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Introduction

The Curry-Howard correspondence enables to associate a program with each proofin classi-
cal natural deduction. But mathematical proofs not only use the rules of natural deduction,
but also axioms, essentially those of Zermelo-Fraenkel set theory with axiom of choice. In or-
der to transform these proofs into programs, you must therefore associate with each of these
axioms suitable instructions, which is far from obvious.

The theory of classical realizability (c.r.) solves this problem for all axioms of ZF, by means
of a very rudimentary programming language : the A.-calculus, that is to say the A-calculus
with a control instruction [6].

The programs obtained in this way can therefore be written in practically any programming
language. They are said to realize the axioms of ZF.

But, almost all the applications of mathematics in physics, probability, statistics, etc. use
Analysis, that is to say the axiom of dependent choice. The first program for this axiom, known
since 1998 [1], is a pure A-term called bar recursion [20, 2, 21]. In fact, c.r. shows that it pro-
vides also a program for the continuum hypothesis [17].

Nevertheless, this method requires the programming language to be limited to A.-calculus,
prohibiting any other instruction, which is a severe restriction.

Classical realizability provides other programs for the axiom of dependent choice [13, 14, 15],
which require an additional instruction (clock, signature, ..., or as in this paper, introduc-
tion of fresh variables). On the other hand, this kind of solution is very flexible regarding the
programming language.

There remained, however, the problem of the full axiom of choice. It is solved here, by means
of new instructions which allow branching or parallelism'. Admittedly, the program ob-
tained in this way is rather complicated and we may hope for new solutions as simple as bar
recursion or clock. However, it already shows that we can turn all proofs of ZFC into pro-
grams (more precisions about this in the remark at the end of the paper).

Note that the proof is constructivei.e. it gives explicitly a program for AC : you "merely” need
to formalize this proof itself in natural deduction and apply the proof-program correspon-
dence to the result.

1A detailed study of the effect of such instructions on the characteristic Boolean algebra J2 is made in [5].



Outline of the paper.

The framework of this article is the theory of classical realizability, which is explained in de-
tail in [13, 14, 15]. For the sake of simplicity, we will often refer to these papers for definitions
and standard notations.

Section 1. Axioms and properties of realizability algebras (r.a.) which are first order struc-
tures, a generalization of both combinatory algebras and ordered sets of forcing conditions.
Intuitively, their elements are programs.

Section 2. Each r.a. is associated with a realizability model (r.m.), a generalization of the
generic model in the theory of forcing. This model satisfies a set theory ZF, which is a con-
servative extension of ZF, with a strong non extensional membership relation ¢.

Section 3. Generic extensions of realizability algebras and models. We explain how a generic
extension of a given r.m. can be handled by means of a suitable extension of the correspond-
ing r.a. A little technical because it mixes forcing and realizability.

Section 4. Definition and properties of a particular realizability algebra 2{y. It contains an
instruction of parallelism and the programming language allows the introduction of many
other instructions. This is therefore, in fact, a class of algebras.

Using this r.a., we obtain a program for the axiom of well ordered choice (WOC) : the product
of a family of non-empty sets whose index set is well ordered is non-empty.

We get, at the same time, a new proof that WOC is weaker than AC (joint work with Laura
Fontanella ; cf. [8] for the usual proof).

Section 5. Construction of a generic extension 2, of the algebra 2, which allows to realize
the axiom of choice : every set can be well ordered.

Sections 3 and 4 are independent.
Thanks to Asaf Karagila for several fruitful discussions [10]. He observed that, by exactly the
same method, we obtain a program, not only for AC, but for every axiom which can be shown

compatible with ZFC by forcing (theorem 33) ; for instance CH, 2% =R, + Martin’s axiom, etc.
(but this does not apply to V=1L).

1 Realizability algebras (r.a.)

It is a first order structure, which is defined in [14]. We recall here briefly this definition and
some essential properties :

A realizability algebra </ is made up of three sets : A (the set of terms), I1 (the set of stacks),
A xTII (the set of processes) with the following operations :

(&,m) — (&)n from A? into A (application) ;

(&, m) — &om from AxITinto IT (push) ;

(&, m) — & xmfrom AxITinto A x IT (process) ;

7 — k; from IT into A (continuation).

There are, in A, distinguished elements B,C,|,K,W,cc, called elementary combinators or in-
structions.

Notation. The term (... ((()n1)n2)...)n, will be also written as ()n172...0, 0r ENiN2...Ny.
For instance : {n¢ = (&)nd = (&M = ().



We define a preorder on A xI1, denoted by >, which is called execution ;

Exm>¢ x ' isread as : the process & x 1t reduces to &' x 7'

It is the smallest reflexive and transitive binary relation, such that, for any ¢,n,{ € A and
7,® € I1, we have :

(Enxm>Exnem (push).

| % ¢ o > & x 7 (no operation).

Kx &ener > & * 1 (delete).
Wx&enem>Exnenen (copy).
Cxéenelem > x(enem (switch).
Bxéenelem>Ex (M) em (apply).
cCx &omt > & x Ky o T (save the stack).
k; % &e@ > & x 7 (restore the stack).

We are also given a subset L of A xII, called "the pole”, such that :
Exa>=&xa &' *xn'el = Exme L.
Given two processes ¢ x ,¢" x 1/, the notation & x 7 > ¢’ x 7/ means :
Exmegl=>Exn'¢ 1.

Therefore, obviously, é x> & x7’ = Exm> & xa'.

Finally, we choose a set of terms PL. c A, containing the elementary combinators :
B,C,I,K,W, cc and closed by application. They are called the proof-like terms of the algebra <f .
We write also PL instead of PL, if there is no ambiguity about <.

The algebra f is called coherent if, for every proof-like term 6 € PL,, there exists a stack ©
suchthatxmw ¢ L.

Remark. A set of forcing conditions can be considered as a degenerate case of realizability algebra,
if we present it in the following way : an inf-semi-lattice P, with a greatest element 1 and an initial
segment I of P (the set of false conditions). Two conditions p, g € P are called compatible if their
glb. prgisnotin L.
We get a realizability algebraif we set A=I1=AxI[I=P;B=C=1=K=W=cc=1andPL={1};
(p)g = peq=p*q=pnrqand k, = p. The preorder p > q is defined as p < g, i.e. paq = p. The
condition of coherenceis1¢ .
We can translate A-terms into terms of A built with the combinators B, C, I, K, W in such a way
that weak head reduction is valid :

Axt[X] * uem > t{u/x] x 1
where Ax t[x], u are terms and 7 is a stack.
This is done in [14]. Note that the usual (K,S)-translation does not work.

A-calculus is much more intuitive than combinatory algebra in order to write programs, so
that we use it extensively in the following. But combinatory algebra is better for theory, in
particular because it is a first order structure.

2 Realizability models (r.m.)

The framework is very similar to that of forcing, which is anyway a particular case.
We use a first order language with three binary symbols €, ¢, (¢ is intended to be a strong,



non extensional membership relation ; € and < have their usual meaning in ZF).

First order formulas are written with the only logical symbols —,V, L, T.

The symbols =, A, v, <, 3 are defined with them in the usual way.

Given a realizability algebra, we get a realizability model (r.m.) as follows :

We start with a model .4 of ZFC (or even ZFL) called the ground model. The axioms of ZFL
are written with the sublanguage {¢, c}.

We build a model A of a new set theory ZF,, in the language {€ , ¢, c}, the axioms of which
are given in [13]. We recall them below, using the following rather standard abbreviations :
F, — (F, —...(F, — G)...) iswritten Fy, F, ..., F, — G or even F — G.

We use the notation 3x{Fy, F>,..., F,} for Vx(F; — (F, = -+ — (F, — 1)) — L.

Of course, xe y and x € y are the formulasxgd y— Land x¢ y — L.

The notation x =c y — F means x c y,y < x — F. Thus x =¢ y, which represents the usual
(extensional) equality of sets, is the pair of formulas {x c y, y c x}.

We use the notations (Vxe a) F(x) for Vx(—F(x) — xd a) and

Axea)E(x) for =Vx(F(x) — x4 a).

For instance, (3x € y)(f =c u) is the formula "Vx(tcu,uct— xd y).

The axioms of ZF, are the following :

0. Extensionality axioms.

VxVy(xey— Qzey)x=c2);VxVylxcy— (Vzex)ze y).

1. Foundation scheme.

Va(Vx((Vyex)F(y,a) — F(x,d)) — VxF(x, a)) for every formula F(x, ay, ..., ay).
The intuitive meaning of these axioms is that ¢ is a well founded relation and the relation €
is obtained by “ collapsing ” € into an extensional relation.
The following axioms essentially express that the relation ¢ satisfies the axioms of Zermelo-
Fraenkel except extensionality.

2. Comprehension scheme.

VavVx3dyVz(zey — (ze x A F(z, a)) for every formula F(z, d).

3. Pairing axiom.

VYaVbax{aex,bex}.

4. Union axiom.

Yadb(Vxea)(Vyex) yeb.

5. Power set axiom.

YaabVx(Jyeb)Vz(zey — (zea A z€ x)).

6. Collection scheme.

VavVx3dy(Vuex)( Qv F(u,v,da) — (Jve y)F(u, v, a)) for every formula F(u, v, d).

7. Infinity scheme.

Vavx3dyixey, Vuey)3vF(u,v,a) — (Jve y)F(u, v, d))} for every formula F(u, v, d).
It is shown in [13] that ZF, is a conservative extension of ZF.
For each formula F(a) of ZF, (i.e. written with &,¢,c) with parameters a4 in the ground
model .4 we define, in ./, a falsity value | F(d)|l which is a subset of IT and a truth value
| F(a)| which is a subset of A. The notation ¢ |- F(ad) (read “t realizes F(a)” or “t forces F(a)”
in the particular case of forcing) means t € |F(d)|.



We set first |F(a)| = {t€ A; (VYm e |F(a@)|)(t*m € 1)} so that we only need to define || F(ad)||,
which we do by induction on F :

1. Definition of |ad b|| :
lag bl ={mell; (a,m) € b}; |LI=I1;ITI=92;

2. Definition of ||a c b|| and ||a ¢ b|| by induction on (rk(a) Utk(b),rk(a) nrk(b)) :
lacbll=U:{temell; t|cé¢ b, (c,m) € a};

lag bl =Ucltettemell; t|-cca,ulacc, (c,m)€ bl

3. Definition of | F|| for a non atomic formula F, by induction on the length :
|F—F'll={temell; tI-FEmel|F};

IVxFx)ll =UgllF(a@).

This notion of realizability has two essential properties given by theorems 1 and 2 below.
They are proved in [13].

Theorem 1 (Adequacy lemma). |- is compatible with classical natural deduction, i.e. :
Ifty,...,ty, t are A.-terms such that t, : Fy,...,t, : F, & t: F in classical natural deduction,
thenty |- Fy,...,ty FF,=>t|-F.

In particular, any valid formula is realized by a proof-like term.

Remark. The proof of theorem 1 uses only item 3 in the above definition of || F||. In other words, the
values of | F|| for atomic formulas F are arbitrary. This will be used in sections 3 and 5.

Theorem 2. The axioms of ZF; are realized by proof-like terms.

It follows that every closed formula which is consequence of ZF, and, in particular, every con-
sequence of ZF, is realized by a proof-like term.

In the following, we shall simply say “the formula F is realized” instead of “realized by a
proof-like term” and use the notation |- F.

Theorem 2 is valid for every r.a. The aim of this paper is to realize the full axiom of choice AC
in some particular r.a. suitable for programming.

Remark. Note that AC is realized for any r.a. associated with a set of forcing conditions (generic
extension of .#). But in this case, there is only one proof-like term which is the greatest element 1.

We define the strong (Leibnitz) equality a = b by Vz(ad z — béd z). It is trivially transitive
and it is symmetric by comprehension. This equality satisfy the first order axioms of equal-
ity VxVy(x = y — (F(x) — F(y))) (by comprehension scheme of ZF;) and is therefore the
equality in the rm. A

Lemma3. |[a=b|=|T—-Ll={.n;{cA,nell}ifa#b;
la=al=IL—L1Ll={.n;{€eA,mell,{xme L}.

Let z={b}xIIsothat |bd z| =II. If a # b then ||ad z| = @ and therefore :
lad z— bd z|=||T — L|.
If a= b, then ||lad z| =II and therefore |a= b| = || L — L].

Q.E.D.

Finally, it is convenient to define first Zby lla # all = |LI| =11; laZ bl =|Tll=@ifa# b;
andtodefinea=basa#b— L.



We define a preorder < on the set 22(I1) of “falsity values” by setting :

X = Y ¢ there exists a proof-like term 6 |- X — Y. By theorem 1, we easily see [13] that
(2(I0), <) is a Boolean algebra B, if the r.a. <f is coherent. Every formula F(a) of ZF, with
parameters in the ground model .# has a value || F(d)| in this Boolean algebra.

By means of any ultrafilter on B/, we thus obtain a complete consistent theory in the lan-
guage {d,¢,c} with parameters in .. We take any model A" of this theory and call it the
realizability model (r.m.) of the realizability algebra «f.

Therefore, A is a model of ZF,, and in particular, a model of ZF, that we will call A%.

Thus A% is simply the model A restricted to the language {¢, <}.

Remarks.

The ground model .# is contained in .4 since every element of it is a symbol of constant. But .4 is
not a submodel of A for the common language {¢,<} ; and, except in the case of forcing, not every
element of A “has aname” in 4.

When F is a closed formula of ZF,, the two assertions A" |= F and | F have essentially the same
meaning, since A represents any r.m. for the given r.a. But the second formulation requires a formal
proof.

Functionals

A functional relation defined in ./ is given by a formula F(x, y) of ZF, such that :

N EVVYVY (F(x,y),F(x,y)—y=1y.

A function is a functional relation which is a set.

We define now some special functional relations on A" which we call functionals defined
in # or functional symbols

For each functional relation f :.#* — .4 defined in the ground model .#, we add the func-
tional symbol f to the language of ZF,. The application of f to an argument a will be denoted
flal. Therefore f is also defined in .A".

We call this (trivial) operation the extension to A of the functional f defined in the ground
model. It is a fundamental tool in all that follows.

Note the use of brackets for f[a] in this case.

Theorem 4. Let ty,u; ..., ty, Un, t, u be k-ary terms built with functional symbols, such that :
MENVI(H[X] = u[X],..., t,[X] = upy[X] — t[X] = ulX]).
Then Axy.. AxuAx(x1)... (X)X [FVX(£[X] = up[X],..., t,[X] = u,[X] — t[X] = ulX]).

This easily follows from the definition above of ||a = b|.
Q.E.D.
As a first example let the unary functional ®¢[X] be defined in .4 by :
Op[X]={(x,8em); ¢ |- F(x), (x,7) € X}.
We shall denote it by {x& X ; F(x)} (in this notation, x is a bound variable) because it corre-
sponds to the comprehension scheme in the model 4. Note that the use of € reminds that
this expression must be interpreted in .A".

We define now in .# the unary functional JX = X xII, so that we have :
lxgIX||=Tifxe Xand |xgIX|| =@ ifx ¢ X.

For any X in .#, we define the quantifier Vx3X by setting | VX F(x)|| = Uxex | F(x)|l.



Lemma5. |FVxXF(x) — Vx(xelX — F(x)).

In fact, we have ||V x(~F(x) — xd IX)|| = [V xX 2= F(x)||.
Now we have trivially Ax(x)! |- VxJXF(x) — VxJX—'—'F(x)
and cc |F VXX = F(x) — VXX F(x).

Q.E.D.

Lemma 6. Let f be a functional k-ary symbol defined in 4 such that f : X3 x---x X; — X.
Then its extension to A is such that f : 31Xy x---x 31X — 1X.

Trivial.
Q.E.D.

By theorem 4 and lemma 6, the algebra operations on the Boolean algebra 2 = {0, 1} extended
to J2, turn it into a Boolean algebra which we call the characteristic Boolean algebra of the
r.m. . In the ground model .#, we define the functional (a, x) — ax from 2x.# into .4 by
0x = @ and 1x = x. It extends to ./ into a functional J2x.4" — A such that (ab) x = a(bx) for
a,bel2 and every x in A,

Lemma 7.
[ |-VXVyVv ajz(af[x', yl = aflaX,y) for every functional symbol f defined in M .

Immediate since ¢ |- VaJZF(a) means (¢ |- F(0)) A (€ |- F(1)).
Q.E.D.

For any formula F(X) of ZF we define, in .4, a functional (F (X)) with value in {0, 1} which is
the truth value of this formula in .#.? The extension of this functional to the model 4" takes
its values in the Boolean algebra J2 (cf. [16]).

The binary functionals (x ¢ y) and (x < y) define on the rm. A4 a structure of Boolean
model on the Boolean algebra J2, that we denote by .#1,. It is an elementary extension of .4
since the truth value of every closed formula of ZF with parameters in .4 is the same in .4
and /7;.

Any ultrafilter 2/ on J2 would therefore give a (two-valued) model .43, /% which is an ele-
mentary extension of .#. In [16], it is shown that there exists one and only one ultrafilter &
on ]2 such that the model .#4,/2, which we shall denote as .#g, is well founded (in ./"). The
binary relations ¢, c of .4y are thus defined by (x ¢ y)e 2 and (x € y) e 2.

Moreover, .4 is isomorphic with a transitive submodel of A¢ with the same ordinals. In
fact, if we start with a ground model .# which satisfies V = L, then .# is isomorphic with
the constructible class of A¢.

Remark. We have defined four first order structures on the model A :

 The realizability model ./ itself uses the language {¢ , ¢, } of ZF, ; the equality on .4 is the Leibnitz
equality =, which is the strongest possible.

o The model A% of ZF is restricted to the language {¢, <} ; the equality on A% is the extensional equal-
ity =e.

o The Boolean model ./, with the language {¢,<} of ZF and with truth values in ]2 ; it is an ele-
mentary extension of the ground model .#. The equality on .4, is (x = y) = 1 which is the same as
Leibnitz equality.

2The formal definition in ZF is : YX((F(X) — (F(X)) = 1) A (A F(X) — (F(%)) = 0)).



o The model .#4 with the same language, also an elementary extension of .# ; if F(d) is a closed
formula of ZF with parameters (in A), then .#y |= F(a) iff & |= (F(4))e2.

The equality on .4y is given by (x = y) € 2.

The proof of existence of the ultrafilter & in [16] is not so simple. But it is useless in the
present paper, because J2 will be the four elements algebra, with two atoms ayg, a; which give
the two trivial ultrafilters on J2. It is easily seen (lemma 23) that one of them, say ay gives a
well founded model denoted by .4, which is the class ap. /" = .#5. The class M, = a1 N
is also an elementary extension of .# (but not well founded, cf. the remark after lemma 29).
Finally we have .45, = A& = ay/V x a; A since the Boolean model .4/, is simply a product in
this case, and equality is the same on .43, and ./, as remarked previously.

Integers

We define, in the ground model .#, the functional x — x* = x U {x} and extend it to the
r.m. . Itis injective in ./ and therefore also in .A".

For each n € N, we define n € PL by induction: 0= AxAyy=Kl; n* =sn

where s = AnAfAx(nf)(f)x = (BW)(B)B (and n* is n+1).

We define N = {(n,nem); neN,m eIl}. We can use it as the set of integers of the model A" as
shown by the following theorem 8.

We define the quantifier v pint by setting IVt F(n)|| = {(nem; neN,me||F(n)l}.

Theorem 8. For every formula F(x) of ZF, the following formulas are realized :
i) 0eN;Vn(neN— n*eN);

ii) F(0),Yn(F(n) — F(n*)) — (YneN)F(n) ;

iii) Yn'"™F(n) — (VneN)F(n).

i) Let ¢ |04 N ; then £ x0.7 € I for all 7 € IT. Therefore Ax(x)0 |-F0dN — L.
Let & |- n* N and NeT € |né NJ||. We have {xsneme L and therefore O x . nem € 1L with
0 = AxAn(x)(s)n. Thus O |FVn(ntdN — négN).
ii) We show AxAyAzAn(x)(n)yz | —F(0),Vn(F(n*) — F(n)) —» Vm(F(m) — méd N).
Let ¢ |- =F(0),n |- VYn(F(n*) — F(n),{ |- F(m) and mem € | méN.
Let us show that mn( |- F(0) by induction on m :
This is clear if m = 0. Now, m*n{ = smn{ > (mn)(n){ and n¢ | F(m) since { |- F(m™).
Therefore (mn)(n){ |- F(0) by the induction hypothesis.
It follows that () (m)nd |- L, hence the result.
iii) Let us use lemma 9. We have :
IVn("F(n) — ndN)II ={kyene®; neN,me||F(n)|,oell}
and by definition : [|[Va™F(n)| = {nen; neN,m e |F(n)|}.
It follows easily that :
AxAn(cork(x)kn |-VYn("F(n) — nd N) — V" F(n)
AxAkAn(k)(x)n |- VnintF(n) —VYn("F(n) — ndN).
Q.E.D.

Some useful notations

For every set of terms X < A and every closed formula F we can define an “extended formula”
X — Fbysetting | X — Fl|={ ;€ X,me|F|}.

8



For instance, for every formula F, we define "F = {k; ; m € ||F||}. It is a useful equivalent of
—F by the following :

Lemma?9. | 'F <~ —F.

If 7 € | F|, then k; |- - F and thereforel |- "F — —F.
Conversely, if ¢ |- 'F — L, then { xk; «r € L for every x € | F||, therefore cc |- —"F — F.
Q.E.D.
If ¢, u are terms of the language of ZF, built with functionals in .#, we define another “ex-
tended formula” t = u — F by setting :
lt=u—Fl=@ift#u;llt=u— F| =|F|ift=u.
We write (t; = u1),...,(t, = u,) — Ffor (t; = u;) — (---— ((t, = u,) — F)--+).

Lemmall. |F((t=u—F) <~ (t=u—F)).

We have immediately | |- —F (t=u— F) — t# u.
Conversely Ax(x)l |- (t=u— F) —» (t=u—F).
Q.E.D.
For instance, the conclusion of theorem 4 may be rewritten as :
= VX(0[X] = ur[X], ..., tx[X] = upy[X] — £[X] = ulX]).

Lemmas 11, 12, 13 and theorem 15 below will be used in the following sections.
Lemmall. |FVxVy(xey— (xeCl[y])=1).

In the model .4, the unary functional symbol Cl denotes the transitive closure.
We show | [FVxVy(xeCllyl)#1—xdy):let |F(xeCllyl)#1andrm e |xd y|.
Then (x, ) € y, therefore x € Cl(y). It follows that ¢ |- L.

Q.E.D.

Lemma 12. / |- VXVaJZVx(mx € aX) = a — axe®[X]) where ® is the functional symbol
defined in 4 by ®[X] = (X U{0})xII i.e. J(X U{0}).

Remark. The notation b = a for a, be ]2 means, of course, ab = a.

This amounts to show :
l. xeX=> 1 |Fxdd[X]—L;
2. I1|F0dP[X]— L.
Both are trivial.
Q.E.D.

Lemma 13. Let F(x, V) be a formula in ZF,. Then :
'+ V?(V@JHF(f[@,?],?) — VxF(x,)))
for some functional symbol f defined in 4 .

Let d = (ay,...,ax) in 4. Then, we have :

nellVxF(x,a)ll o 4 E3x(me|F(x,all) o 4 =nellF(fln,al,al

where f is a functional defined in .#, (choice principle in .#).

Thus we have |Vx F(x, d) || € Ugpen | F(fl®, dl, @) || hence the result.
Q.E.D.



Lemma 14.
IfX € M is transitive, then X is € -transitive, i.e. | |-Vx*XVy(yd 1X — y4d x).

Letxe X, @€ ||lyd x|, i.e. (y,®) € x and ¢ € A such that ¢ |- y& JX. Since X is transitive, we
have y € X and therefore ¢ |- L.
Q.E.D.

Theorem 15. Let £ be the language {¢, €, <} of ZF,, with a symbol for each functional definable
in M. Then, there exists an €-transitive £-elementary substructure & of N such that, for all
a in N, there is an ordinal a« of M such that A |= aglV,.

¥ is made up of the elements a of A" such that a&JV,, for some ordinal a of ./ (note that it
is not a class defined in .4"). By lemma 14, each ]V, is e-transitive and therefore N is also.
Let F(x, y) be a formula of £ and b= (b1,...,b) bein N . We assume ,/7|: VxF(x, I;) and we
have to show that A |= Vx F(x, B) which we do by induction on F. By lemma 13, it suffices to
show that A |= vollF (flo, E], I;). Thus let 7 & JIT ; by definition of </7, there exists X in 4
such that be JX. Now, there exists a in .4 such that f : [1x X — V,, and therefore, in A/, we
have f : JIxJX — JV,. It follows that f[r, b] € 1V, and therefore f[r, b] is in A"
Thus A = F(fx, bl, b), hence A |= F( flm, bl, b) by the induction hypothesis.

Q.E.D.
Replacing A by this elementary substructure, we shall suppose from now on :

©®  Forallain ¥, thereis an ordinal a of 4 such that N |= aelVy,.

Theorem 16 below is not really useful in the following, but it gives a welcome information on
the (very complex) structure of the r.m. A"

Theorem 16. a./ is a proper class forallag12,a#0 ;i.e. | |- Vx(‘v’aJZ(Vy(ayex) — a=0)).

Let us show, in fact, that | |- Vx(VaJZ(axex — a=0));in other words :
[FOex—0=0and | |Fxex—1=0.
We have (0ex) = (0d x — L) and (0=0) = (L — 1) hence the first result.

Furthermore, we have ||xd x|| = {m €Il; (x,m) € x} = @ ; thus ||xex||=lxd x— L[| =T — L|
and |1 =0| = ||T — L] hence the second result.
Q.E.D.

3 Extensional generic extensions

In this section we build some tools in order to manage generic extensions .A¢[G] of the ex-
tensional model A:. We define a new r.a. and give, in this r.a., a new way to compute the
truth value of ZF-formulas in A¢[G].

Let V be fixed in .#. We have || xd JV|| = || (x € V) # 1| and therefore :

| FVx(xelV—{(xeV)=1).
In other words, a set x strongly belongs to JV iff the Boolean ZF-model .4, says that “ x be-
longs always to V.
Remember also the important (and obvious) equivalence | [FVxVy(x=y < {(x=y)=1)
which follows from [ x # y| = [[{x = y) # 1| and identifies the rm. A with the Boolean
model M(3,.
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Theorem 17. ¥ = Ya¥n™(ae (V)" — 3°VViM (i < n — a(i) = bli))).
In other words, each finite sequence of IV in & is represented by a unique finite sequence of V
in the Boolean model 4(3,.

Unicity. Note first that, since there is no extensionality in .4, you may have two sequences
a # a' € (AV)" such that a(i) = d/(i) for i < n. Now suppose b, b’ € J(V") be such that b[i] = b'[i]
for i < n. Then, we have (b,b' e V") =1 and (Vi < n)(b[i] = b'[i])) = 1. Since the Boolean
model ./, satisfies extensionality, we get (b= b’y =1 thatis b= 1.

Existence. Proof by induction on n. This is trivial if n =0 : take b = @.
Now, let ae (JV)™*! and ' be a restriction of a to n. Let b’ € J(V") such that @' (i) = b'[i] for
i < n (induction hypothesis).
In the ground model .4, we define the binary functional + as follows :
if u is a finite sequence (uy, ..., u,-1), then u + v is the sequence (uy, ..., Up—1, V).
We extend it to A4 and we set b= b'+ a(n) i.e. (b=Db'+ a(n)) = 1. Therefore (b[i] = b'[i]) =1
fori<nand (b[n] =an)) =1,i.e. a(i) =bli] fori < nand a(n) = b[n].

Q.E.D.
Consider an arbitrary ordered set (C, <) in the model .#. By theorem 15 and property @
(section 2), we may suppose that (C,<) e JVwith V =V, in .. JV is e-transitive, by lemma 14.
As a set of forcing conditions, C is equivalent to the set € of finite subsets X of JV such that
X N C has alower bound in C, € being ordered by inclusion.
Thus, we can define € by the following formula of ZF, :

C(w) = ue AV)<? A (Im(u) N C) has a lower bound in C

where Im(u) < IV is the (finite) image of the finite sequence wu.
We have A |= €(u) — ue (IV)<? and therefore A |= €(u) — ue (JV<?) by theorem 17.
Moreover, we have A |= €(@).

In ./, the function (u, v) — uv, from (V<®)? into V<, which is the concatenation of se-
quences, is associative with @ as neutral element, also denoted by 1 (monoid).
This function extends to .4 into an application of J(V<®)? into J(V<®) with the same proper-
ties. Thus, we write uvw for u(vw), (uv) w, etc.
The formula €(uv) of ZF, means that u, v are two compatible finite sequences of elements
of C, i.e. the union of their images has a lower bound in C. Thus ¢ becomes a set of forcing
conditions equivalent to C by means of this compatibility relation.
This formula has the following properties :

I-&(puvqg) — E(pruqg), -EC(puvg) — C(puq), -E(puq) — C(puuq).
It will be convenient to have only one formula and to use simply the following consequence :
@ There exists a proof-like term ¢ such that ¢ |-&(pqrtuvw) — C(ptruuv).

Consider now, in the ground model ./, a r.a. < which gives the rm. .A4".
We suppose to have an operation (i, 7) — n* from ITx A into IT such that :
((em) =Con’ foreveryé,Te Aand m € I1.
and two new combinators y (read) and y' (write) such that :
A EeTm' > ExTem (. ExTeme L= yx&enm’ € 1)

X *Telem>Exmt (le.éxn' el =y xTeleme L).
Moreover, we suppose that y, ¥’ may be used to form proof-like terms.
Intuitively, 7” is obtained by putting the term 1 at the end of the stack 7, in the same way that
T« 7 is obtained by putting T at the top of .
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We define now, in the ground model .4, a new r.a. « ; its .m. will be called the extension
of & by a €-generic (or a C-generic).
We define the terms B*,C*,I*,K*, W*,cc* and k;; by the conditions :
B*=B;I"=I;
C'*¢enelent™ > Ex(enent™ ;ie. C" = AxAyAz(PAL((Y) (O Dx2Y;
K**&enert” > Ex T 5ie. K = AxAy(NAL((¥) () D) x;
® W* % &Eenert” > EXxNenent®™ ie. W = AxAy(AL(XN () D)Xy ;
ky*&ée@' >Exm'T ;i ky = Ax()A (k) (X)) () D) x5
cc* x&em” > Exk T ;e
cc* = Ax(NA AN @) D X)AX (AL (k) () () ) x'.
When checking below the axioms of r.a., the property needed for each combinator is :
forC*: ¢ |- €(prtv) — E(ptrv) ; forK* : ¢ |- E(pgr) — €(pr) ;
@ for W*: ¢ |- €(puv) — €(puuv) ; forcc* : ¢ |- E(pu) — C(puu) ;
forky : ¢ |FE€(rtw) — &(tr).
We get them replacing by 1 some of the variables p, g, 1, t, u, v, w in the definition ) of .
We define the r.a. of) by setting A = AxV<?; II =IIxV<?; A% II = (A % I1) xV<®,
C W e(m,v)=(om,uv);
&, u) x (m,v) = (E*xm,uv);
&, u)(n,v) =(En, uv).
The pole 1L of < is defined by :
Exmuell e VteNT |FC(w)=>Exat e ).
The combinators are :
B=B,1),C=(C"1),I=(1),K=(K*1),W=W*1),cc=(cc*, 1) and Ki,u = (k;, u).
Pngl is {(9, 1);0¢€ Pl—dg}-

Theorem 18. <f; is a coherent r.a.

Let us prove first that <] is coherent : let 0 € PL, ; by definition of the formula €, there exists
7o € PLyy, such that 7o |- €(1).

Since y'071g € PL.y4, there exists & € II such that x'0to* 7 ¢ I, thus 6 x 170 ¢ 1, therefore
6,1) % (m,1) ¢ L.

We check now that «f; isar.a.:

e WK Mv)e(m,w)e Wl = (&, u)(n,v) * (m,w) € L.

By hypothesis, we have ({ xnem, uvw) € 1L, therefore (Vr € A)(7 | C(uvw) - E*nen’ € 1)
and therefore (V1 € A) (7 | C(uvw) — {nx n* € L) hence the result.

e ) *x M), w)e(m,2)e L= B, 1) * (&, ) e(n,V)e({,w)e(m,2z)€ L.

By hypothesis, we have ({ xn{«7m, uvwz) € 1 therefore :

VTeN)T IFC(uvwz) - Exnlen’ € 1) thus (VT € A)(7 |FE(uvwz) = Bxéeneloen’ € 1).

e Wk w)emv)e(mz)e = (C 1) *x (&) e (M, v)e({,w)e(m,2) € LL.

By hypothesis, we have ({ x{«ne7m, uwvz) € 1L, therefore :

(VT e A)(cT | C(uwvz) — Ex{«nen” € 1) therefore, by definition @) of C* :

(VT e A)(cT | C(uwrvz) — C* xEenel o " € IL). But, by the property @ of ¢, we have :

T FC€(uvwz) — ¢t | €(uwvz), hence the result.

e Euxmv)edl =0, 1) *x (& u)e(r,v) e L.
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Immediate.

e )k (myw)e Il = (K*, 1) % (&, u)e (1, V) o (r,w) € L.

By hypothesis, we have (¢ x 7, uw) € L, therefore :

(VT € A)(cT |F€(uw) — & x 17 € 1), therefore by the definition @) of K* :
(VT e A (et |F€(uw) — K* xEenen” € 1L). But, by @, we have :
T|F€(uvw) — ¢t |- €(uw), hence the result.

e )k v)e(MV)e(myw)e L= W*, 1) % (&, u)e(n,v)e(m,w) € 1L,

By hypothesis, we have ({ xnenen, uvvw) € 1L, therefore :

(VT € A)(cT | C(uvvw) — Exnenen’ € 1), thus, by the definition @) of W* :

(VT e A)(cT |FC(uvvw) — W* *x&Eenent? € IL). Now, by (@), we have :

T |-&(uvw) — ¢t | C(uvvw), hence theresult: 7 |- C(uvw) - W* xenen’ € L.
e ) x(mu el = (ky,u) % (& v)e(@ w)e L.

By hypothesis, we have (¢ x 7, vu) € 1L, therefore :

(VT € A)(cT |- €(vu) — & *x " € 1), thus, by the definition @) of k. :

(VT e A)(cT F€(vu) =k %@ € 1L). Now, by (@, we have :

7 |- C(uvw) — ¢t | €(vu), hence the result : 7 |- C(uvw) -k, x.d" € L.

o (b)) x(ky, v)e(m,v) €l = (cc*, 1) * (&, u) o (r,v) € L.

By hypothesis, we have (¢ x k, « 7, uvv) € UL, therefore :

(VT € A)(cT |- €(uvy) — E XK} o7 € L), thus, by the definition @) of cc* :

(VT € A) (et |- E(uvv) — cc* *xEon” € L), But, by @), we have :

T |F€(uv) — ¢t |- C(uvv), hence theresult: 7 |F C(uv) > cc* *x &t € L.
Q.E.D.

The C-forcing defined in A/

Let F(d) be a closed formula of the language of ZF with parameters in ..

We define the formula p |- F(d) (read “p forces F(a)”) as the formula of ZF, which expresses
the C-forcing on A¢. In this formula, the variable p is restricted to V<.

We define a subset (F(a))) of Il by (F(@)) = {(7, p); m € [|p ¥ 7 F(a)ll}.

Lemma 19.

For every formula F(X) of ZF, there exist two proof-like terms pp,p'. of o such that :
DSl (pI-F(@) = (prs, p) IF (F(@)

ii) & p) IF(F@) = p%< |- (pI-F(a)

foreveryée A and p e V=°.

By a well known property of forcing [9, 18], the formula p |- F(X) is equivalent, in ZF,, to the
formula Vq(€(pq) — g ~F(X)).

It follows that there are two proof-like terms qr, q’, such that :

(1) qr - (pI-F(@) —VYq(&(pqg) — g F(a@) ;

2) qpIFVYq&(pg) — q¥F(@) — (pI-F(a).

i) By applying (1) to the hypothesis, we obtain qr¢ |-V q(€(pq) — gl F(a)) thatis:
VavgVt(t FC(pq),mellg¥F(@)| — qré *xTem e 1L). It follows that :
vavgrellg¥F(@| — Vi(r I-&(pg) — (W (qp)s* " € 1)).

Now 7 € |g ¥~ F(a)| is the same as (7, g) € (F(a4))) and
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VIt I-€(pq) — (x)(qr)é*xn* € L) is the same as (pré, p) * (7, q) € WL with pr = Ax(y) (qp) x.
Thus we obtain (pg¢é, p) - (F(4)).

ii) The hypothesis gives VoV q((r, q) € (F(@)) — ({ xm, pg) € 1L) that is :
VavgVt(me|qgwF@l,tI-&€(pqg) — xn’ € 1) and therefore :
Vavgvt(t - C(pq),nellq¥-F@)| — y'éxTeme LL).
It follows that ¢ |-V q(€(pq) — q ¥ ~F(a)) and therefore, by (2) :
@) (XE - (pI-F(@). We set pl, = Ax(q) () x.

Q.E.D.
In the general theory of classical realizability, we define a truth value for the formulas of ZF,
and therefore, in particular, for the formulas of ZF. We will define here directly a new truth
value ||F(ay,...,an)ll for a formula of ZF with parameters in .4 for the r.a. «f;.
To this aim, we first define the truth values |||a € b||, llla < b||| of the atomic formulas of ZF ;
then that of F(a,..., a,), by induction on the length of the formula.
Theorem 1 (adequacy theorem) remains valid (cf. the remark after theorem 1) :

lla¢ bll= (a¢ b); llacbll=(acb);

WF— F'll={&em,pq); & p) I-E @, q) € lIFl};

IIVx F(x,ay,...,an)ll=UqlF(a, ay, ..., an)ll.

Of course |- is defined by : (&, p) IFF < (V(r,q) € IIFIN (&, p) % (7, q) € 1L).

Remark. Be careful, as we said before, these are not the truth values, in ther.a. of;, ofa¢ band ac b

considered as formulas of ZF,. We seek here to define directly the C-generic model on .A¢ without
going through a model of ZF,.

Theorem 20 below may be considered as a generalization of the well known result about

iteration of forcing : the r.a. «;, which is a kind of product of &, by €, gives the same r.m. as
the €-generic extension of Ac.

Theorem 20.

For each closed formula F of ZF with parameters in the model A, there exist two proof-like
terms X, X, which only depend on the propositional structure of F, such that we have, for
every E€ Nand peV=? :

IE(pIFF) = (X6 p) IFF and &, p) IFF = ¢ I (pIFF).

The propositional structure of F is the propositional formula built with the connective — and
only two atoms Oc, Oc, which is obtained from F by deleting all quantifiers and by identify-
ing all atomic formulas ¢ ¢ u, f € u respectively with Og, Oc.

For instance, the propositional structure of the formula :

VXVx(Vy((x,)¢Y —yeX)—x¢ X) - Vx(x ¢ X)) is ((Oc = Oc) = O¢) — Oe.

Proof by recurrence on the length of F.

e If Fisatomic, wehave F=a¢ borac b. Applylemma 19with F(d) =a¢ bor F(d) =ac b.

e fF=VxF' then pi-F=Vx(pI-F'). Therefore ¢ |- pI-F=Vx( |- (pi-F)).
Moreover, (&, p) I-F =VYx((&,p) IFF.
The result is immediate, from the recurrence hypothesis.

e IfF=F — F',wehave pI-F=VYq(qI-F' — pq - F") and therefore :

Suppose that ¢ |- (pIFF) and put yr=AxAy(xp)(X) (7)Y

14



We must show (yré, p) |-F — F"; thus, let (,q) |- F and (7, r) € |[F"||.
We must show (yré, p) * (1, q)«(m,r) € UL thatis (Y *nem, pgr) € 1.
Thus, let 7 |- E(pgr) ; we must show ypé*nen’ € L orelse ypx&enem’ € L.

From the recurrence hypothesis applied to (1, q) lI- F', we have 7,1 I-(qIF-F").

From (®), we have therefore (¢)(x})n I-(pqi-F").

Applying again the recurrence hypothesis, we get :

(X & (X0, pg) II- F". But since (z, ) € | F"|l, we have :

(X)X eIn, pq@) * (m,1) € AL, thatis ((xpr) () (Y p)n* 7, pgr) € 1.

Since 7 |-&(pqr), we have (yp)(S)(xp)n*n’ € L.

But, by definition of yr, we have yr x {enen’ > () () (x)n * n* which gives the desired
result: ypx&enem® e 1.

Suppose now that (¢, p) - F'— F"; weset y. = Ax/ly()(%,,)(x) (Xr)y.

We must show y7.¢ |- (pIFF' — F") thatis Vg(y ¢ |- (qI-F' — pqI-F").

Thus, let n |- gI-F' and 7 € | pq |- F"|| ; we must show y7.¢{xne.me L.

By the recurrence hypothesis, we have (yg1, q) I+ F’, therefore (&, p)(xgn, @) - F" or else,

by definition of the algebra ¢ : ((&)(xg)n, pq) IFF".

Applying again the recurrence hypothesis, we have (y7,) (&) (x)n I (pq - F") and therefore

(Xz) (&) (xF)n * m € IL. But we have, by definition of y; :

)(;35 * 1ol > )(}: *&el el > (7(%,,) (&) (xp)n * 7 ; the desired result )(%gf *1em € 1L follows.
Q.E.D.

Theorem 21. For each axiom A of ZF, there exists a proof like term ©y of the r.a. < such that
(©4,1) lI-A.

Indeed, if we denote by A¢[G] the C-generic model over A¢, with G < C being the generic
set, we have A¢[G] |= ZF. Therefore, A" |= (1| A), which means that there is a proof-like
term ©'4 such that ®y | (1 |- A). By theorem 20, we can take ©4 = y 40'4.

Q.E.D.

4 The algebra A,

We define a r.a. 2y which gives a very interesting r.m. .#. In the following, we use only this
r.a. and a generic extension 2.
The terms of 2, are finite sequences of symbols :
),,B,G1,K,W,cc,a,p,y,x,e, %, s ho, hy, ..., B, ...
A is the least set which contains these symbols (except parentheses) and is such that:
t,ue A= (Hue€A.
A stack is a finite sequence of terms, separated by the symbol « and terminated by the sym-
bol gy (the empty stack).
I1 is therefore the least set such that rge[lTand te A,m €Il = tem eIl
ky is defined by recurrence : ky, =a; k;z = Ax(ks) (x) £ = (O (B)ky) 2.
The application (7, 7m) — 7* from A xII into II consists in replacing 7o by 7« 7.
It is therefore recursively defined by : ) = Temg ; (fe7)" = o7,

AxTIlis AxII.
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1 is the least subset of A x IT satisfying the conditions :

1. pxme L for every stack n € I1 (stop) ;

2. {xmpell=>ax¢.me Ll forevery¢ e A, mell (abort);

3. Ifatleasttwo outof { x m,p* 7, xwarein L, theny x{eneleme 1L (fork);

4. {xmell =>exhjehjeneeme Il forevery¢,ne AandieN (elimination of constants) ;
5. {xmell > exhjehjeCenem e I forevery {,ne€ Aand i,jeN,i # j (elimination of
constants);

6. Exhpeme L =>xx¢eme L if hy, does not appear in &, (introduction of constants) ;
and also the general axiomatic conditions for B,C,1,K, W, cc, y, ¥’ and the application :

7. ¢xneme Ll = (E)nkme ll (push);

8. ¢xmel =I*{eme L (nooperation);

9. ¢xmell =>Kx¢eneme 1L (delete);

10. {xnenene L =>Wx¢eneme I (copy);

11. {x(eneme 1L = Cxéeneleme L (switch);

12. Ex(M{eme L =>B*éeneleme L (apply);

13. éxKkpeme XL = ccxéem e UL (save the stack) ;

14. {xTeme L = yx&éen’ € 1L (read the end of the stack) ;

15. éx ' € 1= ¥ x1.&em e I (write at the end of the stack).

The property :

Exmell =k, x&e@ € L (restore the stack)

now follows easily from the definition of k.

A term is defined to be proof-like if it contains neither a, p nor any h;.

If £ € PL (the set of proof-like terms), then the process ¢ x 1y does not contain the symbol p ;
thus & x o ¢ L. It follows that the algebra |, is coherent.

Theorem 22. The Boolean algebra ]2 has at most 4 elements.

Let us show that y |- v x2y yjz(xy #0,y#1,xy # y— 1). This means exactly that y realizes
the three formulas (L, L, T — 1), (L, T,L —1)and (T, L1, L — 1), which follows immediately
from rule 3 of the definition of ..

Q.E.D.

If J2 is trivial, everything in the following is also (cf. the remark before theorem 32). There-
fore, we now assume that J2 has 4 elements.

Let ay, a; be the atoms of 12. Then #,, = ap-/ and .4, = a;. N are classes in the rm. A
respectively defined by the formulas x = apx and x = a, x.

We define the binary functional LI in A" as the extension of the functional (x,y) — xuU y
on /. We don't use the symbol U, because it already denotes the union. For instance, we
have J{0} u J{1} = J2 but J{0} U J{1} = {0, 1}.

The identity x = apx U a; x gives a bijection from A" onto ., x M, .

We have 4 < My, M, . Let us show that one of them, say .4, is well founded in 4" and
therefore :

M, = Mg and the class of ordinals On is defined in N .

Lemma 23. The relation (x € y) =1 is well founded.
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We show Y [FVy(Vx({x € y) =1 — F(x)) — F(y)) — VyF(y) for any formula F of ZF,. Let
(IFYy(Vx({x € y) =1 — F(x)) — F(y)). We show, by induction on rk(yp) that Y¢ |- F(yo).
Thus we have (Vx € yp) (Y¢ |- F(x)) i.e. Y¢ |- Vx({(x € yo) =1 — F(x)) and therefore :
&) (Y)¢ I F(yo) by hypothesis on ¢. Hence the result since Y¢ > (&) (Y)<.

Q.E.D.

The relation (x € y) =1 is the product of the relations (apx € apy) = ap and (a1 x € a1y) = @,
respectively defined on ayp.4#" and a;./. Since their product is well founded, one of them
must be.

Remark. If the ground model .4 satisfies V = L, then .#,, = .4 is isomorphic to L%, the class of
constructible sets of A¢.

Execution of processes

Ifagiven process {xmisin L, itis obtained by applying precisely one of the rules of definition
of I : if ¢ is an application, it is rule 7, else ¢ is an instruction and there is one and only one
corresponding rule.

In this way, we get a finite tree, which is the proof that { x 7 € L ; it is linear, except in the
case of rule 3 (instruction y) where there is a triple branch. This tree is called the execution of
the process ¢ * 1.

We can, of course, build this tree for any process ; it may then be infinite.

Computing with the instruction y

Let us consider, in the ground model .#, some functions f; : N¥ — N, satisfying a set of
axioms of the form : (VX ¢€ I\Ik)(to[)'i] =uglXl,..., ty_1[X] = uy—1[X] — t[X] = u[X])
where t;, u; are terms built with the symbols f; and the variables X.
Moreover, one of these axioms concerns a particular function f, and says that f has at most
one zero: (Vx,y e N)(fx] = flyl =0— x=y).
These function symbols are also interpreted in .4 where we have f; : IN¥ — IN and in this
way, we have a set & of realized axioms :
YN (3] = wo[R], .., T (5] = w1 (3] — (3] = ulX])
and in particular :
|- YxNY yIN(Flx] =0, fly]l =0 — x = y).
Now suppose that, with the axioms & and some other axioms realized in .4/, which do not
contain the symbols f;, like for instance :
& + ZF.+ 12 has at most 4 elements + IN is countable + - - -
we can prove Elnint( fIn] = 0). Since all these axioms are realized, we get, by theorem 1, a
proof-like term 0 such that 0 |- ‘v’nim( f[n] #0) — L and 6 may contain the instructions e, x
and, above all, y.
We shall show how 0 allows to compute the (unique) solution rn of the equation f[n] = 0.
Note that we do not assume that the f; (in particular f) are recursive (in fact, it is not even
necessary that their domain or range is N). On the other hand, we may add symbols for all
recursive functions, since they are defined by axiom systems of this form.
Let us add a term constant § and the rule § % nyen € 1L in the definition of L (of course,
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without knowing the actual value of ng). Thus, we have 6 |- v nint( fn] # 0) and therefore
Ox6.1 o€ .

But any process ¢ x 7 € L which does not contain p (but possibly containing ) computes n.
We show this by recurrence on the number of applications of rules for L used to build it :

If this number is 1, the process is 6 x i, « 77. Else, the only non trivial case is when the process
is y * {«n+(«m and when two out of the three processes ¢ x 7,1 x 7,{ x 7 are in 1L (but we
don’t know which). By the recurrence hypothesis, at least two of them will give the integer n
which is therefore determined as the only integer obtained at least two times.

Example : y % (((7)(8) 1) (8) 1) (8) 1y « ((Y) () 12) (8) 1) (8) 1y o () () 1) (§) 1) (B) g o 1.
Remarks.

1. Since f is not supposed recursive, the trivial method to find ny by trying 0,1,2, ... may not be
available. A working algorithm is by proving f[rng] = 0 by equational deduction from &. Both are, in
general, very heavy or totally impracticable. Moral : it is better to use the powerful set theoretical
axioms than only the weak equational ones to get a working program.

2. If f may have several zeroes, we can easily define f’ by a system of equations such that f’ has only
one zero which is the first zero of f, and apply the method to f’. This supposes f to be recursive.

J2 is not (always) trivial

Although this will not be used in the following, it is interesting to show that there is a r.m.
of 2l in which J2 is not trivial and is therefore the 4-elements Boolean algebra.

Lemma 24. If0 |- ‘v’sz(x #0,x #1— 1) then, for any formulas F,G :
0'\FFEG— Fand6' |FFG— G with 0 = AxAy(cAk((0)(k)x)(k)y.

The hypothesis means that6 |- L, T — Land 6 |- T,L — L.

Wehavex:Fy:G,k:7FFkx:L,0)kx:T—L,(0)(k)x)(k)y: L.

It follows that x: Fy:G F (cAAk((0)(k)x)(k)y : F hence the first result.

Wehave x:Fy:G,k:7GFky: L, @) (k)x:L— 1L, (@) (k)x)(k)y:L.

It follows that x: Fy: G F (cc)Ak((0)(k)x)(k)y : G hence the second result.
Q.E.D.

Suppose that, in every r.m. for the r.a. 2y, the Boolean algebra J2 is trivial.

Then the hypothesis of lemma 24 is satisfied for some proof-like term 6.

Choose the formulas F = 3n™(n = 0) and G = 3n™(n = 1). Then, we have Axx0 |- F and
Ax x1 |- G. By lemma 24, it follows that 8” = ((6")Ax x0)Ax x1 |- F and also |- G.

Then, by the algorithm given above, the proof-like term 8” computes simultaneously 0 and 1,
which is a contradiction.

JIN is countable

We define two sets, in the ground model ./ :

H={h;;ieN},H={(h;,hj.m); ieN,r eI}

and also the bijection h : N — H such that h[i] = h; for every i € N.

This bijection extends to the model .4 into a bijection h : JN — JH. Moreover, we have
trivially |-H < JH ; in fact | |- Vx(xd JH — x4 H).
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Lemma 25.
i) ViV jN(hlileH, hljleH, (i = jy #0— i = j).
ii) H is countable.

i) By definition of H, we have ||h[i] & H| = [[{h;} — L]||.
Therefore, it suffices to show that e |- {h;}, {h;}, (i = j) #0,i # j — L.
Lett|-(i=j)#0and u|-i# j. We must show e x hijehjeteuon € I, which follows imme-
diately from the execution rule of e.
ii) Thus we have A = ViV jN(h[ileH,h[jleH,iap = jag — i = j). Now, let i e IN be such
that h[i]eH. Then i is determined by i ay, which is an integer of .#,, and therefore an integer
of A . Since h is one-to-one, the result follows.

Q.E.D.

Define the function symbols pry, pr; :N — Nby:
n=pr;[n]+ %(pro[n] + pr, [n]) (pry[n] + pry[n] + 1) (bijection from N?2 onto N).

Theorem 26.
i) x|+ vy NI Nh[a] eH,v =pr(nl}.
ii) |FIN is countable.

i) LetveN,melland ¢ |- ‘v’n:“\'{v = pr,[n] — h[nld H}. Thus, we have { x h,,«7 € L for all
n € N such that v = pr, [n]. There is an infinity of such 7, so that we can choose one such that
h; does not appear in &, 7. It follows that x x e € L.

ii) Since h:JN — JH is a bijection, we obtain a surjection from H onto IN. It follows from
lemma 25(ii) that A = (N is countable).
Q.E.D.

Theorem 27. A& |= NEPC (the non extensional principle of choice).

This means that for any formula R(x, y) of ZF,, there is a binary relation ®(x, y) such that
IFVYxVyVy (@(x,y),®(x,y) — y=y") (functional relation) ;

IFVxVy(R(x,y) — 3y {R(x,y"),®(x, y")}) (choice).

This does not give the usual principle of choice in the model A% of ZF because, even if R is
compatible with the extensional equivalence =¢, ® is not necessarily so.

By lemma 13, we have |FVxVy(R(x,y)— Ela)mR(x,f[x, ®])) where f is a functional symbol
defined in .. Now, I1is countable in .#, thus JI1is equipotent to JN and therefore countable
by theorem 26. Therefore, we can define ®(x, y) as “y = f[x, @] for the first @ £ JIT such that
R(x, flx,®])".

Q.E.D.

By the results of [14], it follows also that A |= (R is not well orderable).

Note that these results do not really use the instruction y : in the proof of lemma 25(ii), we
could use the canonical ultrafilter on J2 (see [16]) instead of the atom ay. Therefore, they are
valid for any J2.

On the other hand, the following result uses v, i.e. the fact that ]2 is finite :

Theorem 28. A |= the axiom of well ordered choice (WOC) i.e. : The product of a family of
non void sets indexed by a well ordered set is non void.
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This follows immediately from NEPC and the fact that On is isomorphic to a class of A".
Q.E.D.

Remark. In fact, since A satisfies NEPC, it also satisfies the well ordered principle of choice (WOPC).

Theorem 28 has two interesting consequences :

1. There exists a proof-like term Oy oc [ WOC which means that we now have a program
for the axiom WOC, which is a A-term with the instructions v, x, e.

2. This gives a new proof that AC (and even “R is well orderable”) is not a consequence of ZF
+ WOC [8].

5 The algebra2(; and a program for AC (and others)

Lemma 29. Let R(x,y) be a formula of ZF; such that R(ayx, a,y) defines, in A, a functional
from M, into My, or from M, into M,,. Then, this functional has a countable image.

Remember that .4, (i =0, 1) is the class defined by a;x = x.
Suppose, for instance, that R(x, y) defines a functional from .4, into #,, i.e.:
N EVXVYVYY (R(apx, 1), R(apx,ay) — a1y = a1 y").
Applying lemma 13 to the formula —R(ayx, a; y), we obtain :

|- V(Dm—lR(aox, a flapx,®]) = Yy R(apx,a,y)
for some functional f: 4 xI1 — 4 defined in /.
By lemma 7, we have a, flapx, ®] = a; f [a; apx, ®]. Since a; ay = 0, we get :

| Yo =R (apx, a1 f18, @) — V¥ y—R(apx, a1 y).
Now IT is countable (in .#), thus JI1 is equipotent to JN ; therefore JIT is countable (in .4') by
theorem 26. Hence we have, for some surjection g from N onto {f[@,®]; @ €1} :
IV n"t=R(ayx, a1 g(n)) = Vy-R(apx,ary).
Thus, we have |3y R(agx, a1y) — In™R(agx, a,g(n)).
It follows that a, g is a surjection from N onto the image of R.
Q.E.D.

Remark. This shows that .4, and .4, cannot be both well founded : otherwise, their classes of
ordinals would be isomorphic, which is excluded by lemma 29 and theorem 16.
Much more general results are given in [14, 16].

In order to simplify a little, we suppose that the ground model ./ satisfy V = L (this is not
really necessary). The important point is the principle of choice (PC) : there is a bijective
functional between ./ and On.

We denote by Ony, the class of ordinals of .4, which is order isomorphic to the class On of
ordinals of A¢.

Lemma30. A =3XVxIyix=c y,{a1y€ a1 X) = ay}.

For each a in On,,, we can choose, by WOPC, an element W, of the class of sets extension-
ally equivalent to V,. Now, the functional a — a; W, from On,, into .#,, has a countable
image by lemma 29. It follows that there exists a( such that a; Wy, = a; Wy, for an unbounded
class U of a in Ong,.

Now, we have Vx3a{U(a),x € W,} (in any model of ZF, every set belongs to some V) and
therefore Vx3dyda{U(a), x =c y, y€ Wy}. Bylemma 11, it follows that :
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Vx3ydafU(a), x =¢ y,{y € Cl[W,]) = 1}. But, by lemma 7, we have :
ay = a1y € Cl[Wy]) = a1{a1y € a1Clla; W,]) and, by U(a), a1 Wy = a1 Wy,.
Therefore, we have Vx3y3a{U(a), x =c y,ai{a1y € a;Clla1 Wy, ]) = a1}.
Hence the result, with X = Cl[a; Wg,].

Q.E.D.

Theorem 31. There exists a generic extension Nc[G] of Ne which satisfies AC.

LetY ={a;y; {(a1y € a1 X) = a1} : such a set exists in .4 by lemma 12.
By lemma 30, (apx, a1y) — apx U ayy is a surjective functional from .#,, x Y onto the whole
model A¢ of ZF.
Since ./, =V = L, there exists a surjective functional ¥ : OnxY — A¢ and therefore At is
the union of the Z, with a in On where Z, is the image by ¥ of {a} x Y.
Let us consider, for each ordinal a of .A¢, the equivalence relation =, on Y defined by :
y=qy © ¥(a,y) =c ¥(a,)'). These equivalence relations form a set (included in Z( Y2).
Thus, there exist an ordinal @ and for all §, a surjection Sg: Z — Zg with Z = Ug<q, Za-
Finally, using NEPC (non extensional principle of choice) we get a surjective functional from
Onx Z onto A¢ (note that, by definition, Z is a set of A¢).
Let us now make Z countable (or even only well ordered) by means of a generic G on Az ;
then A¢[G] = AC.

Q.E.D.

Take for (C, <) the set of conditions of A% given by theorem 31 and apply the constructions of
section 3. We obtain ar.a. ; and a generic model A¢[G] which satisfies AC by theorem 31.
Therefore, we have A¢ = (11-AC).

Remark. The formula € (u) which defines the forcing must specify that, if 2 is the 2-elements Boolean
algebra, the set of forcing conditions is trivial (for instance a singleton). Indeed, in this case, A = .#y»
is well ordered, therefore A¢ |= AC, and there is no need to extend it.

It follows that |- (1|-AC) and finally |- AC by theorem 20. Hence the :
Theorem 32. There exists a proof-like term ©c of the r.a. Ay such that (Osc, 1) |- AC.

More generally by theorem 21, it follows that for each axiom A of ZFC, there exists a proof-
like term ©4 of the r.a. 2y such that (04, 1) |- A. Note that ©c is the only one which contains
the instructions vy, x, e.

Example of computation with G4¢

Consider a function f : N — 2 such that, in the theory ZF + AC + &, we have a proof of
In'"(f[n] = 0), where & is a set of axioms of the form :

(VX eNF)(£[X] = uglX), .., tn-1[X] = tp_1 [X] — £[X] = ulX])

(cf. section 4, Computing with the instructiony).

We denote by &c the conjunction of the corresponding set, written in the language of A% :
(VX eNF)(1o[X] =¢ uplE],..., tn-1[X] =¢ Up_1[X] — 1[X] =c ulX).

This proof gives a term ® written with the only combinators B, C,|,K, W, cc such that :
F®:ZFCy,Ec — (AneN)(f[n] =< 0)

for some finite conjunction ZFC, of axioms of ZFC.

Therefore, by theorems 1, 21 and 32, we have in ther.a. 2, :

21



(@*Ozrcy, D) - (Ee — @neN)(f[n] =< 0))
(remember that if ¢ € A, we obtain t* replacing C,K, W, cc by C*,K*,W*, cc*).

By theorem 20 applied with F = & — (3n € N)(f[n] =c 0), it follows that :

(X R) (@*)Ozpc, I+ (1 (e — @neN)(f[n] =¢ 0)))-

Since |- is a forcing on A%, and F is arithmetical, we have :

ZF, F (L 8 — @neN)(fln] = 0))) — (& — 3n(f(n] = )

Hence, there is a proof-like term = in the r.a. 2o such that :

E) (YR (@")OzFc, & — In™(fn] = 0).

Now we can apply the algorithm of section 4, Computing with the instructiony.

Programs for other axioms. Consider an axiom A that we can prove consistent with ZFC
by forcing. Let Cy be the set of conditions given by theorem 31 and take for (C, <) the set
of conditions which gives the iterated forcing for A over Cy. Applying the constructions of
section 3, we obtain a r.a. 2(; and a generic model .A¢[G] which satisfies A. It follows that
|- (1-A) and finally |- A by theorem 20.

Theorem 33. For every formula A of the language of ZF which can be proved consistent with
ZFC by forcing, there exists a proof-like term © 4 of the r.a. 2y such that (©4,1) |- F.

Then we can use 0 4 in computations as explained above.

Final remark.

In the introdution, I said we consider the problem of turning proofs in ZFC into programs.
But we must be more precise because this may seem rather easy by means of classical realiz-
ability ; indeed, here is an algorithm to transform a proof in ZFC of an arithmetical formula A
into a program : first, transform it into a proof of ZF - A by restricting its quantifiers to L or
HOD. Then, get a program from this new proof using c.r.

The problem solved in the present article is more difficult and is much more interesting
from the point of view of computer science : consider the program P obtained from a proof
of ZF + (AC — A) and, forgetting this proof, transform directly the program P.

This is more difficult because the program P contains much less information than the proof
which gave it. In fact, the interesting point is that this is possible.

You may compare with the problem of modifying a program, knowing its source code or only
its compiled code. It is well known that the first situation is (very) much easier.
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