1,2, ...

We shall show (theorem 18) that the program associated with a proof of ® behaves exactly
as a winning strategy for 3 in this game. For this, we need to add an instruction x to our
programming language, in order to allow an interactive execution. The execution rule of k is
the following :

K % §"0.8.70 > & x sPO.K .1t
forn,peN, € A, m,n’ €11; s is a fixed A-term for the successor in Church integers ; Knp 18
a double sequence of “ stop ” instructions.
Observe that this execution rule is non deterministic, since the integer p and the stack n’ are
arbitrary. The intuitive meaning of this rule is as follows : in the left hand side, the program,
which is also the player 3, plays the integer 7 ; in the right hand side, the attacker V answers
by playing p and the execution goes on ; x5, keeps the trace of the ordered pair (n, p) of
integers.

Theorem 18. If 0 : [AxVy(f(x,y) = 01" then every reduction of 0 x Tx.7w ends up into
Knp *x ' with f(n, p) =0. T is the storage operator defined in theorem 11.

We take for L the set of processes every reduction of which ends up into x,, * n’' with
f(n, p)=0and ' € II. We must show that 8 x Tx.7 € 1L for every 7 € I1.

By theorem 3, we have 0 |- Vx[Int(x),Yy(Int(y) — f(x,y)=0) — L] — L.

Therefore, by definition of |-, it is sufficient to show that :

Tx FVx[Int(x),Vy(Int(y) — f(x,y)=0) — L].

Let n € N; we must show that Tk |- Int[s"0] — [Vy(Int(y) — f(n,y) =0) — L].

By theorem 11, we only need to show that, if # e [l and ¢ |- VYy(Int(y) — f(n,y) = 0) then
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K x $"0.¢.m € IL. By definition of 1L, it is sufficient to show that ¢ * s70.x,,,.7w € 1L for every
p € N and & € II. But, by hypothesis on ¢, for every p e Nand @ € || f(n, p) = 0, we have
¢ % sP0.@ € 1. Therefore, it suffices to show that Knp-T € || f(n, p) = 0] for every p € N and
mell
If f(n,p) =0, then || f(n,p) =0 is | VX(X — X)| thatis to say:
{t.o; t€ Ac,p €Il txp € 1L} But, by definition of I, we have also k), * 7 € 1L and therefore
Knp-T € || f(n, p) =0].
If f(n,p) #0, then | f(n,p) =0|| =|IT — L| thatis to say {t.p; t € A, p € I1} ; thus, we have
again x,p.7 € || f(n, p) = 0]

C.Q.F.D.
It follows that every proof of @ in classical analysis gives rise to an interactive program which
wins against any attacker.

Indeed, at each answer of the attacker V, the program, which is nobody else than the player
3, provides an object (s"0,¢) constituted with an integer n (the “ provisional solution ”) and
an exception handler ¢, which will be used in case of a pertinent answer of the opponent.
They are the two arguments of k which can therefore be considered as a pointer towards this
object.

We can, without any supplementary effort, add a universal quantifier, which gives the

Theorem 19. If 0 : [Vx3yVz(f(x,y,2) = 0)11" then every reduction of 0 x m.Tx.w ends up
into x pp * ' with f(m, n, p) = 0.

The generalization to the case of an arithmetical formula with an arbitrary number of alter-
nating quantifiers is given in [8].

True arithmetical formulas

We shall now prove that every arithmetical formula which is true in N is realized. We use for
this the trivial winning strategy of the player 3, which we express by a program. We consider
first the simpler case of V3V formulas.

Theorem 20.
Let 0 be a closed A-term such that 0ti > (ti)(01)(s)i. If NI= Vx3yVz[f(x,y,2) # g(x,y,2)],
then Ax0x0 |- Vx3y{Int(y),Vz(f(x,y, 2) # g(x,y,2)}.

]Int

Remark. This formula is obviously stronger than [Vx3yVz(f(x, y, z) # g(x, y,2))]'"*" which is therefore

also realized.

Suppose that there exists an integer m such that :
AxO0x0 -Vy[Int(y),Vz(f(m,y,z) # g(m,y,z)) — L] — L. Thus, there exists t € A, and 7y €
[Tsuchthat ¢ |FVYy[Int(y),VYz(f(m,y,z) #g(m,y,2)) — Lland Ot0* o ¢ L.
Thus, we have t x0.0t1.1y ¢ 1L and therefore 0¢1 |- Vz(f(m,0,z) # g(m,0, z)). This means
that there exists pg € N and 7, € Il such that f(m,0, pg) = g(m,0, pp) and Ot1 *x 1 ¢ L.
Therefore, we have t x 1.0¢2.7, ¢ 1L and so on. Therefore we build, in this way, a sequence of
integers p;(i € N) such that f(m, i, p;) = g(m, i, p;). This is a contradiction with the hypoth-
esis that Nl Vx3yVz[f(x,y,2) # g(x, y, 2)].

C.Q.F.D.
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We consider now prenex formulas with an arbitrary number of alternating quantifiers. Let
@ be a formula of the form 3x;Vy; ... 3x Yy (F (X1, V1,-.., Xk, Y&) # 0) where f:N** — Nis an
arbitrary function.

We define a game associated with ® (players 3 and V are respectively the “ defender ” and
the “ attacker ” of the formula @) ; we also define the notion of reached position at a given
moment :

A position of the game is a finite sequence of integers nyp;...n;p; (0 < i < k). The player
3 chooses first an already reached position n;p;...n;p; with 0 < i < k and an integer n;4; ;
then, the player V chooses an integer p;+;. The position n; p; ... n;+1pi+1 is then reached.
Ifi+1=kand f(n,p1,..., 0k pr) # 0, then the play stops and 3 won. In every other case,
the play goes on. Therefore V wins if and only if the play does not stop.

It is easy to see that N|= @ if and only if the player 3 has a winning strategy for this game.
Moreover, we can effectively (and very simply) describe such a strategy. It does not even
depend on the function f, but only on the number k of quantifiers :
The player 3 uses an effective enumeration of N¥. When he reaches the k-uple 7;...n, he
chooses the longest already reached position of the form n; p; ... n; p;. We have i < k because
this position was reached for a k-uple of integers which is different from n, ... nx. Then, he
plays successively n;.1,..., ni without taking any account of the choices of player V. Then,
he continues with the next k-uple of integers.
If the play is infinite, we obtain k functions ¢;(xy, ..., x;) such that:

NE Vx...Vxedflx1, $1(x1), x2, P2 (x1, X2), ..., Xk, Pic (X1, ..., Xx)] = 0}
which is the Skolem form of =® ; thus NE —~®.
Conversely, if N|= —®, there exist k functions ¢;(x;, ..., x;) such that the Skolem form of —®
is satisfied. They obviously provide a winning strategy for the opponent V.

Theorem 21. Suppose that NE 3x,Vyy...3x Vye (f (X1, ¥1,-- -, Xk Vi) # 0)

where f :N?k — N is an arbitrary function. Then the formula :

Ax{Int(x1),Vy13xe{Int(xy),... IxtInt(xx), Vyi (f (X1, Y1, Xk Vi) #0)} ..}

is realized by a proof-like term which is independent of f (it is, in fact, a usual closed A-term).

Remarks.

This formula is obviously stronger than ®"¢, which is therefore also realized. Theorem 21 is a gener-
alization of theorem 20.

The integers of a generic model give therefore a first order model which is elementarily equivalent to
N.

The term which realizes ® is obtained by means of a program for the winning strategy given above.

For simplicity, we only consider the case where N ® = 3mVn3p(f(m,n, p) #0).
We shall now write a proof-like term independent of f which realizes the formula :
Am{Int(m),YnIp{int(p), f(m, n, p) # 0)}}.

Notations. m, p are A-variables, which represent Church integers ; sy and s; are closed usual
A-terms such that the ordered pair (somp, s;mp) is the successor of the pair (m, p) in a fixed
recursive enumeration of N? which begins with (0, 0).

o is a variable which represents a finite sequence of ordered pairs (my, 7o), ..., (Mg, nx) where
m; is a Church integer and n; a A.-term. In other words, o represents a A.-term of the form
AhAx(hmgno) - - (hmgng) x.
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H and X are closed usual A-terms, defined as follows :

Honm > n; for the first i such that m = m;, if m is equal to one of the integers m; of the
sequence o ; otherwise Honm > 1.

Xonm > o if m is equal to one of the integers m; of the sequence o ; otherwise onm > 7,
where 7 is the sequence obtained by adding the pair (m2,7) at the end of the sequence o.

Theorem 22. Let f :N3 — N be an arbitrary function such thatNkE 3mVnap(f(m, n, p) #0).
Define a closed usual A-term 0 by (0&)omp > (Em)An(n'p)(O&) o' m'p’

withn' = Honm, o' = Zonm, m' = symp, p' = symp.

Then Ax0x000 |FVm{Int(m),Vn[Vp(Int(p) — f(m,n,p)=0)— L] — 1} — L.

Let¢ |FVYmiInt(m),Vn[Vp(Int(p) — f(m,n,p)=0) — L] — 1};
we have to show that 6000 |- L.

Lemma 23. Letny,...,N; € Ac and m, p, my, ny, ..., Mg, ng €N, my, ..., my being distinct inte-
gers ; suppose thatn; |-V p{Int(p) — f(m;,n;,p) =0} for0<i < k. We put:

o = AhAx(hmgno) ---(hmgni)x. If 0Eomp |- L, then there exist n € N and n € A, such that
0éa’'m'p’ - L, n -V piInt(p) — f(m,n, p) =0} and f(m,n*, p) =0 with n* = n if m # m; for
0 <i < k; otherwise, n* = n; for the (unique) integer i such that m = m;.

By definition of 6, we have {m g - L with 5, = An(n'p)(@)éa'm'p'.
By hypothesis on ¢, it follows that 5, - V[V p(Int(p) — f(m,n,p)=0) — L].
Thus, thereexist neN, pelland ne A, n |- Vp{Int(p) — f(m,n, p) =0}, such that :
tomp *1.p € IL. Now, we have : tg,p, x 1.0 >n0'p.0So’m'p' x p, thus n'p.60So’m'p’ xp ¢ L.
We have ' = Honm and therefore, by definition of H and n*, we have :
n' |FVpilnt(p) — f(m,n*, p) =0}.
If f(m,n*, p)#0,thenn'p |- T — L; therefore n’p.0&c’m'p’ |- L which is a contradiction.
Therefore, we have f(m,n*, p) = 0 and it follows that 'p |0 =0, thatisn'p | L — L;
if0éa’'m'p’ |- L, we get once more the contradiction n’p.6éa’m'p’ |- L.
C.Q.F.D.
Now suppose that 8000 |- L ; applying iteratively lemma 23 (starting with m = p = 0 and
k = —1) we obtain a sequence (m;, n;j, p;,n;)ien such that :
e (mj, pi)ien is the fixed enumeration of N? which begins with (0,0) ;
e ifwe put ¢(m) = n; for the first j such that m = mj, then f(m;, $p(m;), p;) = 0forevery i € N.
It follows that N[= VmV p[f(m,$p(m), p) = 0] and therefore N £ ImVnIp|(f(m,n, p) = 1].
C.Q.F.D.
Without any supplementary effort, we can add two universal quantifiers : in head position, a
quantifier V! is justified because the A-term which we obtained does not depend on f. The
last quantifier Vq is justified, because the equation f(m, n, p) = 0 can be written :
f(m,n, p) #0 — L, which only takes the truth values T — 1 and L — L. Now, we replace it
with Vq(f(l,m, n, p,q) # 0) — L which has the same property. Therefore, we get :

Theorem 24. Let f :N° — N be an arbitrary function such that

Nk VIAmVn3ipVYq(f(l,m,n, p,q) #0) and let 0 be the closed A-term defined in theorem 22.
Then we have : Ax0x000 |-V I3dm{Int(m),VYnIp{Int(p),Vqlf(,m,n,p,q) #0l}}

which is the formula :

VIIVm{Int(m),Vn[Vp(Unt(p),Vq(f(l,mn,p,q) #0) — L) - 1] - 1} — 1].
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Foundation axiom in generic models

Definition. We define a new atomic formula denoted by x = y — X, where X is a proposi-
tional variable, by putting for every m,neN: |m=n— X|| = |m # nln || X].
In otherwords, |m=n— X||=|X||ifm=mn,else|m=n— X| =¢.

It is immediate that x = y — —X is the same as X — x # y. This shows that x = y— X can be
used in place of x = y — X, with the advantage of simpler truth values. We prove this directly,
in order to get ordinary A-terms (without cc).

Lemma 25. The formulaVXVxVy{(x=y— X) < (x =y — X)} is realized.

Proof for — : let m,n € N ; we consider the formula (m=n— X) - (m=n— X). f m # n,
itis (m=n — X) — T, so that we may suppose that m = n. Then, itis (m=m — X) — X,
which is realized by Ax x1.
Proof for — : consider the formula (m=n— X),m=n— X.
Ifm=n,itis: X, m=m—-X,ie. X,VY(Y —-Y)— X.
Ifm#nitis: TTm=n—X,ie. T,(T—>1)— X.
Both formulas are realized by AxAy yx.
C.Q.F.D.

We have the induction properties :

x=y—l=sx#y;x=y—~(A—-B)=A—-(x=y—B);
x=y—=VzA=Vz(x=y—A);x=y—=VZA=VZ(x=y— A).

(we write A = B to mean that || A = || B|| for every choice of ).

This shows that the formula x = y — A can be obtained by putting “x = y —” in front of the
final atomic formula of A (avoiding capture of variables in the usual way).

For instance, x = y — (Xj,...,X;; — 1) isthesameas Xj,...,X;, = x#y.
Wenotealsothat (x=y— X) = x#y=X—x#y.

Definition. The Turing combinator is the closed A-term Y = AA with A = daAf(f)(a)af.
Thus, we have Y % t.r > ¢ % Y¢t.m for every term ¢ and every stack 7.

Theorem 26 (Well founded relations). Let ¢,y :N? — N be such that the equation

¢(x,y) =y(x,y) defines a well founded binary relation onN. Then :

DY IFVX{VyIVx(p(x,y) =v(x,y)— Xx) — Xyl = Vy Xy}

Y FVX{VyIVx(Xx — ¢(x,y) #yp(x,y) = Xyl = Vy1 Xyl

Let F(x, y) be a formula such that ||F(x, y)|l # @ is a well founded binary relation onN. Then :
)Y FVX{Vy[Vx(Xx — F(x,y)) = Xyl = Vy1Xy}.

i) We denote by m [ n the well founded relation ¢(m, n) = w(m, n) on N.

Let X :N — 2(I]) and t [FVy[Vx(¢(x,y) = v(x,y) — X x) — Zyl. We show, by induction
on k following the relation , that we have Y x .7 € 1L for every 7 € X k. By induction
hypothesis, we have Y x t.p € 1L (and thus also Yt x p € 1) for every p € Uy, & m. But
Umce Xm = IVx(p(x, k) =w(x, k) — X x)|| and it follows that :

Yt |IFVx(p(x, k) =y(x, k) — Zx). Thus, by hypothesis on t, we have t x Yt.w € L for every
neX k. Butwe have Y x t.mr > t x Yt.w hence the result.

ii) Replace Xx with - Xx in (i).

iii) Define ¢ : N2 — {0, 1} by ¢(x,y) =1 < [|[F(x,y)|l # @. Then, by (ii), we get :
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YIFVX{Vy[Vx(Xx — ¢(x,y) #1) = 7 Xyl = Vy 1 Xy}
Now, we have || F(x, )|l < ll¢p(x,y) # 11I, since [|[F(x, )| # @ = llp(x,y) # 1| =I1. Thus :
IVX{Vy[Vx(Xx — F(x,y)) = 27Xyl = Vy X}l
CIVXVy[Vx(Xx — plx, 1) #1) = Xyl — Yy~ Xy}l
Hence the result.
C.Q.F.D.

We note the following corollary for later use.

Corollary 27. Y |- VX{Vn(() IXm|— Xn) - VnXn}.

m<n

Itis the particular case of theorem 26(i), when the equation ¢(x, y) = ¢ (x, y) defines the usual
strict order relation x < y on N.

C.Q.F.D.
The following (equivalent) formulas will be called the weak recurrence axiom :
(WRA) VX{Vy[Vx(y=sx— Xx) — Xyl = Vy Xy}

(WRA) VX{VYIVx(Xx — y# sx) — Xyl = Vy Xy}

Since y = sx defines a well founded relation on N, we have by theorem 26 :
Y | WRA and Y |- WRA
Since the successor function s is injective (by the equation psx = x), the formula :
Vy[Vx(sx = y— Xx) — Xyl] is equivalent to the conjunction of Vx(Xx — Xsx) and Vx(x =
0 — Xx) where x = 0 is the formula Vx'(x # sx').
Thus, (WRA) is equivalent to :

(WRA¥*) VX{Vx(Xx— Xsx),Vx(x=0— Xx) — VxXx}.

which is the form of the weak recurrence axiom we shall use most often. In the next theorem,
we write explicitly the associated A.-terms, for later use.

Theorem 28. i) Ifa |FVx(Xx — Xsx), B IFVx(x=0— Xx) then:
YAzccAk(B)(k)(a)z |- Vx Xx.

i) Ifa|FVx(Xsx— Xx), BIFVx(Xx,x=0— 1) then:
YAzAx(Bx)(2)(@)x |FVxXx.

i) By WRA, we need to prove :
AzccAk(B) (k) (@)z -V y[Vx(y = sx — Xx) — XyI.
LetneN, { |FVx(n=sx— Xx)and 7 € || Xnl|l. We have to prove that :
B *x (kz)(a){.m € 1L and, by hypothesis on S, it is sufficient to prove (k;)(@){ |-n =0.
If n =0, this is true because |[n=0|=@. f nZ0,thenn=smand { |Fn=sm— Xm, i.e.
(- Xm. Thus al |- Xsm, i.e. al |- Xn and (k;) (@) |- L.
ii) By WRA, we need to prove :
AzAx(Bx)(2)(@)x |-V y[Vx(Xx — y # sx), Xy — L].
LetneN,{ |FVx(Xx— n#sx), | Xnand x € I1. We have to prove that :
B*¢.(0)(a)é.m e L and, by hypothesis on f, it is sufficient to prove ({)(a)¢ |- n = 0.
If n =0, this is true because |n = 0| = @. If n #0, then n = sm, thus ¢ |- Xsm, aé |- Xm and
Q) (@) I-n#sm,ie. (()(a@) |-L.
C.Q.F.D.
Remark. We have |Vy[Vx(y = sx— Xx) — Xyl =T — X0|NnNpen|Xn — Xsnl. Thus, by WRA :
Ift FT—X0andt|-Xn— Xsn foreachneN, thenYt |-FVxXx.
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In the next theorem, we show that each individual x has a rank which is the unique integer
n such that x = n+ y with y = 0.

Notation. 3!x F(x) is VX{Vx(F(x) —» X) — X} AVxVX'[F(x), F(x') — x = x'].

Alx{F;(x),..., Fx(x)} is the conjunction of VY X{V x(F; (x),..., Fi(x) = X) — X} and
VXVX'[F1(x), Fi(x),..., Fe(x), Fr(x) = x = x'].

Theorem 29. The formula ¥ x3'n3ly{Int(n),y = 0,x = n+ y} is realized, where y = 0 is the
formulaVz(y # sz).

Write this formula Vx F[x] ; by the weak recurrence axiom (WRA¥), it is sufficient to show
(i) Vx(F[x] — F[sx]) and (ii) Vy(y =0 — F[y]).
i) If x=n+ywith Int(n) and y =0, then sx = sn+ y and we have Int(sn).
If sx =n'+y' with Int(n') and y' =0, then n’ # 0, thus n’ = sp, and we have x = p+ y’. By the
hypothesis F[x], we get p=nand y' = y.
ii) If y = 0, then we have y =0+ y ; if y = n’ + y' with Int(n') and y’ = 0, then n’ cannot be a
successor, thus n' =0and y' = y.
C.Q.F.D.

We write x = x if x, x’ have the same rank. In this way, we can consider integers as equiv-
alence classes. It is another interpretation of the recurrence scheme : instead of restricting
individuals to integers, we keep individuals and we restrict to predicates which are saturated
for this equivalence relation. This method gives a model of second order arithmetic which is
clearly isomorphic with the preceding one.

Streams of integers

The following theorem gives the specification associated with a formula of the form :
Vx3y{int(y),Vzlf(x,y,2) # g(x,y,2)1} when N[ Vx3yVz[f(x,y,2) # g(x,y,2)].

Theorem 30. Suppose thatNE Yx3yVzlf(x,y,2) # g(x,y,2)] ; let @ be a proof-like term such
that 0 |-Vx3y{Int(y),Vzl[f(x,y,2) # g(x,y,2)1} for every choice of L (such a term exists, by
theorem 20). Then we have, for every stack r :

0 % TK.7T > K * Ny T.T, T * T > K * N 0LT, ..., X T>K* N
there exists i such thatN[E Vz[f(m,n;, z) # glm, n;, z)].

iv1-ti+1.7, ...and for every m € N

By lemma 25, the formula VXVx{Vy[Int(y),Vz(f(x,y,2) = g(x,y,2) — X) — X] — X} is
equivalent to VXV x{Vy[Int(y) — 3z(f(x, y,z) = g(x,y,2)) v X] — X}, and therefore to :
Vx3Iy{int(y),Vzlf(x,y, 2) # g(x,y,2)]}. We can thus suppose :

O IFVXVYx{VylInt(y),Vz(f(x,y,2) =8(x,y2) — X)— X] - X

Consider an integer m and a stack 7 ; we put || X|| = {7} and

L ={p € AcxIL; p>K*xnyto., lo*7T>K*xN.00.T, ..., XTI >K*xn
FieN)(VzeN) f(m,n;, z) # glm, n;, 2)}.

We need to prove 0 %« Tx.m € 1L, and for this, it is sufficient that :

Tx FYylInt(y),Yz(f(m,y,z) = gm,y,z) — X) — X] for every m € N. By theorem 11, we
have to show that k x n.t.m € I for every n € N and every ¢ such that :
t|-VYz(f(m,n,z)=g(m,n,z)— X). In other words, we must check :

i) (VzeN)(f(m,n,z) # g(lm,n,z)) => k x n.t.w € 1L ; this is clear, by definition of L.

iv1-tiv1.7, ... and
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ii) t|-FX =>«x*xn.t.re ll,inotherwords: t*me . = x*xn.t.me L ;thisis also clear, again
by definition of L.
C.Q.F.D.

For instance, the formula Vx3y{Int(y),Vz(x # y + z)} is a specification for the “ streams of
integers ” which take arbitrarily high values. If we define e : N2 — {0,1} by e(m,n) =1 &
m = n, the formula Vx3y{Int(y),e(x,y) # 0} is a specification for the “ streams of integers ”
which take every possible value. It is the same for the formula (which is equivalent to the
former one) : Vx3y{Int(y),Vz(x?®+ y?> #2xy + sz)}.

The axiom of choice in analysis

In order to get programs from proofs in classical analysis, it remains to realize the axiom of
dependent choice or a slightly weaker form : the axiom of countable choice. This axiom is,
indeed, used very often in analysis.

We consider first the axiom of countable choice which is technically simpler to realize. It
consists of the following axiom scheme :

VY3ZVx@3XFlx,X,Y] — Flx, Z(x, 1)/ Xy, Y]).
Fisa seconﬁd order formula in which the binary predicate variable Z does not appear ; X is
of arity 1; Y = (V3,...,Y},) is a finite sequence of second order variables (which are, in fact,
parameters).
We shall rather write this axiom in contrapositive form :
(CAC) VY3IZVX(F[x, Z(x,y)/ Xy, Y] = VX F[x, X, Y)).
This means that Z(x, y) is a counter-example to V X F[x, X], if there is one.
In order to realize this axiom scheme, we add a new instruction, which is denoted by y ; its
reduction rule is given as follows : consider a fixed bijection n — 7, from N onto IT (which we
do not even need to suppose recursive) ; let 7 — n, be the inverse function. For each n € N,
we denote by 7 a fixed A-term which is =g A fAx(f)" x, for instance A fAx(f)" x itself, or s"0,
where s is a A-term for the successor. The reduction rule for y is then the following :

xxta>txn . forevery te Acand eIl

Remark. We shall examine later the intuitive meaning of this reduction rule.

Of course, from now on, the set L of processes is supposed to be cc-saturated for this new
notion of reduction.

Theorem 31.

Let F[x, X] be a formula with parameters, X being a unary predicate variable. There exists a
function U : N3 — @ (1) such that :

¥ IFVx{Vn(Int[n] — Flx,U(x,n,y)/ Xyl) = VX F[x, X]}.

For each individual x and each stack 7, we have :

ne|VXF[x, X]| e (3REe PMVYme |Flx,R/X]].
By the axiom of countable choice, there exists a function U : N® — Z2(I1) such that :
ne|VXF[x,X]|l & me|Flx,U(x,ng,y)/ Xylll. Let us show that U has the desired property :
we consider an individual x e N, t € [Vn(Int[n] — F[x,U(x,n,y)/ Xyl)land 7 € |[VX F[x, X]||.
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We have to show that y x t.7 € L. By the reduction rule of y, it is sufficient to prove that
t % n_.m € 1. But this follows immediately from :
e t|-Int(s"0) — F[x,U(x, ny,y)/ Xyl which is true by hypothesis on ¢ ;
e n_|-1Int(s"0) by theorem 16 ;
e me | Flx,U(x,nyg, y)! Xyll by hypothesis on 7 and by definition of U.
C.Q.F.D.

The formula 3UVx{Vn(Int[n] — F(x,U(x,n,y)/ Xy]) — VX F[x, X]} is therefore realized by
Axxy. But this formula implies, in classical second order logic, the countable axiom of
choice (CAC), thatis 3ZVx{F[x, Z(x,y)/ Xy]l) — VX F[x, X1}.

The proof is easy : it is sufficient, by means of the comprehension scheme, to define Z(x, y)
by the following formula : “ U(x, n, y) for the first integer n such that ~F[x,U(x, n, y)/ Xy] if
there is one ”. Notice that this proof uses the excluded middle ; therefore, the A.-term we get
to realize CAC contains the instructions y and cc.

However, a careless formalization of this proof will give a complicated and not very com-
prehensible term. It is therefore interesting to give an explicit and more refined method, in
order to obtain a simple term. This is done below in the section “ A program for the countable
choice axiom ”.

The axiom of dependent choice

It is the following axiom scheme :

VX3Y H[X, Y] — 3ZVk(Intlk] — H[Z(k, )| Xy, Z(k+1,9)/ Y y])
for every formula H which does not contain the variable Z.
We write this scheme in the following form :

(DC) AZVk(Int(k), FIZ(k,y)/ Xy, Z(k+1,)/ Yyl = VY F[Z(k,y)! Xy, Y1)
for every formula F which does not contain the variable Z.
The first form follows immediately from this one, by setting F = 7 H. Conversely, we get the

second form ifweset H(X,Y)=[F(X,Y) — VY F(X, Y)] in the first one :
indeed, VX3Y HI[X, Y] is then provable.

Let <x, y> be a symbol of binary function, which represents a bijection of N?> onto N. We
suppose it to be recursive so that theorem 13 applies.

Lemma 32. Forevery U : N2 — (1), there exists V :N? — (1) such that :
x IFVYni{lntin] — FIU(x, )/ Xy, V(<n,x>,)/ Yy} = VY F[U(x,y)/ Xy, Y].

Same proof as for theorem 31. For each individual x and each stack , we have :
ne|VYF[U(x,y) /Xy Ylle @Re2MMNne|FlUX,y) /Xy RIY].

It follows, by the countable choice axiom, that there exists a function V : N*> — Z(II) such

that e [VY FIU(x,y)/ Xy, Yl @ me||FlU(x, )/ Xy, V(<ng, x>,y Yyll.

We now show that V has the desired property : consider 7 € |VY F[U(x,y)/ Xy, Y]l and t €

IVn{Int[n] — FlU(x,y)/ Xy, V(<n,x>,y)/ Y yl}|. We have to show that y x .7 € L, that is

t*n_.m € 1. But this follows immediately from :

o t|-Int(s"0)— F[U(x,y)! Xy, V(<ng, x>,y)/ Yyl by hypothesis on ¢ ;
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e n_|-1Int(s"0) by theorem 16 ;
e T€||FIU(x,y)/ Xy, V(<ng, x>,y)/Yyll by hypothesis on 7 and by definition of V.
C.Q.F.D.

Theorem 33. Let F[X, Y] be a formula with parameters, X, Y being unary predicate variables.
Then, there exists A:N°® — 22(I1) such that :
x IFVYxVk(Vn{Int[n] — F[A(k,x,y)| Xy, A(k+1,<n,x>,y)/ Y yl}

— VY F[A(k, x, )/ Xy, Y)).

By lemma 32, we have (VU € @(H)NZ)(HV € @(H)NZ)GJ(U, V) where ®(U, V) is the formula
x I-Vn{Int(n] — FlU(x,y)/ Xy, V(<n, x>/ Yyl} = VY F[U(x,))/ Xy, Y].
Therefore, we get the result by application of the axiom of dependent choice (in the usual
form, i.e. the first one) to the formula ®(U, V).

C.Q.F.D.

By theorem 33, in order to realize the axiom scheme (DC), it is sufficient to derive it, in clas-
sical second order logic, from the formula :
F[Al =V xVk(Vn{Int[n] — F[A(k, x,y)! Xy, A(k +1,<n, x>, )/ Y yl}

—~VYYF[A(k,x,9)/ Xy, Y]).
But the formula F[A] is trivially equivalent to VxVk3an{Int[n], Glx, k, n, A]} with :
Glx,k,n, Al = F[A(k,x,y)| Xy, A(k+1,<n,x>,y) /Yyl = VYF[A(k,x,)/ Xy, Y].
Thus, we can define inductively a sequence of integers ny, by the conditions ny = 0 and
ni+1 = <n,ni> for the first integer n such that Glng, k, n, A]. Now, if we define Z(k, y) by
Ak, ng,y), we get F[Z(k,y)/ Xy, Z(k+1,y)/ Yyl = VY F[Z(k,y)! Xy, Y] for each integer k,
that is (DC).

Variants and interpretations

We get the same results using, instead of y, a dual instruction y*, which operates on terms
instead of stacks. Consider a bijection n — 7, from N onto A, and let t — n; be the inverse
function. Then the reduction rule for y* is the following :

x*xtm>t*xn,n forevery re Acand w € I1.

We have the analogue of theorem 31, the proof being a little more complicated.

Theorem 34.
Let F[x, X] be a formula with parameters, X being a unary predicate variable. There exists
U:N® — 22(I) such that: y* |FVx{Vn(Int[n) — F[x,U(x,n,y)/ Xyl) — VX F[x, X]}.

For each n e Nwe put P, (L) = {m € II; 7, x n.m ¢ 1L}. For each individual x, we have :

IV X Flx, X1l = U{ll Flx, R/ X11l; R € 22(I)N}.

It follows that, given x,n € N such that P, (1) N [VX F[x, X]|| # @, there exists a function
R:N— 22(I1) such that :

P,(1L)n|F[x,Ry!/ Xylll # . By the axiom of countable choice, there exists a function

U :N® — 2 (I1) which has the following property :

if P,(L)N|[IVX Flx, X]|| # @ then P, (L) N ||F[x,U(x,n,y)/ Xyl # .

Now, let xe N, 7 € |[VX F[x, X]|l and t € [Vn(Int[n] — F[x,U(x, n,y)/ Xyl)|. We have to show
that y* % t. € 1L and, by the reduction rule of y*, it is sufficient to show that :
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t*n,me . Ifitis not true, we put n = n;, and therefore 7,, = ¢ ; we have then :

neP,A)n|VXF[x, X]|.

By definition of U, there exists n’ € P,,(I1L) N || F[x, U(x,n,y)/ Xylll. From ' € P,,(1L), we de-

duce 7, x n.w’ ¢ 1. But, since 7’ € |F[x,U(x, n,y)! Xyl|, it follows, by hypothesis on ¢, that

txn.o' € 1L, because n |- Int[s"0] (theorem 16). It is a contradiction, because t = 7,,.
C.Q.F.D.

We show, in the same way, the analogue of lemma 32. We can then realize the axioms of
denumerable and dependent choice, by a pure repetition of the above arguments, using y*
instead of y.

We now remark that instructions analogous to y and y* are very common in programma-
tion :

The ‘quote’ instruction

The reduction rule of instruction y*, which is :

(%) X'ktm>t*xn,.m

shows that y is very similar to the instruction quote of LISP. Indeed, n, can be used in the
same way that (quote t), if we assume that ¢t — n; is a recursive bijection from A, onto N.
For instance, since n, is, in this case, a recursive function of n;,, we can define, by means
of x*, an instruction y’ such that ¥’ x ¢.y.m > ¢ * ny.7 : let a be a closed A-term such that
(@n,, =g n, and let 1 = AxAy(x*)(Ad xoa)y. As this example shows, the instruction y* is
not compatible with §-reduction : in fact, we cannot replace (1d xoa)y with xoa.

The signature

An objection to the interpretation above is that quote is a reversible instruction, which is
almost always used with its reverse unquote or eval. On the contrary, even if we suppose
that y (resp. x*) is one-to-one from IT (resp. A.) onto N, we do not make use of the inverse
function. It is therefore more relevant (and much easier to implement) to interpret n,, in the
reduction rule (x) above, as the signature of t : it is an integer which is computed from the
text of ¢t and which is supposed to characterize it. Examples of well known usual programs
for signature are MD-5 (for “ Message Digest ”) or SHA-1 (for “ Secure Hash Algorithm ”).
Since these programs give integers of fixed length (128 bits for MD-5 and 160 bits for SHA-1),
they clearly do not provide an injective function from A, into N. But, during the execution of
a given process, it is extremely improbable that two different terms with the same signature
occur ; therefore, we consider such an event as impossible. And it is all we need in order to
realize the axiom of dependent choice.

The clock

Here is another possible interpretation for the instructions y and y*.
We observe that the application n — 7, may be any surjective function from N onto A.. Then
the reduction rule of y* is:
X xtm > txn.
where 7 is any integer such that 7, = ¢. This suggests the following interpretation :
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x* is an input instruction ; when it comes in head position, the process y* x t.7 waits for
an integer n which is provided by a human operator or some external process. Then the
reduction y* x t.7m > t % n.7 takes place and the execution goes on. The only condition is that
we must be able to retrieve t from n ; in other words, the integers which are provided to the
processes y* x t.m and y* x t'.7" with t # t' must be different.

A very simple and natural way to obtain this behavior is by providing the integer n by means
of a clock, since two different A.-terms cannot appear at the same time. In other words, let
us be given a second process, which is executed in parallel with the principal process, and
which only increments an integer at each reduction step. Itis this process which provides the
integer n when necessary, that is when y* arrives in head position in the principal process.
For an example of a model with a clock, look at the section below : “ The standard generic
model ".

A program for the countable choice axiom

We give here an explicit A.-term, containing the instruction y, which realizes the axiom of
countable choice and we explain its behaviour.

In the proof of theorem 31, we defined a function U : N® — 22 (1) (ternary predicate).
We define now the binary predicate V(x, y) by putting :
V(x,y)=Vn{ ) {m} — Fy(x,m)|, {n}, "Fy(x,n) — U(x, n, y)}.

m<n

We use the notations Fy(x, n) for F[x,U(x,n,y)/ Xy] and Fy(x) for F[x, V(x,y)/ Xy] ; the no-
tation {m} — Fy(x, m) is defined page 3.

We propose to realize the formula Fy (x) — VX F[x, X], which is the axiom of denumerable
choice. Now, we have :

Theorem 35 (Extensionality scheme).

i) For every formula G[X], the formula : Ext[G] = VX{G[X] — G*[X]} is provable in intu-
itionistic second order logic, with :

G*'[X]=VU{Vy(Xy—-Uy),Vy(Uy — Xy) = G[Uy/ Xyl}.

i) FAgAUAU AvAY' (@) vouw)u'ov' : Ext[G*].

i) This is immediate, by recurrence on G.
ii) We have g: G*[X], u: Vy(Xy — Uy), u': Vy(Uy— Xy),
v:Yy(Uy—-Vy), vV :Vy(Vy—-Uy)Fvou:Vy(Xy — Vy), uotv :Vy(Vy — Xy),
and therefore ((g)vou)u'ov': G[Vy/Xyl.
C.Q.E.D.

Remark. Ext[G] tells us that the formulas G and G* are equivalent. The A-term which is associated
with the proof of this equivalence depends, in general, on G. It does not depend on it for formulas of
the form G*.
Therefore we shall, in fact, realize the denumerable axiom of choice in the form :

F,(x) — VX Flx, X]
where Fj, (x) is the formula F*[x, V(x, y)/ Xy] that is to say :
VX{Vy(V(x,y) — Xy),Vy(Xy — V(x,y)) — Flx, X]}.

A trivial variant of theorem 31 gives :
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X IFVx{Vnl{n} — Fy(x,n)| — VX Fx, X1}
(we replaced Int[n] with {n}, which has the advantage to avoid the introduction of a storage
operator).
Therefore, we have now to realize : F{;(x) — Vn|{n} — Fy(x, n)|.
We have seen (corollary 27) that, if Y is the fixed point combinator of Turing, then :
Y I-VX{Va(() IXm|l— Xn) — VnXnj.

m<n
It follows that, by replacing X n with [{n} — Fy(x, n)|, we have :
Y I-VYn([) {m} — Fy(x,m)|,{n} — Fy(x,n)) — Vnl{n} — Fy(x, n)|.

m<n
So, we must now realize : F"}(x), ﬂ {m} — Fy(x, m)|, {n} — Fy(x, n).
m<n
By the law of Peirce, it is sufficient to realize :

Fy(x), (] Hm} — Fy(x, m)|, {n}, 7Fy(x, n) — Fy(x, n) which is :
m<n

VX{Vy(V(x,y) = Xy),Vy(Xy — V(x,y)) — Flx, X1},
() {m} — Fy(x,m)|, {n}, ~Fy(x, n) — Fy(x, n).

m<n
But n is now a fixed integer, so that we can put Xy = U(x, n, y) ; our goal is now :

Vy\Vix,y) = U(x,n,»),YVyWU(x,n,y) — V(x,y) — Fy(x,n)},

() {m} — Fy(x, m)|, {n}, ~Fy(x,n) — Fy(x, n).
m<n
It is clearly a consequence of the two following formulas, that we have therefore to realize :

() {m} — Fy(x, m)|, {n}, " Fy(x,n) — (V(x,y) — U(x,n, )

m<n

() {m} — Fy(x, m)|, {n}, ~Fy(x,n) — (U(x,n,y) = V(x,y)).

m<n

By definition of V, it is immediate that the first formula is realized by AxAnAkAv vxnk.

Lemma 36. There exists a closed usual A-term, denoted by Comp, such that, for everyn,n’' e N :
Compnn'xyz>xifn<n';Compnn'xyz>yifn <n;Compnn'xyz>zifn=n'

Trivial.
C.Q.F.D.
It follows that, if we put @ = (k) (x')n and a’ = (k') (x)n’, we have :
AXAnAkAX'An' Ak’ Comp nn'aa’
I () Hm}— Xml, {n}, ~Xn, [ Hm} - Xm'|,{n}, ~Xn'— (Yn— Yn").

m<n m'<n’
By replacing Xn with Fy(x, n) and Y n with U(x, n, y), we see that we have realized :
() {m} — Fy(x, m)|, {n}, 7 Fy(x,n), (| Hm'} — Fy(x,m")|, {n'}, 7 Fy(x,n)
m<n m'<n' — (U(x,n,y)— Ux,n', )
which, by the definition of V, can also be written as :
AXANAKAuAX'An' Ak’ Comp nn'aa’u
- () Hm} — Fy(x, m)|, {n}, 7 Fy(x,n) — (U(x,n,y) — V(x,)).

m<n
This is exactly the desired result and we obtain finally the following term which realizes the
axiom of denumerable choice :

Theorem 37. There exists a binary predicate V : N2 — (1) such that :
Af((Y)AxAn(coAk froty FVYX{VY(V(x,y) < Xy) — Flx, X]} = VX F[x, X]
withty = Avvxnk, 11 = Aulx'An’' Ak’ Compnn'aa’u, a = (k)(x')n and o' = (k') (x)n'.
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Let us look at the behaviour of the term y = A f(y)(Y)AxAn(cc)Ak fto7;. Consider a process
Y x f.m in which y is in head position. We have :
Y f.r>yxY¢.m (where { = AxAn(cc)Ak fToT; depends only on f)

>YE x ny.r > ¢ *n.ng.mw (with = Y¢). Therefore

y* fo>frel® "
fr
i
Now T{;” is simply the triple <7, 1z, k;>. In other words 7

the present execution of y.

r{ " performs the real job : it looks at two such states f.7 and f’.n’ and compare their indexes

nand n'. If n = n' it does nothing.

with 73" =1;[n/x, ny/n, k;/kl.

f

0” stores the current state f.r at

If n < n' (resp. n’ < n) it restarts with f’ x Tofln.rjldn.n (resp. f % TOH,.T{H,.JT/) :
the second file with the first stack.
Thus, the main function of this program is to update files (if y is a clock)

or to choose a good version of a file (if y is a signature).

Non standard integers

We give here sufficient conditions in order that every generic model contains non standard
individuals. Let us define a unary predicate G by putting |Gn|| = {n,} (n— 7, is here a one-
to-one recursive function from N onto IT).

Theorem 38.

i) We suppose that :

(H,) For each stack constant ®, there exists a proof-like term ¢ such that{*® € L.
Then I |FVxGx— L and (WneN)@éeQP)¢ |- Gn.

i)y IFVx[Int(x) — Gx] — L.

i) We have immediately ||Vx Gx|| = {r; n € N} = IT and therefore I |FVxGx — L.
We are looking at some ¢ € QP such that ¢ x 7, € L. Now, we have 7, = fy... f;.®, ® being
a stack constant. By (H}), we have some 1 € QP such that n*x @ € 1. It is sufficient to set
E=Axp...Axm.
ii) Let ¢ |- Vx[Int(x) — Gx] and 7 € I1, m = ,,. We must show that y x t.7 € 1L thatis txn.m €
1, by the reduction rule of y. This is immediate, by hypothesis on ¢, since n |- Int(n) and
me|Gn]|.

C.Q.F.D.

Thus, with hypothesis (H}), a generic model satisfies Gn for each standard integer n and
also 3x ' Gx. It contains therefore necessarily non standard individuals. If, moreover, the in-
struction y is present, it satisfies Ax{/nt(x), 7Gx}. Then, it contains necessarily non standard
integers.

The standard generic model

Consider a fixed one-to-one recursive function ¢ — ¢ from QP (the set of proof-like terms)
onto the set of stack constants. Every set 1L such that (V¢ € QP) ¢ x 71¢ ¢ L is clearly coherent,
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which means that (V¢ € QP)¢ |- L.

In this section, we take for 1L the greatest saturated set of processes which has this property. In
fact, it is simpler to consider the complement 1. of I in the set A % IT of processes. There-
fore, we set :

1€ = the least subset U of A x Il such that (V¢ € QP) ¢ x ¢ € U and

(VpeU)(Vp e AcxID(p>p = p' e U);

For each ¢ € QP, the set of processes which are obtained by reduction of { x 7 will be called
the thread generated by ¢ ; 1L¢ is thus the union of all threads. We have :

Lemma 39. A process is in 1L if and only if it does not appear in any thread.
Atermte A, realizes L if and only if it does not come in head position in any thread.

Trivial.
C.Q.E.D.

Remember that 7] is the set of closed formulas with parameters which are realized by some
proof-like term. The models of this theory (which is coherent if and only if L is) are called
generic models . With this particular choice of 1L, we shall call them standard generic models.
We now show some properties of these models, with the following assumptions :

1. There is no instruction which changes the current stack constant. In other words, in the
thread generated by ¢ € QP, the only stack constant which appears is 7.

2. Every instruction is deterministic, that is to say that each process has at most one succes-
sor. We then say that execution is sequential.

Theorem 40. Let ag =660 and a; =661, withd = Axxx. Then:
Ax(cOAk((x)(K)ag)(k)a; FVx(x#1,x#0— x*>#x) — L.

There are three possible values for [n#1,n # 0 — n?#n|:
ifn=0,itis | T,L— L|;ifn=1,itis | L, T — L|;if n#0,1,itis | T|| = @.
It follows that |[Vx(x #1,x#0— x> #x)| = |T,L — L|n|L, T — L|.
Lette|T,L— 1|n|L, T — 1| and & € Il. We must show that :
Ax(cAk((x)(k)ag)(k)a; x t.w € I thatis t x kyag.kya;.7m € L. If it is not true, by hypothesis
on ¢, we have k; ag, k;a; |- L. Therefore, both terms appear in head position in some thread ;
since they both contain the stack constant at the bottom of 7, these threads are the same one
(by hypothesis 1 above). But then gy and a; appear in head position in the same thread. Now,
by hypothesis 2, one of them appears in head position before the other, for instance ay. But
it is clear that a; can never come in head position after that.

C.Q.F.D.

The formula 3x{x> = x,x # 0,x # 1} is therefore satisfied in the generic model. Thus, there
are individuals which are not integers and the axiom of recurrence is not satisfied. We shall
see later that there are also non standard integers.

Let 28 be the set of individuals x such that x> = x. Since all equational formulas which are
true in N are also true in generic models, it is clear that 28 is a Boolean algebra. Theorem 40
shows that, in the standard generic model, this algebra is # {0, 1}.

Theorem 41. I |FVx[x®=x,x#1 — x =0] ; thus, in every generic model, no element of %
except 1 is a successor.
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Wehave |n2=n,n#1—-n=0=Tifn=0,|VX(X—> X)|,L— Lifn=1land (T— 1), T— L
if n > 1. Hence the result.
C.Q.F.D.

We now show that, in the standard generic model, the algebra 28 is infinite and even atomless.

Theorem 42. Let® = AxAyccAk((x)(k)y0)((x)(k)y1)(k)y2. Then we have :
OFVx[Vy(xy#0,xy#x—y*#y),x#0— x* # x]
(This formula says that the Boolean algebra % is atomless).

By a simple computation, we see that we must show the following two properties :
DO(L,L—1),1L—1.
nHeIT,L—-1n|L,T—1,T—L1.
Proofof (i) : let te|Ll, L — 1| and u € |L|. We have to show that ® x t.u.w € I that is, by re-
duction, ¢ * k; 10.((?) (ky)ul) (ky)u2.m € L. But, from u |- L, we easily deduce that k,ué |- L
for every ¢ € A.. Since t |1, 1 — L, it follows that ((#)(k;)ul)(k;)u2 |- L and therefore
txk;u0.((0) (k) ul)(kpu2.re 1.
Proof of (ii) : let t € |T,L — 1LIn|L, T — 1] and u € A,. Again, we have to show that ¢ *
k;u0.((1) (k) ul) (k) u2.m € 1. If it is not true, we have :
k,u0 |- L (because ¢ | L, T — L) and ((£) (k) ul)(k;)u2 |- L (because ¢ |- T,L — 1). But,
since t |-L,T— L (resp. T,L — 1), we deduce k,ul |- L (resp. kyu2 |- 1).
It follows that k; 10, k; u1,k,u2 appear all in head position in some thread. Since they con-
tain k,, these threads are the same (their stack constant is the one of ). Suppose, for exam-
ple, that k, 10 appears first in head position, then k; 1, and then k; 2. We have thus :
kpuOxmog>uxm>--->kyul xmy >uxm>--->Kzu2 *xmo > uxm>---
But such an execution is clearly impossible because, at the second appearance of the process
u* 7, we enter in a loop and can never arrive at k; u2 x .

C.Q.F.D.

The generic thread

Consider a fixed one-to-one recursive function n — ¢, from N onto QP. We define a unary
predicate P by taking for || Pn|| the set of stacks the bottom constant of which is ¢, .

Theorem 43. In the generic model, = P contains exactly one individual and it is not a standard
integer. In other words, the following formulas are realized :

i) Pn foreachn e N;

i)VxPx— L ;

i) VxVy[-Px,x#y— Pyl.

i) Let n € N be such that 660 |- Pn and 601 |- Pn. Thus, there exist pg, p1 € I1 which have
the same stack constant 7¢ , such that 660 * pg ¢ 1L and 661 * p; ¢ L. We have therefore
Enkxmg, >660% pgand &, x g, > 0661 py, which is clearly impossible.

ii) We have |VxPx| = Upen | Pr|| = I1. Therefore I | VxPx — L.

iii) We show, by means of theorem 10, that VAxAyy [FVxVy[7Px,x # y — Py] thatis to say
VAxAyy|l—-Pm,m#n— Pnfor m,neN. So,letm € ||Pm|, t Fm#nand '€ |Pn|;we
must show that AxAy y x k,.t.n’ € IL. This is obvious if m # n, since then the stacks 7 and 7/,
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which have different stack constants, cannot appear both in the same thread. If m = n, we
have ¢ | L, which give the desired result, because AxAy y x ky.t.n' > t x 7'.
C.Q.F.D.

We now add to the A.-calculus an instruction o with the following reduction rule :
Oxt.am>t*kn.m
where 7 is the number of the stack constant of 7 (this constant is therefore ¢ ).

Theorem 44. o | Vx[Int(x) — Px] — L.

In the generic model, the unique individual which satisfies 7 Px is therefore an integer. By
theorem 43, it is a non standard integer.
Proof. Let ¢ |- Vx[Int(x) — Px] and 7 € II. We must show that o x t.7r € L ; it is sufficient to
prove that t x n.w € 1L, n being the number of the stack constant of 7. Therefore, we have
nm e ||[Pnl|l and ¢ |- Int(n) — Pn. Hence the result, since n |- Int(n).

C.Q.F.D.

We can therefore add to our second order language a symbol of constant g (for generic), with
the following axioms :

Int(g), Vx[x # g — Px], g # n for each integer n.

The predicate Px will be denoted by x # g; thus || n # g|| is, for each integer 7, the set of stacks
which have 7¢, as their stack constant.

Itis interesting to study the properties of the (non standard) proof-like A.-term ¢4 and of the
thread ¢4 x Mg which will be, rather naturally, called the generic thread.

Remark. With the help of the instruction o, we can therefore prove the existence of a non standard

integer. By means of the second fixed point theorem of A-calculus, we can do without this instruction,
but we have a somewhat weaker result :

Theorem 45. (VO € QP)0 |-Vx[Int(x) — Px].

Let A:N — N be the recursive function defined by Am = n & ¢, = {;,m and let 6 be a closed A-term
which represents this function. We define the integers p, g by setting ¢, = 1x(0)(6)x and g = Ap. We
have therefore ¢, * T, = pr* g, > 0 % 62'”%’ which shows that 6 % 52'”% ¢ L.
Now, we have 7¢, € || Pg|l and, by theorem 16, 5p |- Int(q). It follows that 6 |- Int(q) — Pq.

C.Q.F.D.

The clock

With the present definition of L, in order to add a new instruction ¢, it is sufficient to give its
reduction rule only when it comes in head position in a thread. Indeed, L is the complement
of the union of all threads and the only condition it has to satisfy is to be cc-saturated (see
the section “ Truth values and types ”). It is therefore sufficient to define each thread, i.e.
the sequence of processes obtained by the execution of ¢ x ¢, for each proof-like term ¢
(possibly containing the instruction ¢).

It is in this way that we define the clock instruction h. Its reduction rule is

hxt.7m > t*n.mwhere n € Nis obtained in the following way : let { 77 be the (unique) thread
in which the process 7z x t.7 appears. Then n is the number of reduction steps from ¢ * 7¢
(“ the boot ”) to i1 x t.7w (if 7 x t.7w appears more than once in the thread ¢ x 7¢, we consider
its first appearance ; notice that, in this case, the execution ends in a loop).
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Definition. A proof-like term 6 will be called strongly solvableiff 0 |- L — L. In other words :
for every r € A\ QP, if 0 % t comes in head position in a thread, then ¢ also comes in head
position in this thread.

When 6 is a closed usual A-term, this means that it has a head normal form which is
Axxty...t, (hence the terminology “ strongly solvable ”).

A proof-like term 6 will be called solvable iff there exists n = 1 such that Ax0x... x is strongly
solvable (x repeated n times).

The following theorem shows that every standard (strongly) solvable proof-like term comes in
head position in the generic thread.

Theorem 46. Let 6 be a strongly solvable proof-like term and ¢g : N> — {0,1} the recursive
function such that : ¢g(n,p) =1 < 0 comes in head position in the thread {, x ng, at the
(n+4)-th step. Then iAxAy0)(y)x [FVpi{VnlInt(n) — ¢g(n,p) #1]1 — p#g}

(in other words, An{Int(n), pg(n,g) = 1}).

Let peN, m€|lp#gll and t |FVn[Int(n) — ¢g(n,p) # 1. We prove the result by contra-
diction : suppose that iIAxAy(0)(y)x * t.w ¢ L. Therefore, this process appears in a thread,
which is certainly ¢, x g, since 7 € || p # gl|. We have thus:

Sp * 7e, > BAXAY(0)(y)x * t.w > 0 % tn.w, where the integer n, which is provided by 7, is
the number of steps in the reduction of ¢, x 7¢, until ZAxAy(0)(y)x * t.w. Thus, we obtain
Oxtn.m at the (n+4)-th step of reduction. Since 0 is in head position at this moment, we have
¢g(n, p) = 1. By hypothesis on ¢, it follows that ¢z |- L. Now, by hypothesis, 8 |- L — L and
therefore 6 x tn.m € L. Itis a contradiction, because 6 x tn.7w appears in the thread ¢, x 7¢ ,.

C.Q.F.D.

Corollary 47. Let 0 be a proof-like term such that 0 m is strongly solvable for each integer m
(with m = s™0) and let yg : N® — {0, 1} be the recursive function defined by wg(m, n, p) = 1 iff
0 comes in head position at the (n +4)-th step in the thread ¢ x ¢ . Then we have :
TAmhAxAy(@m)(y)x |-VpVmi{Int(m),Vn[Int(n) — yo(m,n,p) #1]1 — p #g}

(in other wordsVm(Int(m) — An{Int(n),we(m,n,g) = 1})).

It means that the following formula is realized : “ for every integer m, 871 comes in head
position in the generic thread ¢g * ¢, ". Therefore also the formula : “ the generic thread
neither stops nor loops ” (take, for instance, 0 = AxAy y).

Proof. By theorem 11, it is sufficient to prove that, for every integers m, p and every stack
pellVnlInt(n) — wg(m,n,p) #1] — p #4gll, we have :

AmhAxAy(@m)(y)x x m.p € L, thatis iAxAy(@m)(y)x * p € L. But this results from theo-
rem 46 and from the fact that vy (m, n, p) = ¢gs(n, p).

C.Q.F.D.

The denumerable axiom of choice

Here we check that, by means of the clock instruction 7, we can realize the axiom of denu-
merable choice.

Theorem 48. Let F[x, X] be a formula with parameters, X being a unary predicate variable.
There exists ® : N* — 22 (11) such that :
n-VYxVpVYX{¥n(Int(n],Flx,®(n,p,x,y)/ Xyl — 1),Flx,X] — p # g}.
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We define v :N? — A, by putting : v(n, p) = the A.-term u which is in second position in the
stack, at the n-th execution step in the thread ¢, * g, At the n-th step of this execution, we
have therefore a process of the form 7 x t.u.7m.

We define now ®(n, p, x, y), by means of the denumerable axiom of choice, in such a way
that:

If there exists X : N — Z2(II) such that v(n, p) |- F[x, X] then v(n, p) |- Flx,®(n,p,x,y)! Xyl.

We show that @ has the desired property : consider x, p € N, an application X : N — 22(I1),
Ac-terms f,u such that t |- Vn(Int[n], Flx,®(n,p,x,y)/ Xyl — 1), u |- F[x, X] and a stack
€ |lp #49l. Then, we have to show that ix t.u.7m € L ; suppose, on the contrary, that ix t.u.z
appears in a thread, at the n-th step. By hypothesis on 7, this thread is ¢, x 7¢, ; we have
therefore u = v(n, p), by definition of v, hence v(n, p) |- F[x, X]. By definition of ®, we have
then u = v(n, p) | Flx,®(n, p,x,y)/ Xyl. But, since n |- Int[n], it follows that t x n.u.r € 1L,
by hypothesis on ¢. It is a contradiction, because this process appears at the (n + 1)-th step
in the thread ¢, * 7¢ .
C.Q.F.D.

It follows that the standard generic model satisfies the formula :

VxVX(F[x,X] — 3n{Int[n], F[x,®(n,qg,x,y)/ Xyl}). We can then define the binary predicate
Y(x, y) by the formula :

“®(n,q,x,y) for the first integer n such that F[x,®(n,qg,x,y)/ Xyl, or L if there is no such
integer ”. Then, we have, in the generic model :

VxVX(F[x,X]— F[x,¥Y(x,y)/ Xyl), which gives the denumerable axiom of choice.

By the same methods as above, we can also easily get the axiom of dependent choice.
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