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CAHIERS DE TOPOLOGIE ET Volume XLIII-2 (2002)
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

ABOUT THE GLOBULAR HOMOLOGY OF HIGHER
DIMENSIONAL AUTOMATA
by Philippe GAUCHER

RESUME. On introduit un nouveau nerf simplicial d'automate pa-
ralléle dont I'homologie simpliciale décalée de 1 foumit une nou-
velle définition de I'homologie globulaire. Avec cette nouvelle dé-
finition, les inconvénients de la construction d'un article antérieur
de l'auteur disparaissent. De plus les importants morphismes qui as-
socient a tout globe les zones correspondantes de branchements et
de confluences de chemins d'exécution deviennent ici des mor-
phismes d'ensembles simpliciaux.

1 Introduction

One of the contributions of [11] is the introduction of two homology theo-
ries as a starting point for studying branchings and mergings in higher di-
mensional automata (HDA) from an homological point of view. However
these homology theories had an important drawback : roughly speaking,
they were not invariant by subdivisions of the observation. Later in [9], us-
ing a model of concurrency by strict globular w-categories borrowed from
[19], two new homology theories are introduced : the negative and positive
corner homology theories H~ and H*, also called the branching and the
merging homologies. It is proved in [8] that they overcome the drawback of
Goubault’s homology theories.

Another idea of [9] is the construction of a diagram of abelian groups
like in Figure 1, where H¢ is a new homology theory called the globular
homology.

Geometrically, the non-trivial cycles of the globular homology must cor-
respond to the oriented empty globes of C, and the non-trivial cycles of
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the branching (resp. the merging) homology theory must correspond to the
branching (resp. merging) areas of execution paths. And the morphisms A~
and h* must associate to any globe its corresponding branching area and
merging area of execution paths. Many potential applications in computer
science of these morphisms are put forward in [9].

Globular homology was therefore created in order to fulfill two condi-
tions :

o Globular homology must take place in a diagram of abelian groups
like in Figure 1. And the geometric meaning of A~ and At must be
exactly as above described.

e Globular homology must be an invariant of HDA with respect to rea-
sonable deformations of HDA, that is of the corresponding w-category.

What is a reasonable deformation of HDA was not yet very clear in [9].
This question is discussed with much more details in [10].

The old globular homology (i.e. the construction exposed in [9]) satis-
fied the first condition, and the second one was supposed to be satisfied by
definition (cf. Definition 8.2 of two homotopic w-categories in [9]), even if
some problems were already mentioned, particularly the non-vanishing of
the “old” globular homology of I3, and more generally of I™ for any n > 1
in strictly positive dimension.

This latter problem is disturbing because the n-cube I™ (i.e. the cor-
responding automaton which consists of n 1-transitions carried out at the
same time) can be deformed by crushing all the p-faces with p > 1 into an
w-category which has only 0-morphisms and 1-morphisms and because the
globular homology is supposed to be an invariant by such deformations. The
philosophy exposed in [10] tells us similar things : using S-deformations
and T-deformations, the n-cube and the oriented line must be the same up to
homotopy, and therefore must have the same globular homology.

The non-vanishing of the second globular homology group of I® (see
Figure 2(c)) is due for instance to the 2-dimensional globular cycle

(R(—00) ¢ R(0 + +)) *; (R(=0—) %o R(0 + 0))
— (R(—00) %o R(0 + +)) — (R(=0-) %o R(0 + 0))
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B (c)

H=(C) H*(C)
Figure 1: Associating to any globe its two corners

It is the reason why it was suggested in [9] to add the relation A ¥, B =
A + B at least to the 2-dimensional stage of the old globular complex.

But there is then no reason not to add the same relation in the rest of the
definition of the old globular complex. For example, if we take the quotient
of the old globular complex by the relation A x; B = A + B for any pair
(A, B) of 2-morphisms, then the w-category defined as the free w-category
generated by the globular set generated by two 3-morphisms A and B such
that ¢; A = s, B gives rise to a 3-dimensional globular cycle A*x; B— A — B
because sp(A ¥; B — A — B) = s9A %1 3B — s5A — s9B = 0 and t2(A *;
B—A—B) = tyAx;teB —tyA—1t, B = 0. So putting the relation A *; B —
A — B = 0 in the old globular complex for any pair of morphisms (A, B)
of the same dimension sounds necessary. Similar considerations starting
from the calculation of the (n — 1)-th globular homology group of I™ entail
the relations A *, B — A — B for any n > 1 and for any pair (A, B) of
p-morphisms with p > n + 1 in the old globular chain complex.

The formal globular homology of Definition 9.3 is exactly equal to the
quotient of the old globular complex by these missing relations. It is con-
jectured (see conjecture 9.5) that this homology theory will coincide for free
w-categories generated by semi-cubical sets with the homology theory of
Definition 5.2, this latter being the simplicial homology of the globular sim-
plicial nerve A'¢ shifted by one.

We claim that Definition 5.1 (and its simplicial homology shifted by one)
cancels the drawback of the old globular homology at least for the following
reasons :

o It is noticed in [9] that both corner homologies come from the simpli-
cial homology of two augmented simplicial nerves N~ and V't ; there
exists one and only natural transformation h~ (resp. h*) from N/ 9 to
N~ (resp. N't) preserving the interior labeling (Theorem 6.1).
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/1N o

aa———>f (o1)

N o\

(2) 3 (1)

(a) Compo- (b) The w-category
sition of two A2
2-morphims

SN TR AN
NN

(c) The w-category I®

Figure 2: Some w-categories (a k-fold arrow symbolizes a k-morphism)
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e In homology, A~ and h* induce two natural linear maps from H?' to
resp. H; and H; which do exactly what we want.

e The globular homology (formal or not) of I"™ vanishes in strictly pos-
itive dimension for any n > 0. The globular homology of A™ (the
n-simplex) and of 2,, (the free w-category generated by one n-dimen-
sional morphism) as well.

e Using Theorem 9.7 explaining the exact mathematical link between
the old construction and the new one, one sees that one does not lose
the possible applications in computer science pointed out in [9].

e The new globular homology, as well as the new globular cut are invari-
ant by S-deformations, that is intuitively by contraction and dilatation
of homotopies between execution paths. We will see however that it is
not invariant by T-deformations, that is by subdivision of the time, as
the old definition and this problem will be a little bit discussed.

This paper is two-fold. The first part introduces the new material. The
second part justifies the new definition of the globular homology.

After Section 2 which recalls some conventions and some elementary
facts about strict globular w-categories (non-contracting or not) and about
simplicial sets, the setting of simplicial cuts of non-contracting w-categories
and that of regular cuts are introduced. The first notion allows to enclose
the new globular nerve of this paper and both corner nerves in one unique
formalism. The notion of regular cuts gives an axiomatic framework for the
generalization of the notion of negative and positive folding operators of [8].
Section 4 is an illustration of the previous new notions on the case of corner
nerves. In the same section, some non-trivial facts about negative folding
operators are recalled. Section 5 provides the definition of the globular nerve
of a non-contracting w-category.

The organization of the rest of the paper follows the preceding expla-
nations. First in Section 6, the morphisms A~ and h* are constructed. Sec-
tion 7 proves that the globular cut is regular. In particular, we get the globular
folding operators. Section 8 proves the vanishing of the globular homology
of the n-cube, the n-simplex and the free w-category generated by one n-
morphism. At last Section 9 makes explicit the exact relation between the
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new globular homology and the old one. Section 10 speculates about defor-
mations of w-categories considered as a model of HDA and the construction
of the bisimplicial set of [10] is detailed.

2 Conventions and notations

2.1 Globular w-category and cubical set

For us, an w-category will be a strict globular w-category with morphisms of
finite dimension. More precisely (see [3] [23] [22] for more details) :

Definition 2.1. A 1-category is a pair (A, (*, s,t)) satisfying the following
axioms:

1. Aisa set

2. s and t are set maps from A to A respectively called the source map
and the target map

3. forz,y € A, x *vy is defined as soon as tx = sy
4. % (y*z) = (z *y) * z as soon as both members of the equality exist

5. scxx =z *tx =z, s(xzxy) = sz and t(z * y) = ty (this implies
ssT = sz and ttx = tx).

Definition 2.2. A 2-category is a triple (A, (*o, So, to), (*1, S1,t1)) such that
1. both pairs (A, (o, So, to)) and (A, (*1, 81,t1)) are 1-categories

2. 8081 = Sotl = Sp, toSl = totl = to, andfori 2 j, 8i8; = tiSj = 85
and s;t; = t;t; = t; (Globular axioms)

3. (zxoy)*1 (2%0t) = (z % 2) %o (y*1t) (Godement axiom or interchange
law)

4. ifi # j, then si(x *; y) = ;T *;j s,y and t;(z *; y) = 4;T *; ty.
Definition 2.3. A globular w-category C is a set A together with a family

(*'ﬂ’ Sn, tn)n;ﬂ SuCh that
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1. foranyn = 0, (A, (*n, Sn,tn)) is a 1-category

2. for any m,n = 0 withm < n, (A, (*m, Sm, tm), (*n, Sn,tn)) is a 2-
category

3. for any x € A, there exists n > 0 such that s,z = t,x = z (the
smallest of these n is called the dimension of ).

A n-dimensional element of C is called a n-morphism. A 0-morphism
is also called a state of C, and a 1-morphism an arrow. If z is a morphism
of an w-category C, we call s,(z) = d, (z) the n-source of z and t,(z) =
d (z) the n-target of z. The category of all w-categories (with the obvious
morphisms) is denoted by wCat. The corresponding morphisms are called
w-functors. The set of morphisms of C of dimension at most n is denoted by
tr"C ; the set of morphisms of C of dimension exactly n is denoted by C,,.

Sometime we will use the terminology initial state (resp. final state) for
a state « which is not the 0-target (resp. the 0-source) of a 1-morphism.

Definition 2.4. [4] [13] A cubical set consists of

e a family of sets (Kpn)n>0

0%
o afamily of face maps K,—~K,_, fora € {—,+}

e a family of degeneracy maps K,_—~K, with1 <i < n
which satisfy the following relations

1. agajf? = Bf_lﬁf‘for ali<j<nanda,B € {—,+}

2. €igj =€j€ foralli<j<n

3. 0% =¢€j_107 fori < j<nand o € {—,+}
4. Ofe¢; = €0 fori>j<nanda € {—,+}
5. 0% =1d

A family (K, )n>0 only equipped with a family of face maps 02 satisfying the
same axiom as above is called a semi-cubical set.
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Definition 2.5. The corresponding category of cubical sets, with an obvi-
ous definition of its morphisms, is isomorphic to the category of presheaves
SetsS” over a small category 0. The corresponding category of semi-
cubical sets , with an obvious definition of its morphisms, is isomorphic to
the category of presheaves Sets2™ ™" over a small category [1°¢™,

In a simplicial set, the face maps are always denoted by 0;, the degener-
acy maps by ¢;. Here are the other conventions about simplicial sets (see for
example [17] for further information) :

1. Sets : category of sets

2. Sets®” : category of simplicial sets

3. Comp(Ab) : category of chain complexes of abelian groups
4. C(A) : unnormalized chain complex of the simplicial set A
5. H,(A) : simplicial homology of a simplicial set A

6. Ab : category of abelian groups
7. Id : identity map
8. ZS : free abelian group generated by the set S

HDA means higher dimensional automaton. In this paper, this is another
term for semi-cubical set, or the corresponding free w-category generated by
it.

Various homology theories (see the diagram of Theorem 9.7) will ap-
pear in this paper. It is helpful for the reader to keep in mind that the total
homology of a semi-cubical set is used nowhere in this work.

2.2 Non-contracting w-category

Let C be an w-category. We want to define an w-category PC (IP for path)
obtained from C by removing the 0-morphisms, by considering the 1-mor-
phisms of C as the 0-morphisms of PC, the 2-morphisms of C as the 1-
morphisms of PC etc. with an obvious definition of the source and target
maps and of the composition laws (this new w-category is denoted by C[1]
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in [10]). The map IP : C — PC does not induce a functor from wClat to itself
because w-functors can contract 1-morphisms and because with our conven-
tions, a 1-source or a 1-target can be 0-dimensional. Hence the following
definition

Proposition and definition 2.6. For a globular w-category C, the following
assertions are equivalent :

(i) PC is an w-category ; in other terms, *;, s; and t; for any i > 1 are
. PC _ ,C LPC_ .C PC _ ,C
internal to PC and we can set x;~ = 1, ;= = *;,, and ;= = %

foranyt: > 0.

(ii) The maps s, and t, are non-contracting, that is if x is of strictly posi-
tive dimension, then s,z and t,z are 1-dimensional (a priori, one can
only say that s,z and t,x are of dimension lower or equal than 1)

If Condition (ii) is satisfied, then one says that s, and t, are non-contracting
and that C is non-contracting.

Proof. Suppose s; and ¢; non-contracting. Let z and y be two morphisms
of strictly positive dimension and p > 1. Then s;s,& = s,z therefore s,z
cannot be 0-dimensional. If z *, y then s1(z %, y) = syz if p = 1 and if
p > 1 for two different reasons. Therefore x %, y cannot be 0-dimensional
assoonasp > 1. O

Definition 2.7. Let f be an w-functor from C to D. The morphism f is
non-contracting if for any 1-dimensional x € C, the morphism f(x) is a 1-
dimensional morphism of D (a priori, f(z) could be either 0-dimensional or
1-dimensional).

Definition 2.8. The category of non-contracting w-categories with the non-
contracting w-functors is denoted by wClat,.

Notice that in [9], the word “non-1-contracting” is used instead of sim-
ply “non-contracting”. Since [10], the philosophy behind the idea of de-
forming the w-categories viewed as models of HDA is better understood. In
particular, the idea of not contracting the morphisms is relevant only for 1-
dimensional morphisms. So the “1” in “non-1-contracting” is not anymore
necessary.
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Definition 2.9. Let C be a non-contracting w-category. Then the w-category
PC above defined is called the path w-category of C. The map C — PC
induces a functor from wCat; to wCat.

Here is a fundamental example of non-contracting w-category. Consider

a semi-cubical set K and consider the free w-category II(K) := [*C K,,.I"
generated by it where

e J™ is the free w-category generated by the faces of the n-cube, whose
construction is recalled in Section 4.

o the integral sign denotes the coend construction and K,,.I" means the
sum of “cardinal of K,,” copies of I™ (cf. [15] for instance).

Then one has

Proposition 2.10. For any semi-cubical set K, I1(K) is a non-contracting
w-category. The functorI1 : Sets=**™ " 5 wCat from the category of semi-

cubical sets to that of w-categories yields a functor from Sets? ™ 1o the
category of non-contracting w-categories wCat;.
Proof. The characterization of Proposition 2.6 gives the solution. (]

3 Cut of globular higher dimensional categories

Before introducing the globular nerve of an w-category, let us introduce the
formalism of regular simplicial cuts of w-categories. The notion of simpli-
cial cuts enables us to put together in the same framework both corner nerves
constructed in [9, 8] and the new globular nerve of Section 5. The notion of
regular cuts enables to generalize the notion of negative (resp. positive) fold-
ing operators associated to the branching (resp. merging) nerve (cf. [8]). Itis
also an attempt to finding a way of characterizing these three nerves. There
are no much more things known about this problem.

Definition 3.1. [5] An augmented simplicial set is a simplicial set

((Xn)nz0, (Gi : Xny1 — Xn)ogign+1, (€ 1 X — Xni1)ogign)
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together with an additional set X_, and an additional map 0_, from X, to
X_1 such that 0_10¢ = 0-10:. A morphism of augmented simplicial set is a
map of N-graded sets which commutes with all face and degeneracy maps.
We denote by Setsi™ the category of augmented simplicial sets.

The “chain complex” functor of an augmented simplicial set X is de-
fined by C,,(X) = ZX,, for n > —1 endowed with the simplicial differential
map (denoted by 9) in positive dimension and the map d_; from Cy(X) to
C_1(X). The “simplicial homology” functor H, from the category of aug-
mented simplicial sets Sets2™ to the category of abelian groups Ab is de-
fined as the usual one for * > 1 and by setting Ho(X) = Ker(9-1)/Im(0—
01) and H_1(X) = ZX_,/Im(0-,) whenever X is an augmented simplicial
set.

Definition 3.2. A (simplicial) cut is a functor F : wCat; — Sets{” to-
gether with a family ev = (e )n30 of natural transformations ev,, : F;, —
tr"P where F,, is the set of n-simplexes of F. A morphism of cuts from
(F,e) to (G, ) is a natural transformation of functors ¢ from F to G which
makes the following diagram commutative for anyn > 0 :

f‘n “&)t'f'n]}?

o A

Gn

The terminology of “cuts” is borrowed from [21]. It will be explained
later : cf. the explanations around Figure 3 and also Section 10.

There is no ambiguity to denote all ev,, by the same notation ev in the
sequel. The map ev of N-graded sets is called the evaluation map and a cut
(F, ) will be always denoted by F.

If F is a functor from wCat; to Sets?™, let CZ,,(C) := C,(F(C)) and
let HY, 41 be the corresponding homology theory forn > —1.

Let M7 : wCat, — Ab be the functor defined as follows : the group
M7 (C) is the subgroup generated by the elements z € F,_;(C) such that
e(x) € tr"~?PC for n > 2 and with the convention M (C) = M{ (C) =0
and the definition of M; is obvious on non-contracting w-functors. The
elements of M7 (C) are called thin.
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Let CRZ : wCat; — Comp(Ab) be the functor defined by CR? :=
CI /(M + 0MZ,,) and endowed with the differential map 8. This chain
complex is called the reduced complex associated to the cut F and the corre-
sponding homology is denoted by HR7 and is called the reduced homology
associated to F. A morphism of cuts from F to G yields natural morphisms
from H7 to HY and from HRY to HRY. There is also a canonical natural
transformation R” from HY to HRZ, functorial with respect to F, that is
making the following diagram commutative :

HF -®. HRF

L

HYS —E- HRS

Definition 3.3. A cut F is regular if and only if it satisfies the following
properties :

1. For any w-category C, the set F_,(C) only depends on tr°C = C, : i.e.
for any w-categories C and D, Cy = Dy implies F_1(C) = F_1(D).

2. Fp:=tr'P.
3. ewoe =ev.

4. for any natural transformation of functors p from F,_, to F, with
n > 1, and for any natural map O from tr" ‘P to F,_, such that
evold = Idn-1p, there exists one and only one natural transformation
w.0 from tr"P to F,, such that the following diagram commutes

Idipnp

a N
P —= Fa 2 P

J

O W
1P ——= Fp_y — > 1P

\_/

Idtrn—lr

where 1, is the canonical inclusion functor from tr"~'P to tr"P.
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5. letOF = Idg, and Df = €n_y....€0.07 a natural transformation
from tr" P to F,_, for n > 2 ; then the natural transformations
8:0Z for 0 < i < n— 1 from tr" P to F,_, satisfy the following
properties

(a) {@8,_207, 00,107} = {sn_1,tn1}.

(b) if for some w-category C and some u € C,, ew8;(37 (u) = d%u for
some p < n and for some o € {—,+}, then 3;(0] = 9,007 d2.

6. Let ®F := O o e be a natural transformation from F,_; to itself;
then ® induces the identity natural transformation on CR.

7. if z, y and z are three elements of F,(C), and if ev(z) *, ev(y) = ev(2)
for some 1 < p < n, thenz +y = zin CRZ,|(C) and in a functorial
way.

If F is a regular cut, then the natural transformation ®7 is called the n-
dimensional folding operator of the cut F. By convention, one sets 0 =
Idr_, and ®f = Idr_,. There is no ambiguity to set &% (z) := &7, (z) for
x € F(C) for some w-category C. So & defines a natural transformation,
and even a morphism of cuts, from F to itself. However beware of the fact
that there is really an ambiguity in the notation 0% : so this latter will not
be used.

Condition 3 tells us that the ¢; operations are really degeneracy maps.
Condition 4 ensures the existence and the uniqueness of the folding operator
associated to the cut.

Condition 5 tells us several things. A priori, a natural transformation
like 8,007 from tr™~'P to tr"*P is necessarily of the form dS for some
p < n — 1 and for some a € {—,+}. Indeed consider the free w-category
2,,(A) generated by some n-morphism A. Then @d;0Z (A) € 2,(A) and
therefore evd;(1} (A) = dZ(A) for some p and some . By naturality, this
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implies that evd;(1; = d2. If 0 < ¢ < n — 2, then

ewd 0 = w07 d?_, for some 8 € {—, +}
=07 i,_1d>_,
= ewden_o07_,d®_, by construction of 07
= we,_30,07_,d°_,
=07 d°_, by rule 3
= dz‘,"dg~1 forsomep < n — 2

= dg
Therefore 8,017 is thin. Now if n — 2 <4 < n — 1, then

wd 0 = w07 d?_, for some 8 € {—, +}
= @d 07 i,_1d>_,
= edie,_o07_d°_| by construction of (17
= an}-—ldg—l

=d’_, by construction of 007

Therefore {edp o0}, 8,107} C {sn_1,ts—1} always holds. Condi-
tion 5 states more precisely that these latter sets are actually equal. In other
terms, the operator (I concentrates the “weight” on the faces 9,_,[J7 and
Bn_l[]f.

Condition 6 explains the link between the thin elements of the cut and
the folding operators. Intuitively, the folding operators move the labeling of
the elements of the cuts in a canonical position without changing the total
sum on the source and target sides. What is exactly this canonical position
is precisely described by Proposition 3.5. Conditions 5 and 7 ensure that by
moving the labeling of an element, we stay in the same equivalence class
modulo thin elements.

Now here are some trivial remarks about regular cuts :

e Let f be a natural set map from tr°PC = C; to itself. Let 2; be the w-
category generated by one 1-morphism A. Then necessarily f(A4) = A
and therefore f = Id. So the above axioms imply that evy = Id.
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e The map &7 induces the identity natural transformation on HR? .

e For any n > 1, there exists non-thin elements z in F,,_;(C) as soon
as C, # 0. Indeed, if u € Cpn, @ O (u) = u, therefore 007 (u) is a
non-thin element of F,,_;(C).

We end this section by some general facts about regular cuts.

Proposition 3.4. Let f be a morphism of cuts from F to G. Suppose that F
and G are regular. Then ®9 o f = f o ®” as natural transformation from F
to G. In other terms, the following diagram is commutative :

F-L-g

Al
F-L-g
Proof. Let n > 0 and let P(n) be the property : “for any w-category C and
any z € tr"PC, then 007, (z) = 0Y,,z.

One has ®7 := Idx,, ®Y := Idg, and necessarily f, = Id by definition
of a morphism of cuts. Therefore P(0) holds. Now suppose P(n) proved for
some n > 0. One has e f07, = @07, = Idyn+1p since f is a morphism
of cuts and

0L gins1 = Flen. 0L, inn

= fe;, 07, by definition of €,.007
= 6,051 since f morphism of simplicial sets
=09, by induction hypothesis

Therefore the natural transformation fO17,, from tr"*'P to G,41 can be
identified with ¢,.00¢,; which is precisely O0Y.,. Therefore P(n + 1) is
proved.

Atlast, if z € F,(C), then

®9f(z) =Y, e f(x) by definition of folding operators
=09 11@(z) since f preserves the evaluation map
= fO7, ,ev(z) since P(n) holds
= f®% (z) by definition of folding operators
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Proposition 3.5. If u is a (n + 1)-morphism of C withn > 1, then 07, u is
an homotopy within the simplicial set F(C) between 007, s,u and OZ t,,u.

Proof. The natural map ev 8;007,, for 0 < ¢ < n from tr"P to tr"~'P
is of the form d7i for m; < n with m; < n——lforO <1< n-2
and {euan 1Dn+1,w3 Dn+1} = {sn,ta}. Therefore for 0 < i < n — 2,
o0, = BDn_Hsn = 0,007, ,t, by rule 5b of Definition 3.3. And by
construction of 07, one obtains &7, = €,20,0% s, = €n_28,07 ¢,

O

Corollary 3.6. If z € CRZ,(C), then 0z = 80,z = Of spz — O tnx
in CRZ (C). In other terms, the differential map from CRZ_,(C) to CR} (C)
withn > 1 is induced by the map s, — t,.

4 The cuts of branching and merging nerves

We see now that the corner nerves A" defined in [9] are two examples of
regular cuts with the correspondence [17 := [N, &7 .= @V, H7 := HA",
HR? := HRY" and e(z) = 2(0gim(z))-

Let us first recall the construction of the free w-category I™ generated by
the faces of the n-cube. The faces of the n-cube are labeled by the words of
length 7 in the alphabet {—, 0, +}, one word corresponding to the barycenter
of one face. We take the convention that 00. . .0 (n times) =: 0,, corresponds
to its interior and that —,, (resp. +,) corresponds to its initial state — —- - - —

(n times) (resp. to its final state + + --- + (n times)). If = is a face of
the n-cube, let R(z) be the set of faces of z. If X is a set of faces, then
let R(X) = U,cx R(z). Notice that R(X UY) = R(X) U R(Y') and that
R({z}) = R(z). Then I" is the free w-category generated by the R(x) with
the rules

1. For z p-dimensional with p > 1,

Sp-1 (R(z)) = R(sz)

and
tp-1(R(z)) = R(t,)

where s, and t, are the sets of faces defined below.
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2. If X and Y are two elements of I™ such that ¢,(X) = s,(Y") for some
p,then X UY belongsto ["and X UY = X %, Y.

The set s, is the set of subfaces of the faces obtained by replacing the
i-th zero of x by (—), and the set t, is the set of subfaces of the faces
obtained by replacing the i-th zero of z by (—)*!. For example, sgi00 =
{-+00, 0++0, 0+0-} and g 490 = {++00, 0+-0, 0+0+}. Figure 2(c) represents
the free w-category generated by the 3-cube.

The branching and merging nerves are dual from each other. We set

wC’at(I"“,C)" = {ZL‘ € wC‘at(I”“,C), dg(u) = Mn+1
and dim(u) = 1 = dim(z(u)) = 1}

where n € {—, +} and where 7,4, is the initial state (resp. final state) of
I"*lif p = — (resp. 7 = +). For all (¢,n) such that 0 < i < n, the face
maps 8; from wCat(I"*!,C)" to wCat(I™,C)" are the arrows 9}, defined
by

8;’+1 (ﬂ?)(kl e kn+1) = J/'(kl e [77]1;+1 ‘e kn+1)

and the degeneracy maps ¢; from wCat(I™,C)" to wCat(I™!,C)" are the
arrows I'7,; defined by setting

F:(iﬂ)(k}l e kn) = .’E(k’l e max(ki, ki+1) ce kn)
TH(z)(ky.. kn) :=z(ky ... min(k;, kiy1) - . . kn)

with the order — < 0 < +.

Proposition and definition 4.1. [9] Let C be an w-category. The N-graded
set N(C) together with the convention N, (C) = Cy, endowed with the
maps 0; and €; above defined with moreover 0_, = sy (resp. 0-1 = to) if
n = — (resp. 1 = +) and with ev(z) = z(0,,) for z € wCat(I™,C) is a
simplicial cut. It is called the n-corner simplicial nerve N of C.

Set Hy,,(C) := Hp(N7"(C)) forn > —1. These homology theories
are called branching and merging homology respectively and are exactly the
same homology theories as that defined in [9] and studied in [8].

And we have
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Theorem 4.2. [8] The simplicial cut N is regular. The associated folding
operator V" coincides with the operator (7, defined in [8]. And therefore
the associated homology theory HR{LV " coincide with the reduced corner ho-
mology HR] defined in [8].

It is useful for the sequel to remind some important properties of the
folding operators associated to corner nerves.

Theorem 4.3. [8] Let C be an w-category. Let x be an element of N, (C).
Then the following two conditions are equivalent :

1. the equality x = O (z) holds

2. for 1 < 1 < n, one has @0z = 8} z(0,) is 0-dimensional and for
1<i<n—2onehaso;z € Im(l,_,...T7).

1

Another operator coming from [8] which matters for this paper is the
operator ;.

Definition 4.4. Let z € N, (C) for some C such that forany1 < j < n+1,
6]*:1: is 0-dimensional. Then x is called a negative element of the branching
nerve.

Theorem 4.5. Let n > 2. There exists natural transformations
0r,...,0,_4

from N to itself satisfying the following properties :

1. If z is a negative element of N7 (C), then foranyl < i <n—1,0;z
is a negative element as well.

2. If z is a negative element of N7 (C), then for any 1 < i < n— 1, there
exists a thin negative element y; of N ,(C) such that 0"y; — z is a
linear combination of thin negative elements.

3. There exists a composite of 07, . . ., 0, _, which coincides with the neg-
ative folding operators on negative elements of N .
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Sketch of proof. Consider the 67, ...,60,_; of [8]. One has

07,07 ifj < i
to- = i~1%7
% 6 { 0,707 ifj >i+2
0767 = "¢ oF
81120; = vw:— ait—z

where, for the last formula, *13 are other operators which is not important
to explicitly define here : the only important thing is that 8; ;" remains 0-
dimensional if the argument is 0-dimensional. Hence property 1. As for
property 2, it is enough to check it for ¢ = 1. And in this case, y is a thin
4-cube satisfying

&y ="y, 10z
OFy=T505z

0Fy = €3(T'7 85 Oy = +1 €205 85 7)
Ofy= "YiT;05z

Once again, we refer to [8] for the precise definition of the operators involved
in the above formulas. The only thing that matters here is the dimension of
o y.

By [8], we know that = = © o ¥ when O is a composite of §;” and such
that for = negative, Vx = z. Hence property 3. O

The graded set (wCat(I™,C))nz0 endowed with the operations 85 above
defined and by the maps €;(z) (ki ... kn41) = z(k1...ki...kny) for z €
wCat(I™,C) and 1 < 72 < n + 1 is a cubical set and is usually known as
the cubical singular nerve of C [4]. The use of the same notation ¢; for the
degeneracy maps of the cubical singular nerve and the degeneracy maps of
the three simplicial nerves appearing in this paper is very confusing. Fortu-
nately, we will not need the degeneracy maps of the cubical singular nerve
in this work except for Theorem 4.5 right above.
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5 The globular cut

The most direct way of constructing a cut of w-categories consists of using
the composite of both functors P : C + PC and N where A is the simplicial
nerve functor defined by Street !.

Let us start this section by recalling the construction of the free w-catego-
ry A™ generated by the faces of the n-simplex. The faces of the n-simplex
are labeled by the strictly increasing sequences of elements of {0,1,...,n}.
The length of a sequence is equal to the dimension of the corresponding
face plus one. If z is a face of the n-simplex, its subfaces are all increasing
sequences of {0,1,...,n} included in z. If z is a face of the n-simplex,
let R(z) be the set of faces of z. If X is a set of faces, then let R(X) =
U.ex B(z). Notice that R(X UY) = R(X) U R(Y') and that R({z}) =
R(z). Then A™ is the free w-category generated by the R(z) with the rules

1. For z p-dimensional withp > 1,

sp-1(R(z)) = R(sz)
and
tp-1(R(z)) = R(ts)

where s; and t; are the sets of faces defined below.

2. If X and Y are two elements of A™ such that ¢,(X) = s,(Y) for some
p,then X UY belongsto A"and X UY = X %, Y.

where s, (resp. t;) is the set of subfaces of z obtained by removing one
element in odd position (resp. in even position). For instance, S(o4s89) =
{(4589), (0489), (0458) } and t(oas89)y = {(0589), (0459)}.

Sometimes we will write (for instance) (0 < 4 < 5 < 8 < 9) instead of
simply (04589). Figure 2(b) gives the example of the 2-simplex.

Let z € wCat(A™,C). Then consider the labeling of the faces of respec-
tively A™*! and A"~ defined by :

o ¢;(z)(0g < <0oy)=xz(00 < <Op_1 <Op—1<---<o,—1)
if ox_1 < 7and o > 1.

10f course, the functor A can be viewed as a functor from wCat; to Setsﬁap, but a
“good” cut should not be extendable to a functor from wCat to Sets{” .
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e z(0g < < Op1 <i<Opp1— 1<+ <o—1)ifog_1 <4,
or =tand og41 > 1+ 1.

e (g < - < 01 KT < Opg2— 1 < -+ <0, = 1) if 051 < 4,
ok=iandak+1=i+1.

and
0;(z)(og < ++- < 05) =x(0g < -+ < 01 <o,;+1<--~<as+1)

where 0,...,0s = iand ;1 < 1.

It can be checked that ¢;(z) (resp. 0;(z)) are w-functors from A™*! (resp.
A™ 1) to C [23]. By construction, the map [n] — A" induces then a functor
from the well-known category A whose associated presheaves are the sim-
plicial sets to wCat. Therefore N'(C) = (wCat(A*,C), 8;, €;) is a simplicial
set which is called the simplicial nerve of C.

Definition 5.1. The globular cut N'% (or the globular nerve) is the functor
from wCat, to Setsy” defined by N9 (C) = wCat(A"™,PC) forn > 0 and
with N- _g_ll (C) = Cy x Co, and endowed with the augmentation map 0_, from
NE(C) = C 1o N%(C) = Co x Cq defined by d_ 1z = (soz,toz). The
evaluation map ev is defined by ev(z) = z((0...n)) for x € wCat(A",PC).
The homology theory HS' := HN®' is called the globular homology and
HRY := HRY * the reduced globular homology.

Geometrically, the elements of N (C) are full (n + 1)-globes. Figure 3
depicts a 2-simplex in the globular nerve. The simplexes seen by the globular
cut are intuitively transverse to the execution paths, as well as those of corner
nerves. Hence the terminology of cuts.

Here is now the new definition of the globular homology of a globular
w-category C :

Definition 5.2. Let C be a non-contracting w-category. We set
HY,1(C) = Ha(NP(C))

forn > —1 and this homology theory is called the globular homology of C.
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(on
a12)

Figure 3: Globular 2-simplex

6 Associating to any globe its corners

The purpose of the rest of the paper is to justify that Definition 5.2 is the right
definition. This is not a mathematical statement of course ! We follow the
order of the remarks at the very end of Section 1 which explain what kind of
conditions the globular homology must fulfill. So we have first to construct
h~ and h* and we must verify that geometrically, in homology, A~ and h™*
do what we expect to find. In fact, we refer to [10] for intuitive explanations
of h~ and h*. We only recall here Figure 4 as an illustration and care only
about the construction of A™.

Theorem 6.1. Let oo € {—, +}. There exists one and only one morphism of
cuts h® from N9 to N'®. Moreover, for any non-contracting w-category C,
both morphisms h® from N'9'(C) to N*(C) are injective.

The rest of the section is devoted to the proof of Theorem 6.1. The
following sequence of propositions establishes the existence of A~. The term
cub” denotes the set of faces of the n-cube, as described in Section 4.

We briefly recall how filling shells in the cubical singular nerve. This
technical tool already appears in [4] for w-groupoids and in [1] for w-cate-
gories. A particular case can be found in [9].

Definition 6.2. A n-shell in the cubical singular nerve is a family of 2(n+1)
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(a) A 2-globular

simplex X
tou tou
YA A4 LN
—_— > tou >
DV Z RN \w\/

tou

(b) The 2-simplex h~ (X)

Figure 4: Illustration of A~
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elements xF¥ of wCat(I",C)~ such that 8;‘:::? = 6?_1:::? forl <1< j <
n+landa,p € {—,+}.

If xf is an-shell, then it induces a labeling = on the set of faces of dimen-
sion at most n of the (n + 1)-cube in the following manner : let k; . . . ky 41
be a face of dimension at most n ; then there exists ¢ such that k; # 0 ; then

letz(ky ... knt1) :=zi(ky ... la .+ . kn+1). The axiom satisfied by an n-shell
ensures the coherence of the definition.

Proposition and definition 6.3. Let z be an (n — 1)-shell withn > 1

. The labeling of the faces of dimension at most (n — 1) of I" defined by
z¥ always induces an w-functor and only one from I"\{R(0,)} to C.
Denote itby x.

o The n-shell (z) is said fillable if there exists a morphism u of C such
that sp_1u = z ($,—1R(0,)) and t,_1u = z (t,_1 R(0,)). In this case,
there exists a unique w-functor x from I"™ to C such that 8?::6 = a:f for
1< i< nandz(0,) = u.

Proof. Using the freeness of 1", the construction in the proof of [9] Proposi-
tion 5.1 yields the w-functor = from I™"\{ R(0,) } to C. The hypotheses stated
in [9] were too strong indeed. If moreover the shell is fillable in the above
sense, one concludes still as in the proof of [9] Proposition 5.1. O

Now we can construct h~.

Theorem 6.4. Let x be an n-simplex of the globular simplicial nerve of C.
Then the map h; (z) from cub™** to C defined by

1. + € {ky...kns1} implies hy (z)(ky ... kny1) = toz((0)) (notice that
(0) is the ﬁnal state of A")

2. {k]_, ey kn+1} C {—, 0} and
{kla ey kn+1} n {0} = {k00+17 sy ko'r—f-l}
with og < -+ - < o, implies h;, (z)(ky ... knt1) = z((00 . . . 0/))

3. hy(z)(—n+1) = sox((n)) (notice that (n) is the initial state of A™)
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yields an w-functor from I"*! to C. Moreover, h™ induces a morphism of
simplicial sets from the globular nerve of C to its negative corner nerve. And
the map from N%,(C) to N=,(C) defined by (z,y) — = extends the previous
morphism to the corresponding augmented simplicial nerves. Moreover for
n 2= 0, h, is a one-to-one map and the image of h,, contains exactly all
cubes 1 of the negative corner nerve such that as soon as 8} z exists, then it
is 0-dimensional.

There is no ambiguity to set h~(z) = h;, (z) if z is an n-simplex of the
globular cut.

In the sequel, in order to make easier the reading of the calculations, we
suppose that an expression like (0p < 0; < k < 0j41 < ... < o;) is the
same thing as (09 < 0j < 0j41 < ... < 0,) in A* but with an additional

~

information given within the calculation itself : here that o; < k < 041
holds.

Proof. One proves by induction on n the following property P(n) : “ For
any n-simplex z of the globular simplicial nerve of any w-category C, the
map h~(x) from cub™** to C induces an w-functor and moreover an element
of wCat(I™*1,C)~

Let = be a 0-simplex of the globular nerve of C. Then z is an w-functor
from A° to PC, and therefore it can be identified with the 1-morphism z((0))
of C. Therefore

h™(z)(0) = z((0)) byrule2
h™(z)(+) = toz((0)) by rule 1
h™(z)(=) = soz((0)) by rule 3
Therefore P(0) is proved.
Now suppose that P(n) is proved forn > 0. Let z be a (n+1)-simplex of

the globular simplicial nerve of some w-category C. If + € {k,...,knt1},
then

0; (h™(z)) (k1. . . knt1)

=h7(z)(ky... ki1 — ki...kny1) by definition of 8] for1 < i < n+2
= toz((0)) by rule 1

= h™(0i—1z) (k1 - . - kpy1) again by rule 1
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If + ¢ {ki,...,kn41}, 1. if {k1,..., knt1} C {—,0}, set
{ki, .. kny1} N {0} = {kogs1s- - - Kopt1}
withog < --- < 0,. Foragiven¢ such that1 < ¢ < n + 2, set
Wy... Wnyo =k1... kicy —ki... ko1

as word. Then let

{wla s ywn+2} N {0} = {w'ro+1a ERRE wTr+1}
with 7y < --- < 7,. The relation between the sequence of o; and the se-
quence of 7; is as follows :
1—1— 0; =Tj

oj+1
oi+12i1=o0;+1=1;

<
>

And we have

07 (h™(z))(k1 - knt1)
=h"(z)(k1...ki-1 — ki ... kny1) by definition of 9;
=z((10...7r)) byrule2

=:c((00<---<aj0Si-—/\2<i/—\1<ajo+1+1<---<ar+1))

= (0;—1z)((00 . . . o)) by definition of 9;_;

= h™(0;—1z)(k1 ... knt1) by rule 2
Therefore 8, (h™(z)) = h=(8;_1z). And by rule 1, 8] (h=(z)) is the con-
stant w-functor from cub™*! to C which sends any face of 1"+ on toz((0)).
Therefore (85 (h™(x)))1gign+1 i @ (n + 1)-shell in the cubical nerve of C
which is fillable. By Proposition 6.3, the labeling h~(z) of cub™"? induces
an w-functor from I™*2 to C and P(n + 1) is proved.

By construction, the equality 9; (h~(z)) = h™(8;—1z) holds for any n-
simplex z of the globular nerve and for 1 < ¢ < n + 1. It remains to check
that for such a simplex z, I'; (h™(z)) = h™(g—1z) fori < 1 < n+ 1.
Consider a face k; . . . ky1o of the (n + 2)-cube. If + € {ki, ..., kn42}, then

L7 (h™(z))(ky - . - knt2)

= h™(z)(ky ... maz(ki, kit1) - . . kny2) by definition of I']
= toz((0)) by rule 1

= h7(€;—17) (k1 . . . knt2) again by rule 1
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If + ¢ {ki,..., knso}s i€ if {k1, ..., knia} C {—,0}, set

{k1s. oo kng2} N {0} = {koos1s - - s kopra }

withop < --- < o,. Foragivenisuchthat 1 <i < n+1,

{k1,...,maz(ki, kiy1), - - -, kni2} C {—,0}

and set wy ... Wpy1 = k... max(ki, kiy1) . . knyo as word. Then let

{wl, ey wn+1} n {0} = {w’ro—l-la e 1wn+1}

with 79 < - - - < 75. One has to calculate

L7 (R (z)) (k1 - - - kns2)
=h"(z)(k; .. max(kz, kit1) ... kny2) by definition of I';
=z((rg...7s)) by definition of A~

forsomel <7< n+2.

The situation can be decomposed in three mutually exclusive cases :

1. k; = kiy1 = 0. In this case, there exists a unique jo such that o, +1 =
t,s=r1—1and
0;j+1<1—1= 0; =7 (inthis case, j < jo)
T +tl=1=0j+1
0j+121+2=0;—1=7;_; (inthis case, j > jo + 1)

Then 0jy42 2> 7+ 1 and

z((0...75))

= z((op < -~-<aj0=z‘/—\1<aj0+2—1< e < ogy1 — 1))
= (€i—1%)(00 - - . 0jo0jo+10jo+2 - - - Os41) by definition of ¢;
and since 041 =1

= (h™(€i—1z)) (k1 - . . kny2) by definition of A~
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2. k; = k;y1 = —. In this case, s = r and
ogi+l<i—1=0;=1
ogit+l12i+2=o0;—-1=1

Then for some k,

z((10...7s))

=:c((00<---<0k<i/-\1<ak+1—1<~-<0r—1))

= (€;—12)((00 . . . OkOk41 - .. 0r)) by definition of ¢;

= (h™(€i—12))(k1 . .. kny2) by definition of A~

3. k; # kiy1. Now s = r and since {k;, k;11} C {—, 0}, then there exists
a unique jo such that o, + 1 € {3,¢ + 1} and we have

oj+1<1—1=>0; = 7; (in this case, j < jo)
Tjo+1=1
oj+121+2=0;—1=r; (inthiscase, j > jo)

There are two subcases : 0, +1 =4 and 0, + 1 = 1 + 1. In the first
situation,

z((10..-7s))

=z((0g < "< 0jm1<Tjp=1—1<0jpy1 — 1< - <o, — 1))
=z((0g < -+ < 0jy—1 < Tjy < Ojoy1 — 1 < -+ - < g, = 1))

= (&-12)((00 < -+ < 0jy < Tjg41 < -++ < 0,)) by definition of ¢;
= (h™(€i—1z))(k1 . . . kny2) by definition of h~

In the second situation,

z((10..-7s))

=1((0g < <0jp-1<0jp—1l=i-1<0jp1—1<- <0, —1))
=z((00 <+ <0j-1<0jp—1<0jp41— 1< <0, — 1))

= (€;-17)((00 < -++ < Tjy < Tjo41 < -+ < 0,)) by definition of ¢;

= (h™(€;—12))(k1 . . . kny2) by definition of A~
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d

Notice that A~ induces a natural transformation from CR? to CR, which
is not injective. Consider for example the w-category consisting of two com-
posable 1-morphisms u and v with tyu = sgv. The 0-simplexes u and u % v
of N¢' have indeed the same image by h~ in CR;. To see that, consider
the thin square ¢ from I? to C defined by c¢(—0) = u %o v, c(0+) = tov,
c(0—) = u, ¢(+0) = v and ¢(00) = u %o v.

Now we arrive at :

Theorem 6.5. There exists one and only one morphism of cuts from N9 to

N-.

The proof of this theorem uses Theorem 8.3 assertion 1 as shortcut.
There is no vicious circle because the uniqueness of h~ and h* is used
nowhere in this paper. The only fact which is used is that Theorem 6.4
provides a natural transformation from A9 to N~ which is injective on the
underlying sets.

Proof. Let h and A’ be two morphisms of cuts from N9 to N'~. One proves
by induction on n that h, and k], from N to N, coincide. For n = 0,
N = N7 = tr°P. The only natural transformation from ¢r°P to itself is
Id;op, therefore ho = hy,.

Suppose P(n) proved for some n > 0. Then for any z € N2, (C), and
forany0 <2< n+1,

Oir1hnt1(z) = hn(Oiz) since h morphism of simplicial sets
= h;,(0;x) by induction hypothesis
= 0;; 1Py, 41 (z) since ' morphism of simplicial sets
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Nowwithl < j < n+2,
(a;—hn-kl (2))(—n+1)

= (@) (= = [ = )
= hnia (&) (tR(~ - = [0}, =)
=ty (hns1(z)(R(—---—=[0]; — - -~ —))) since hyy1(z) w-functor

=10 (07 -5 ... 07,2 (@)0))
=ty (ho(ag . 8/]\.1 . 0n+1x)(0)) since h morphism of simplicial sets
—t ((ao 0. 8n+1:c)((0)))

So the 0-morphism 8} Ay 41(z))(—n41) is the value of the constant map tyoz
of Theorem 8.3 (denoted by T'(z) in Section 10).

Let D be the unique w-category such that PD = A™*! and with D, =
{a ﬂ} so(PD) = {a}, to(PD) = {B} and o # B. And consider Idan+1 €

N2 (D).

Suppose that + € {ki,...,kn42} C {—,+} and suppose that at least
two k; are equal to +. Then there exists a 1-morphism u of I"*2 such
that sou = ¢;...¢, o with exactly one ¢; equal to + and such that tou =
kl e kn+2. Then

So (hn+1(IdAn+1)(u)) = hn+1(IdAn+1)(€1 .. '€n+2) = ,3

by the previous calculation. Since § is the unique morphism of D with 0-
source 3, then hy,11(/dan+1)(u) = B and therefore

hn+1(IdAn+1)(k1 e kn+2) == ﬁ

Suppose now that + € {ki,..., kn4o} with perhaps some 0 in the set.
Then

80 (hnp1(Tdan+1)(ky .. knyo)) = B
and therefore

e o hn+1 (IdAn+l)(k1 n+2) /8 T (IdAn-H)

The w-functor z from A" to PC induces a non-contracting w-functor
from D to C with Z(a) = S(z) (S(z) being the value of the constant map
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5o o by Theorem 8.3) and Z(8) = T'(z) which sends Idan+1 € N,fﬂrl (D)
onz € N2 (C). So by naturality,

@ 0 hpy1(z) (k... knyo) = T(z).

Therefore for any 1 < j < n + 2, 8 hnyi(z) = 37 b, (z). By hypothesis,
a(hny1(z)) = e(z) = e(hl,1(z)). So hpt1(z) and Al (z) induce the
same labeling of the faces of I"*2 and P(n + 1) is proved. O

Without explanation, here is the construction of ht :

Proposition 6.6. Let z be an n-simplex of the globular simplicial nerve of
C. Then the map h} (z) from cub™"! to C defined by

1. — € {ki...kny1} implies b} (z) (k1 ... kny1) = soz((n)) (notice that
(n) is the initial state of A™)

2. {ku,. ., kns1} C {0} and

{1,y kn1} 0 {0} = {koos1s- - -, Koyt }
with oy < -+ < o, implies h} (z)(ky ... kny1) = z((00 ... 04))
3. h}(z)(+n+1) = tox((0)) (notice that (0) is the final state of A™)

yields an w-functor from I"*! to C. Moreover, h* induces a morphism of
simplicial sets from the globular nerve of C to its positive corner nerve. And
the map from N9, (C) to N'*,(C) defined by (x,y) — y extends the previous
morphism to the corresponding augmented simplicial nerves. Moreover for
n > 0, b is a one-to-one map and the image of h contains exactly all
cubes x of the positive corner nerve such that as soon as 0; x exists, then it
is 0-dimensional.

Question 6.7. Is it possible to find an appropriate setting where the globular
cut would be an initial object ? Is it possible to characterize the diagram of
cuts of Figure 1 ?

As immediate corollary of the construction of A~ and its injectivity, let
us introduce the analogue of Proposition 6.3 in the globular nerve.
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Definition 6.8. In a simplicial set A, a n-shell is a family (z;)i=o,...n+1 Of
(n+2) n-simplexes of A such that forany 0 < i < j < n+1, O;z; = 0;_12;.

Proposition 6.9. Let C be a non-contracting w-category. Consider a n-shell
(%i)i=o,...n+1 Of the globular simplicial nerve of C. Then

1. The labeling defined by (;)i=o,...n+1 yields an w-functor x (and nec-
essarily exactly one) from A"\{(01...n+ 1)} to PC.

2. Let u be a morphism of C such that
sp =z (s, R((01...n +1)))

and
tou =z (L, R((01...n +1)))

Then there exists one and only one w-functor still denoted by x from
A" 1o PC such that forany 0 < i < n+ 1, 8z = z; and

z((01...n+1)) = u.

7 Regularity of the globular cut

This section is devoted to the proof of the following theorem.
Theorem 7.1. The globular cut is regular.

The principle of this proof is to use the injectivity of the natural transfor-
mation A~ from N9 to A~ and to use the regularity of N'~.

The folding operator &Y' := <I>ff * is called the n-dimensional globular
folding operator and we set (09! ;= (V"' It is clear that rule 1 and rule 2 of
Definition 3.3 are satisfied. We have to check the rest of it.

Theorem 7.2. For any natural transformation of functors | from ./\/’,fl_1 to
NS with n > 1, and for any natural map O from tr"'P to N?* | such
that ew o O = Idy,n-1p, there exists one and only one natural transformation
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denoted by ;1.0 from tr™P to N* such that the following diagram commutes

Idtr"P

fa
trnP —t— N9 —2 s g

K

o
trr1p N —2> gpn-1p

Idtr"‘—ll’

where i, is the canonical inclusion functor from tr" PP to tr"P.

Proof. The natural transformation A~0 from tr"~!P to N,,_; can be lifted
to a natural transformation (h~(u)).(h~0) from tr"P to N, since the cut
N~ isregular. Since A~ (p.0) = (h™()).(h~0O) and since h™ is one-to-one
in positive degree, there is at most one solution for this lifting problem.

B~ (p)-(h~00)

trP NG s N7

] ”T h-m)T

_ [m] 1 h~ —
tr P N n—1

h—0O

Let z € Cp4;. For 0 < 7 < n, the natural transformation
@ 0; (b~ (p).(h~0)) : tr"P — tr"~'P
is of the form dg%. for some o; € {—, +} and some m; < n. Therefore

8; (h™(w).(R700))
= 8; (h~(1).(h~0)) ind% by Definition 3.3 rule 5b

= 0;h” (p)h~0dy by hypothesis
= 0;h~ pOdy:.
= h™0;u0d,;, since h~ morphism of simplicial sets
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S0 8; (h=(w).(h~0)) (z) € A~ (N ,(C)) for any 0 < ¢ < n and by Propo-
sition 6.9, (h~(u).(h"0)) (z) € h~(NZ(C)). Let D’(m) be the unique ele-
ment of N¢'(C) such that

KT = (b (). (D)) (@)
Then [ is a solution. a
Corollary 7.3. The equalities h~®9 = ®~h~ and h*®% = ®*ht hold.

Proof. Tt is a consequence of the naturality of A~ and h* and of Proposi-
tion 3.4. O

Now here is a characterization of globular folding operators :

Proposition 7.4. Let z be a n-simplex of the globular nerve of C. Then
z = ®%(z) ifand only iffor0 < i < n —2, 8;x € Im(en_s ... €).

Proof. The equality z = <I>9’( ) implies h™(z) = &~ (h~(z)), implies by
Theorem 4.3 thatfor1 <7< n—1,
b (Biz) = 07 (h(2) = Trsy. .. T 07 di B () (On 1)
= h~ (Gn_g . .ei_lljflsix((o e n)))
therefore 0;_1z € Im(eyp—z...€,—1). Conversely, if for 0 < i < n — 2,

0z € Im(€n_z...€), then h™(z) = ®"h~(z) = h~®%(z) and therefore
T = ®9%(z). O

Theorem 7.5. The globular folding operator ®9 induces the identity map
on the globular reduced chain complex CRY'.

Proof. Consider the 6; operators of Theorem 4.5. If z € N, then h™z is
negative. So §; h™z is also negative by Theorem 4.5(1) and determines a
unique element Gglx € N such that A~ 09 x = 0, h™z. Itis clear that these
operators 9-" induces the identity map on the reduced globular complex by
Theorem 4. 5(2) Since ®~h~z is also negative, then by Theorem 4.5(3),

Q" hTx=6;...0; hx
for some sequence iy, . . ., ;. Therefore by the injectivity of h~,

gl.. _ pgl gl
=67 ...0]z
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Theorem 7.6. In the reduced globular complex, one has
0% (z %5 y) = O (2) + T2 (y)
for any morphisms x and y of C of dimensionn andfor1 < p<n—1.

Sketch of proof. One has

(O (z+y) = O, (z%y)
= O, (2) +0;(y) +t1 + 07t
h™(Of(z)) + (O (y)) +t1 + 07,

with ¢; a thin (n + 1)-cube and t; a thin (n + 2)-cube. The proof made in [8]
shows that t; and ¢, are in the image of h~. Indeed, the existence of ¢; and
t, comes from the vanishing of some globular nerve. Therefore t; = h™(T})
and t; = h™(T3) where T3 is a thin n-simplex and T} a thin (n + 1)-simplex.
This completes the proof. O

In fact one can explicitly verify that if x and y are two n-morphisms of
C, then 0% (z *p—1 y) — O%(z) — O%(y) is a boundary in the normalized
globular complex. It suffices to consider the thin (n + 1)-cube B?_,(z,y)
of [8] which turns to be in the image of A~ because it is negative. Therefore

with b(,y) € wCat(A™,C) defined by 3,b(z,y) = en—z. .. 0%, d55) @
for 0 < ¢ < n — 3 (observe that dg;rlx = df.;{‘“y), On—2b(z,y) = Ofy,

On_1b(z,y) = Oz *n_1 Y), Onb(z,y) = O¢'z, one has

Ob(z,y) = £ (O%(z #n—1 y) — O%(z) — O%(y)) + degenerate elements.

8 Example of calculations of globular homology

The main goal of this section is to prove the vanishing of the globular ho-
mology of the n-cube in positive dimension for all n > 0. However we also
study the case of the w-category 2,, generated by one n-morphism and pose
some questions about the globular homology of the w-category generated by
a composable pasting scheme in the sense of [12].

Theorem 8.1. For any p > 0 and any n > 0, H3'(2,) = 0.
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Proof. For p = 1, it is obvious. For p > 1, one has
Hgl(Qn) = Hp—l(P2n) = Hp~1(2n—1) =0

where H, (D) means the simplicial homology of the simplicial nerve of the
w-category D. (]

Definition 8.2. [9] Let C be an w-category and let o and ( be two 0-
morphisms of C. Then the bilocalization of C with respect to o and f3 is
the w-subcategory of C obtained by keeping in dimension 0 only o and [
and by keeping in positive dimension all morphisms x such that sor = «
and tox = B. It is denoted by C|a, ().

Theorem 8.3. Let C be a non-contracting w-category.

1. Let = be an w-functor from A™ to PC for some n > 0. Then the set
maps
(00...0,) — soz((0g...0p))
and
(0g...00) = tez((00...0))
from the underlying set of faces of A™ to Cy are constant. The unique

value of sy o x is denoted by S(z) and the unique value of ty o x is
denoted by T(z).

2. For any pair (o, 3) of 0-morphisms of C, for any n > 1, and for any
0 < i < n, then 8; (NZ(Cla, B)) € N2, (Cle, B).

3. For any pair (a, B) of 0-morphisms of C, for any n > 0, and for any
0 <4 < n, then & (N (Cle, A])) € NZ41(Cla, B)).

4. By setting, G N9(C) := N9 (Cle, B)) for n > 0 and G*PN?(C)
= {(a, B), (B, @)}, one obtains a (CoyxCy)-graduation on the globular
nerve ; in particular, one has the direct sum of augmented simplicial
sets

NHo = | e

(a7ﬁ)€C0 xCo

and G*PNZ(C) = N#(Cla, B)).
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Proof. The only non-trivial part is the first assertion. Let P(n) be the prop-
erty : “for any non-contracting w-category C and any w-functor z from A"
to PC, the set map (0p . .. 0,) — Soz((0p . . . 0+)) from the set of faces of A™
to Cy is constant.”

There is nothing to check for P(0). For P(1), if = is an w-functor from
Al to PC, then s,z((01)) = z((1)) and ¢;z((01)) = z((0)) in C. Therefore

502((01)) = s0512((01)) = s0z((1))

and
50z((0)) = st12((01)) = soz((01)).

Therefore P(1) is true.

Suppose P(n) proved for some n > 1 and let us prove P(n+1). For any
1 < ¢ € n, the w-functor z : A™! — PC induces an w-functor on the w-
category A?! generated by the face (0. . G...n+ 1) and its subfaces. One
has an isomorphism of w-categories A™ 2 A, Therefore the restriction
of 59 o x to the faces of AP*! is constant by induction hypothesis. Now it is
clear that AT*! N A =2 A1 £ @ since n > 1. Therefore the set map
so o z restricted to At U AZH! is constant. Therefore the restriction of the
set map s o x to the faces of dimension at most n of A™*1! is constant. We
know that

SnR((Ol .o n+ 1)) = \I’(Xo,Xl,. . ,Xs)

where X, X1, ..., X, are faces of A"*! of dimension at most n. So

s0z((01...n+ 1)) = ssp4+12((01...n + 1))
= 50z (spR((01...n +1))) since z w-functor
= S()I\I/(Xo, Xl, N Xs)

where ¥ is a function using only the compositions of A™*!, Then
lE\I’(X(), Xl, ey XS) = \I/I(.’L'(Xo),m(Xz), e ,CE(XS))

where V' is obtained from ¥ by replacing *; by *;,, since z is an w-functor
from A™*! to PC. So

soz((01...n + 1)) = V' (sox(Xp), $0z(X2), - - -, 50z(Xs)) = soz(Xo)

with the axioms of w-categories. Therefore P(n + 1) is proved. O
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Definition 8.4. Let C be a non-contracting w-category with exactly one ini-
tial state o and one final state 8. Then the bilocalization Clc, (] is also
non-contracting and one can set QC = P(C|e, f]).

Theorem 8.5. [18, 2, 16] Letn > 1. Then QA™ = I ! and QI" ! = P*~1
where P™~! is the free w-category generated by the composable pasting
scheme of the faces of the (n — 1)-dimensional permutohedron.

Theorem 8.6. For any n > 0, and any p > 0, HZ'(I") = 0.

Proof. One has HZ(I") = @, gyecoxc, Hy (I"[e, B]) by Theorem 8.3. So
it suffices to prove the vanishing of Hg'(I "[a, B)) as soon as I"[a, 5] con-
tains morphisms in strictly positive dimension to prove the theorem.

Let « and (3 be two 0-morphisms of I™ such that I"™[a, (] contains other
morphisms than o and 8. Then in particular it contains some 1-morphisms
from « to B which is a composite of 1-dimensional faces of ™. Suppose that
o = ky ...k, Then j is obtained from «a by replacing some k; equal to —
by +. Let kg, , . . ., k,, be these k;. Then

In[a’ IB] = IT[_ra +r]

as w-category. Therefore it suffices to prove that H3'(I"[—,, +4]) vanishes.
The vanishing of Hf'(I"[—,, +,]) is obvious. One has

HS(I"—n, +n)) = Hp—1(P™)

for p > 2 by Theorem 8.5 and H,_,(P") = 0 because the simplicial nerve
of a composable pasting scheme is contractible [12]. O

Theorem 8.7. For anyn > 0, and any p > 0, H3(A™) = 0.
Proof. By proceeding as in Theorem 8.6, we see that it suffices to prove that
1 —
HF(AM(r), (s)])) =0

for any pair ((r),(s)) of 0-morphisms of A™ and for n > 2. However,
A™[(r), (s)] is non-empty if and only if » > s with our conventions and in

this case,
AM(r), (s)] = A™*[(r — ), (0)].
Therefore HS (A™[(r), (s)]) = Hp—1(I"~*"') by Theorem 8.5. O
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More generally, as in [8], one sees that if C is a non-contracting w-
category such that PC is the free w-category generated by a composable
pasting scheme in the sense of [12], then Hg’(C) = 0forp > 1. Thisis
related to the problem of the existence of the derived pasting scheme of a
given composable pasting scheme [14].

Conjecture 8.8. Let C be an w-category which is the free w-category gener-
ated by a composable pasting scheme (therefore C is non-contracting). Then
foranyp > 0, Hg‘(C) =0.

9 Relation between the new globular homology
and the old one

First of all, recall the definition of both formal corner homology theories
from [8].

Definition 9.1. Let C be a non-contracting w-category. Set
e CF; (C) :=ZCy
e CF(C) :=17ZC,

° CFn_(C) = ZCn/{x*oy =L,TxY=Z+Y,...,T¥p1Y =T+
y mod Ztr"~'C} forn > 2

with the differential map s,_; — t,_1 from CF, (C) to CF,_,(C) forn > 2
and sq from CF[ (C) to CFy (C). This chain complex is called the formal
negative corner complex. The associated homology is denoted by HF~(C)
and is called the formal negative corner homology of C. The map CF,” (resp.
HF[" ) induces a functor from wCat, to Comp(Ab) (resp. Ab).

and symmetrically

Definition 9.2. Let C be a non-contracting w-category. Set
e CF(C) := ZCy
e CF(C) :=ZC,
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o CFHC) = ZCo/{t %0y = 4, s 1y =T+ Y,...,T %1y = T+
y mod Ztr™~'C} forn > 2

with the differential map s,_1 — t,_, from CE}(C) to CF,"_;(C) forn > 2
and ty from CF;"(C) to CFy (C). This chain complex is called the formal
positive corner complex. The associated homology is denoted by HF*(C)
and is called the formal positive corner homology of C. The map CF} (resp.
HFY) induces a functor from wCat, to Comp(Ab) (resp. Ab).

The maps OF from C, to CX(C) induce a natural transformation from
CF* to CRZ and a natural transformation from HF* to HRE.

Definition 9.3. Let C be a non-contracting w-category. Set
L] Fgl(C) = ZCO ® ZCO = Z(Co X Co)
o CFP(C) :=2ZC,

e CFI(C) =ZCo/{z*x1y=3+Y,...,T*n1y = T+y mod Ztr"~'C}
forn > 2

with the differential map s,_, — tn_y from CF9(C) to CFS" ,(C) forn > 2
and s, ®to from CF¥(C) to CFS'(C). This chain complex is called the formal
globular complex. The associated homology is denoted by HF9'(C) and is
called the formal globular homology of C.

By Theorem 7.6 and Corollary 3.6, we see that the globular folding op-
erators induce a natural morphism of chain complex from CF?' to CR¢', and
therefore a natural transformation from HF?' to HRY'.

Question 9.4. When is the natural morphism of chain complexes R% from
CF39(C) to CR3'(C) a quasi-isomorphism ?

Conjecture 9.5. (About the thin elements of the globular complex) Let C be
a globular w-category which is either the free globular w-category generated
by a semi-cubical set or the free globular w-category generated by a globular
set. Let x; be elements of C3(C) and let )\; be natural numbers, where i runs
over some set 1. Suppose that for any i, ev(z;) is of dimension strictly lower
than n (one calls it a thin element). Then )", \;x; is a boundary if and only
ifitis a cycle.
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7N
Figure 5: A false 1-globular cycle in the old globular homology

The above conjecture is clear for Cffl because all thin elements are de-
generate. In higher dimension, there is enough room to have thin elements
which are composition of degenerate elements, but which are not degenerate
themselves.

The above conjecture is equivalent to claiming that the globular homol-
ogy and the reduced one are equivalent for free globular w-categories gener-
ated by either a semi-cubical set or a globular set.

Now we are in position to give the exact statement relating the old glob-
ular homology of [9] and the new one.

Definition 9.6. [9] Let (C%4=9(C), 8°9=9!) be the chain complex defined
as follows : CZ*9(C) = ZCy & ZCo, and for n > 1, CO4-9(C) = ZC,,
0°4-9Y(5) = (soz,tox) if T € ZCy and forn > 1, x € ZCyyy implies
0°4-94(x) = s, — t,x. This complex is called the old globular complex of
C and its corresponding homology the old globular homology.

Instead of C3'""9(C) = ZCo @ ZCo, we set CI49(C) = Z(Co ® Co)
with the differential 8°14-9! (1) = syz ® tox for x € (31 This makes H'*~¢
slightly change. It does not matter because there is no influence on any
potential applications. The difference appears in a situation like that of Fig-
ure 5. With C2'9(C) = ZCy & ZCy, u + £ — w — v is a old globular cycle.
With C2l4=9! (C) Z(Co ® Cy), this fake 1—globular cycle is killed.

Theorem 9.7. We have the following commutative diagram of natural trans-
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formations for x > 0
(h:l:)ald

! ht +
HY H,

T e |

HRY —' .~ HR*

\ o o

HFS — . HF*

Hfld_ gl

where

o the map H%%~9" — H9 is the canonical map induced by x — 0F'(z)
from C,, to N%*,(C)

o the map Ho49' — HF$ is the canonical map making all identifica-
tions like A, B = A+ B for anyn > 1 and any p-morphisms A and
Bwithp>n+1

o the map HF$' — HF¥ is the canonical map making the supplemental
identification x = x *¢ y or y = T *g Y depending on the sign

o the map HF* — HRZ is the canonical map induced by the folding
operators (0% of [8] (which is likely to be an isomorphism for any strict
globular w-category), and the map HF?' — HRZ is the canonical
map induced by the folding operators 39 (which is also likely to be
an isomorphism for any strict globular w-category)

e the maps R%* are the canonical maps from the globular or corner
homology to the corresponding reduced homology (which are conjec-
turally an isomorphism for any free w-category generated by a semi-
cubical set or a globular set).

Proof. This is due to the fact that for n > 1, the natural map (hI)o is
induced by the set map 00, from C, to wCat(I™,C)~ ([9] Proposition 7.4).
O
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The difference between Hy* "% and H' is also not important. The group
H' 9 was indeed only introduced to define the morphisms h~ and h* in
dimension 0. But H'*% does not have any computer-scientific meaning

and is not involved in any potential applications.

10 Globular homology and deformation of HDA

The following table summarizes how the globular nerve may be understood
and compared with the two corner nerves of C.

Geometric ob- || Formal theory | “True” theory | Simplicial cut
ject
Branching formal neg- | negative cor- | N~ (C)
ative  corner | ner homology
homology
Merging formal  pos- | positive corner | N 7(C)
itive  corner | homology
homology
Globe formal globu- | globular N(C)
lar homology | homology

Intuitively, the globular nerve of C contains all achronal cuts in the mid-
dle of all globes, whereas the negative and positive corner simplicial nerves
contain all achronal cuts close to respectively the negative and the posi-
tive corners of the automaton. The expression “achronal” is borrowed from
[6] and [7]. In these papers, HDA are modeled by local pospaces, and an
achronal subspace Y of a local pospace is a topological subspace such that
z < yandz,y € Y imply z = y. The remarkable point is that the set of all
achronal cuts of a given type can be enclosed into a simplicial set.

This could mean that the whole geometry of the free w-category C gener-
ated by a semi-cubical set (i.e. a HDA) would be contained in the following
diagram of augmented simplicial sets

N(C)
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v v
o — ﬂ/\’)’ a >0 254 Y
N ;
@@dc (b) Subdivision of u in C

Figure 6: Subdivision of time

and in its temporal graph ¢r'C. This latter contains the information about the
temporal structure of the HDA.

A problem, already mentioned in [10], is the question of the invariance
of the globular homology of an w-category up to a choice of a cubifica-
tion ? of the corresponding HDA. There are two types of deformations : the
spatial deformations or S-deformations and the temporal deformations or
T-deformations.

The globular cut is invariant by S-deformation, that is by deformations
of p-morphisms with p > 2. This is simply due to the fact that such a de-
formation corresponds in the globular cut to a deformation of any simplex
containing it as label. Therefore such a deformation corresponds to a defor-
mation up to homotopy, in the usual sense, of the globular cut.

Unlike the corner homologies, the globular homology turns indeed to
depend on the subdivision of time. The reason is contained in Figure 6. The
obvious 1-functor from the left to the right such that v — wu; *¢ uy should
leave the globular homology invariant. This is not the case because the first
globular homology is for the left member the free Z-module generated by
v —w and u *g v — u %9 w, and for the right member the free Z-module
generated by v — w and ug *g v — Ug %o w and Uy *g Ug *g UV — Uy *g Ug ¥ W.
However in Figure 6, one can subdivide as many times as one wants for
example v, and the globular homology will not change.

One way to overcome this problem is exposed in the last sections of
[10], devoted to the description of a generic way to produce T-invariants

2Some authors [11] [21] use the term cubicalation : this means decomposing a HDA in
cubes.
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starting from the globular nerve. Let us prove [10] Claim 5.1 which enables
to introduce the bisimplicial set mentioned in that paper.

Let C be a non-contracting w-category. Using Theorem 8.3, recall that
for some w-functor z from A™ to PC, one calls S(z) the unique element of
the image of sy o z and T'(z) the unique element of the image of ty o z. If
(ar, B) is a pair of N'%,(C), set S(e, ) = aw and T (e, B) = B.

Proposition 10.1. Let C be a non-contracting w-category. Let x and y be
two w-functors from A™ to PC with n > 0. Suppose that T'(x) = S(y). Let
x * y be the map from the faces of A™ to C defined by

(z*xy)((00...0v)) :=z((00-..0+)) %0 y((00 - - . 77)).
Then the following conditions are equivalent :
1. The image of x * y is a subset of PC.

2. The set map x * y yields an w-functor from A™ to PC and 0;(x * y) =
0;(z) * 0;(y) forany 0 < i < n.

On contrary, if for some (0 . ..0,) € A", (z*y)((0o . . . 0,)) is O-dimensio-
nal, then x * y is the constant map S(z) = T(y).

Proof. We have to prove that Condition 1 implies Condition 2. Let us con-
sider P(n) : “for any non-contracting w-category C and any w-functor z
and y from A" to PC such that T(z) = S(y) and such that the image of
x * y is a subset of PC, then z * y yields an w-functor from A" to PC and
Oi(z xy) = 0;(z) * G;(y) forany 0 < i < n.”

Property P(0) is obvious. Suppose P(n — 1) proved for n > 1. For
any 0 < 1 < n, 8;(z) * 8;(y) is a set map from A"~! to PC satisfying the
hypothesis of the proposition, so by induction hypothesis, 9;(z)*0;(y) yields
an w-functor from A"~ to PC. Let z; := 9;(z) * 9;(y). For0 < j < i< m,

0j(zi) = (0;0;(x)) * (0;0:(v)) by induction hypothesis
= (0;-10;(x)) * (0i-10;(y))
= 0;-1(0;(z) * 8;(y)) by induction hypothesis
= 0;-1%;
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Therefore (2;)ogign is an (n — 1)-shell. So it provides a unique w-functor
z: A™\{(01...n)} - PC

by Proposition 6.9. It remains to check that

z (sn1R((01...n))) = sn((z * y)((01...n)))

and
z (tn-1R((01...7n))) = ta((z * y)((01...n)))
to complete the proof. Let us check the first equality. One has

sn—1R((01...7n)) = ¥(Xy,..., X,)

where ¥ uses only composition laws and where X7, ..., X, are faces of A"
of dimension at most n — 1. Denote by ¥’ the same function as ¥ with *;
replaced by *;,1. Then

z(sp—1R((01...n)))

=2¥(Xy,...,X)

= V'(2(X1),...,2(Xy)) since z w-functor

= W' (z(X1) *0 y(X1), ..., 2(X;) %0 y(Xs)) by definition of 2

=V (z(X1),...,2(X,)) %0 ¥'(y(X1),...,y(X,)) by interchange law

= (U (X1,..., X;)) %0 (y¥(X1,...,Xs)) since z and y w-functors
= (z8p—1R((01...7m))) %o (ysn—1R((01...7n)))

= (spzR((01...7))) %o (snyR((01...n))) since z and y w-functors
= 5, (TR((01...7n)) x yR((01...n))) by interchange law

= sn((z *y)((01...n)))

Now let us suppose that (z * y)((0o...0,)) is 0-dimensional in C for
some (0 . . .o,). Then

512((00 . .. 07)) *0 51y((00 . . . 0;))
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is 0-dimensional. Either so(0y . .. 0,) = (n) (the initial state of A™) or there
exists a 1-morphism U of A" such that soU = (n) and toU = $o(00 - - . 7).
In the first case, z((n)) %o y((n)) is 0-dimensional. In the second case,

IL’(toU) *Q y(tOU) = tlx(U) *q tly(U) = tl (.T(U) *q y(U))
is 0-dimensional. Then z(U) %o y(U) is 0-dimensional as well as
z((n)) %0 y((n)) = s1(z(U) *0 y(U)) -

For any face (79 . . . 7,-) of A™\{(n)}, there exists a 1-morphism V' from ((n))
to so(70...7) orto(7p...7,) : letus say so(7g ... 7). Since

si(z *y)(V) = (¢ * y)((n))

is 0-dimensional, then (z * y)(V') is 0-dimensional, as well as

tz*xy)(V)=(z*xy)(so(r0...7)) = s1(z *y)((70...77))-

Therefore (z * y)((7o - - . 7)) is 0-dimensional.

O

In the sequel, we set (o, 8)*(8,7) = (@,7), S(a, 8) = aand T'(e, ) =
B. If z is an w-functor from A™ to PC, and if y is the constant map T'(x)
(resp. S(z)) from A™ to Cy, then set x * y := x (resp. ¥ * T := T).

Theorem 10.2. Suppose that C is an object of wCaty. Then for n > 0,
the operations S, T and * allow to define a small category N3'(C) whose

morphisms are the elements of N¢'(C) U {constant maps A™ — Co} and
whose objects are the 0-morphisms of C. If N% (C) is the small category
whose morphisms are the elements of Cy x Cy and whose objects are the
elements of Cy with the operations S, T and x above defined, then one obtains
(by defining the face maps 0; and degeneracy maps €; in an obvious way
on {constant maps A™ — Co}) an augmented simplicial object N9 in the
category of small categories. T

Proof. Equalities S(z) = 8,5(z), S(z) = ,S(z), T(z) = 8:;T(z), T(z) =
¢;T'(z) are consequences of Proposition 8.3. Equality 0;(z *y) = 0,z %0y is
proved right above. The verification of ¢;(z*y) = ¢;zx¢;y is straightforward.

d
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By composing by the classifying space functor of small categories (cf.
for example [20] for further details), one obtains a bisimplicial set which
seems to be well-behaved with respect to subdivision of time. Indeed the
first total homology groups associated to both w-categories of Figure 6 are
equal to Z. Further explanations will be given in future papers.

To conclude, let us point out that in reasonable cases, i.e. when the p-
morphisms (with p > 2) of a non-contracting w-category C are invertible
with respect to the composition laws *; of C for ¢ > 1, then PC becomes a
globular w-groupoid in the sense of Brown-Higgins. And therefore in such a
case, it is well-known that the globular nerve of C satisfies the Kan property
(see [23] or a generalization in [24]). However, this is not true in general for
both corner nerves. To understand this fact, consider the 2-source of R(000)
in Figure 2(c) and remove R(0 + 0). Consider both inclusion w-functors
from I? to respectively R(—00) and R(00—). Then the Kan condition fails
because one cannot make the sum of R(—00) and R(00—) since R(0 + 0) is
removed.
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