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LEFT PROPERNESS OF MOORE FLOWS

PHILIPPE GAUCHER

ABSTRACT. We introduce reparametrization categories with cuts. For every such cate-
gory P, the tensor product of two objectwise weak homotopy equivalences of P-spaces is
an objectwise weak homotopy equivalence, and the g-model structure on P-flows is left
proper. The reparametrization categories G and M, as well as the terminal category 1,
have cuts. The terminal category recovers the left properness of the g-model structure
on ordinary flows. We also give a symmetric reparametrization category with cuts and
a strict unit. This category is not equivalent to 1.
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1. INTRODUCTION

Presentation. Directed algebraic topology studies topological spaces with a direction.
A directed space is a topological space together with a set of continuous paths, containing
all constant paths and stable under concatenation and nondecreasing reparametrizations.
A directed path from = to y need not have a reverse path from y to x. The fundamental
category therefore replaces the fundamental groupoid of classical algebraic topology. We
refer to [13, Introduction and Part I] for these definitions and for other models of non-
reversible phenomena.

The study of concurrent systems is a motivation for directed algebraic topology. The
points of a space represent states, and directed paths represent execution paths. Higher-
dimensional cubes represent independent actions. Their directed paths describe different
orders of execution. The homotopy type of a space of execution paths contains infor-
mation which is lost by considering only the underlying topological space. We refer
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to [5, 6, 12] for examples and for the relation between directed algebraic topology and
concurrency.

An ordinary flow X consists of a set X of states and, for each ordered pair (a, 3),
a topological space P, s X of execution paths from a to 3, together with associative
composition maps. No identity paths are specified: a flow is a small topologically enriched
semicategory. The topology of P, 3. X describes continuous families of execution paths
with fixed endpoints.

The concatenation of paths parametrized by [0, 1] is not strictly associative. Moore
paths have a positive length, and the concatenation of paths of lengths a and b has length
a+0b. This concatenation is strictly associative. A reparametrization category P specifies
the lengths and the reparametrizations. A P-space is an enriched presheaf on P, and
a P-flow is a small semicategory enriched in the category of P-spaces with its tensor
product. The objects of G and M are the positive real numbers, with addition as tensor
product. The morphisms of G are the increasing homeomorphisms of intervals; those
of M are the nondecreasing continuous surjections. We recall the construction and the
g-model structure of P-flows from [8, Sections 4-8].

This paper extends [10] to reparametrization categories with cuts. The cartesian prod-
uct of spaces is replaced by the tensor product of P-spaces. Since the latter is defined by
a coend, we first prove that it preserves weak equivalences between arbitrary P-spaces,
without a cofibrancy hypothesis. For the terminal category, the tensor product is the
cartesian product, and our main theorem gives [10, Theorem 5.6].

Recall that a model category is left proper if the pushout of a weak equivalence along a
cofibration is a weak equivalence [17, Digression 14.3.5]. In the following pushout square,
if 7 is a cofibration and s is a weak equivalence, then s is a weak equivalence:

A—2 5 A

]

X~ AT, X

Thus attaching cells preserves weak equivalences. Homotopy colimits and left Bousfield
localizations provide further applications; see [17, Chapters 5-6] and [15, Chapter 4].

Weak equivalences of Moore flows are detected objectwise on their path P-spaces.
Colimits of Moore flows, however, can create execution paths. Attaching a globe adds
its paths and their composites with the paths of the original flow. Identifying two states
can also make new compositions possible. The proof therefore uses diagrams of finite
tensor products and their latching maps, as in [8, 10]. The factors corresponding to
the original flow need not be cofibrant. The tensor lemma of Section 5 supplies the
required preservation of weak equivalences, and Section 6 proves left properness by a
Reedy argument and transfinite induction.

Main results. Throughout, Top is either the category of A-generated spaces or the
category of A-Hausdorff A-generated spaces. The main results are the following.

(1) A cut structure on a reparametrization category P provides continuous operators
sending a map L — a ® b to maps L — a and L — b, together with a homotopy
from the original map to the composite defined by its cuts. The operators and the

homotopy are natural in a and b. For arbitrary P-spaces D, E and every object
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L, Theorem 5.2 constructs maps
rr: (D® E)(L) — D(L) x E(L), s D(L) x E(L) — (D® E)(L),

and proves that they are homotopy inverses. The maps and the homotopies are
natural in D and E.

(2) Theorem 5.3 states that if f : D — D’ and g : E — E’ are objectwise weak
homotopy equivalences, then

fRg:D®E—D ®F

is an objectwise weak homotopy equivalence.

(3) Theorem 6.13 proves that, for every reparametrization category P with cuts, the
g-model structure on P-flows is left proper.

(4) Theorem 7.5 proves that both reparametrization categories G and M have cuts.
Corollary 7.6 therefore gives the left properness of the g-model structures of G-
flows and M-flows. Proposition 8.1 proves that the terminal category 1 has cuts,
and Corollary 8.2 recovers the left properness of ordinary flows.

(5) Proposition 9.2 proves that no object e in G or M admits a natural isomorphism
e® L = L. Theorem 9.3 gives a symmetric reparametrization category with
cuts and a strict unit: the category Py with one object and endomorphism space
[0,1]. In this category, composition and tensor product are multiplication. Its
underlying category is not equivalent to 1.

Outline of the paper. Section 2 recalls the categories of spaces, the g- and h-model
structures, and relative-T} inclusions. Section 3 recalls reparametrization categories, P-
spaces, and Moore flows. Section 4 defines cuts. Section 5 proves the comparison theorem
and the tensor lemma. Section 6 proves left properness. Section 7 constructs cuts for G
and M, and Section 8 gives the case of ordinary flows. Finally, Section 9 proves that G
and M have no unit and constructs a symmetric reparametrization category with a strict
unit. This category is not equivalent to the terminal category.

2. CONVENTIONS ON SPACES AND MODEL CATEGORIES

Throughout the paper, Top denotes either the category of A-generated spaces or its
full subcategory of A-Hausdorff A-generated spaces. A A-generated space is a space
whose topology is final with respect to all continuous maps from the standard topological
simplices. A A-generated space is A-Hausdorff if the image of every continuous map
[0,1] — X is closed. These definitions and both choices of Top are studied in [8, Section 2]
and [10, Section 2 and Appendix BJ. In either case Top is complete, cocomplete, locally
presentable, and cartesian closed. Its internal mapping space TOP(—, —) is obtained by
applying A-kelleyfication to the compact-open topology [8, Section 2, pp. 3-4].

We use two model structures on Top. In the g-model structure, the weak equivalences
are the weak homotopy equivalences and the fibrations are the Serre fibrations. Here
a weak homotopy equivalence means a map inducing a bijection on path components
and isomorphisms on all based homotopy groups in positive degrees. For either choice
of Top, its canonical enrichment over itself is topologically bicomplete, with tensor X ®
K = X x K and cotensor X* = TOP(K, X); compare [18, Definitions 1.4-1.5]. Local
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presentability implies the monomorphism hypothesis by [1, Remark 5.20], and hence the
h-model structure exists by [1, Corollary 5.23]. Its weak equivalences are the homotopy
equivalences, and its cofibrations, called h-cofibrations, are the strong cofibrations of [1,
Definition 5.3]. Every g-cofibration is an h-cofibration; see, e.g., [10, Remark 2.1].

A one-to-one map ¢ : A — X is a relative-T; inclusion if, for every open U C A and
every z € X \ i(U), there is an open W C X such that i(U) C W and z ¢ W [3, p. 686].
Every h-cofibration is relative-T} by [10, Definition 2.2 and Proposition 2.6].

A transfinite tower of length A is a functor X : A — C such that, for every nonzero
limit ordinal p < A, the canonical map

lian,, — X,

v<p

is an isomorphism [10, Section 1, Notations].

3. REPARAMETRIZATION CATEGORIES AND MOORE FLOWS

3.1. Definition (reparametrization category). A reparametrization category (P,®) is a
small Top-enriched semimonoidal category satisfying the following axioms.

(1) The semimonoidal structure is strict; in particular, ® induces a semigroup struc-
ture on Obj(P).

(2) Every enriched hom-space P (¢, ') is contractible.

(3) If o : € — ' and V' = V| ® {}, there are objects {1, (s and maps ; : £; — £ such
that €:£1®€2 and QOZQO1®()02

The tensor product on morphisms is the continuous map
® : P(€1,£2) X P(ﬁ’l’éé) — 77(81 X 8/1,62 X 6/2)

This is the axiomatization of [8, Definition 4.3 and Appendix Al; it is also recalled
in [11, Definition 1]. A P-space is an enriched functor D : P°® — Top. Thus a map
a :a — a induces a contravariant action D(«a) : D(a’) — D(a), and the adjoint action
map P(a,a’) x D(a’) — D(a) is continuous. The free P-space generated by U € Top at
¢ € Obj(P) is
(1) F,U =P(—,0) x U,
see [8, Notation 5.15].

The category [P°P, Top|o has the projective gq-model structure. Its weak equivalences
and fibrations are objectwise, and a set of generating g-cofibrations is

(2) ngnil — FgDn (E S Ob_] (P), n = O),

where S™! = @ and D° = {0}; see [7, Theorem 6.2] and [8, Section 8]. This projective
model structure is proper: Definition 3.1(2) makes P locally contractible in the terminol-
ogy of [7], and properness follows from [7, Corollary 6.5].

For two P-spaces, their semimonoidal product is

a,beObj(P)
(3) (D@ E)(L) = / P(L,a®b) x D(a) x E(b).

This formula and the biclosed semimonoidal structure are established in [8, Definition 5.7
and Theorem 5.14]. Write [¢, x, y] for the coend class of (¢, x,y). For maps a : a — a
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and 3 : b — b/, the defining relation is

(4) [(a® By, 2",y | = [v, D(e)a’, E(B)y'].
This quotient description is [8, Corollary 5.13] for n = 2.
3.2. Definition. A P-flow is a small semicategory enriched in the biclosed semimonoidal

category ([P°P, Toply, ®). Thus it consists of a set X of states, a P-space P, 3X for
every ordered pair of states, and associative enriched composition maps

PosX @Ps X — Py X.

Its P-space of execution paths is PX = [[(, g)exoxx0 Pa,sX. For a P-space D, the globe
Glob(D) has states 0,1, P-space D from 0 to 1, all other P-spaces of paths empty, and
no nontrivial composition.

These definitions are [8, Definitions 6.1, 6.2 and 6.5]. The g-model structure on P Flow
is cofibrantly generated. A map f : X — Y of PFlow is a weak equivalence precisely
when f° is a bijection and every map

PosX — Pray.re)Y
is an objectwise weak homotopy equivalence. Its generating g-cofibrations are
C: o — {0},
(5) R:{0,1} — {0},
Glob(F,S" ') — Glob(F,D") (¢ € Obj(P), n > 0).
The P-flows in the first two lines have no paths. These assertions are [8, Notation 8.2,

Theorems 8.8 and 8.16]. The convention n = 0 includes @ = S~ — D°.

4. REPARAMETRIZATION CATEGORIES WITH CUTS

4.1. Definition (reparametrization category with cuts). Let P be a reparametrization
category. A cut structure on P consists of the following data.

e For every object L, a map
op: L —L®L.
e For all L,a,b € Obj(P), continuous maps
&P P(La®b) — P(La), & :P(L,a®b) — P(L,b),

called the cut operators. They are natural in a and b: for a: a — d', 5 : b =V,
and v : L —a®b,



Equivalently, the following square commutes:

b oab
(c17,¢37)

P(L,a®b) P(L,a) x P(L,b)

(a®6)o—‘/ ‘/(ao—)x(ﬁo—)

P(L,a @b) ———— P(L,ad") x P(L,V).

! gl /
(" )

e Put
(8) NEP () = (et (¥) @ 5* (1) ).
Thus the following triangle commutes:
L—% Lol

le?”(@@e‘;”’(w)
a®b

NP ()

There is a continuous homotopy
0% :[0,1] x P(L,a®b) — P(L,a ® b)
from the identity to N’ natural in a and b:
(9) O’ (0, ¥) =, O7°(Lv) = N'(v),
(10) 01" (u, (0 ® B)v) = (0@ BOF" (u,v).

A reparametrization category with cuts is a reparametrization category which admits a
cut structure. We also say that a reparametrization category has cuts.

Sections 7-9 give examples of reparametrization categories with cuts. The following
example shows that a reparametrization category need not have cuts.

4.2. Lemma. Let B be a contractible commutative topological monoid in Top, with iden-
tity 1. The one-object enriched category with hom-space B and composition given by
multiplication is a symmetric reparametrization category with a strict unit when its ten-
sor product is multiplication.

Proof. The interchange identity
(bgbl) ® (CQCl) = b2610261 = b202b1C1 = (b2 & CQ)(bl &® Cl)

shows that multiplication defines an enriched bifunctor. Associativity and the identity
laws give strict associativity and a strict unit. Take the identity morphism as symmetry.
Its naturality is commutativity of multiplication, and the coherence identities reduce to
identity laws; compare [4, Definitions 8.1.1 and 8.1.12]. The hom-space is contractible by
hypothesis, and b = b ® 1 gives the factorization axiom. U

4.3. Proposition. Let A have one object, hom-space R, composition and tensor both
addition, and identity 0. The category A is a symmetric reparametrization category with
a strict unit, and it has no cuts.

Proof. The real line is a locally path-connected Hausdorff metrizable, hence A-generated,

space [2, Proposition 3.11]. It is a contractible commutative topological monoid under
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addition, so Lemma 4.2 gives the structural assertions. Suppose a first cut operator
c1 : R — R existed. Its naturality would give

(11) ala+B+v)=a+ca(y)
Taking a = ¢ = 0, and then g = = 0, gives
a(f) =a(0),  ala)=a+a(0).
For every t € R, these two identities imply
c1(0) = c1(t) =t + 1(0),
which would force every ¢t € R to vanish. U
5. THE TENSOR LEMMA

Fix a reparametrization category P with cuts, two arbitrary P-spaces D, F/, and L €
Obj(P). Define

(12) rp: (D® E)(L) — D(L) x E(L)

by

(13) rufv, 2,y = (D(E*(W))a, B(c5*(v))y).

Using the (a,b) = (L, L) coend summand, define

(14) sp: D(L) x E(L) — (D ® E)(L), sp(z,y) = [0r, x,y].

5.1. Proposition. The formulas (13) and (14) define continuous maps, natural in D and
E.

Proof. Equations (6)—(7) give
rul(a® B), o,y = (Dlact® ()2, E(Be" (1))y)

(D(et () D(e)a’, B(c5* () E(B)y)

= o[, D(a)2', E(B)y).

Thus r;, descends through (4); it is continuous by the universal property of the coend
and continuity of the cut operators and enriched actions. The map s;, is the composite
of the inclusion at d;, and the canonical map from the (L, L) coend summand. Enriched
naturality of f: D — D" and g : E — E’ gives

(fo xgL)re =r,(f ®9)L, (f®g)rsL = sp(fr X gL)- O

5.2. Theorem (comparison theorem). For every reparametrization category with cuts

P, arbitrary P-spaces D, E, and every L € Obj(P), the maps r1, and sy are homotopy
inverses. Thus, naturally in D and F,
TL
(D® E)(L) D(L) x E(L) rrsp ~id,  sprp ~id.

«—
SL

Proof. Put \; = ¢""(6,). Contractibility of P(L, L) gives a homotopy h : [0,1] x
P(L,L) — P(L, L) from the identity to the constant map at id;. The enriched actions



define
H(u,z,y) = (D(h(u,)\l))x, E(h(u, )\2))?/>7 Ho=rpsy, H;=id.
For ¢; = ¢**(¢)), relation (4) gives
(15) sLroly, @, y] = [0n, D(cr)z, Eca)y]
= [(¢1 ® )01, x,y] = [NEP (), z,y].

By (10),
(e ® 307" (u,¥), 2, y]
03" (u,v), D(e)a’, E(B)y/].

07" (u, (a ® B)),2',y/]

Hence © descends to
K(“? W,Jfay]) = [@%b(u,@b),x,y], KO :id, Kl = SLrL.

This map is continuous since [0, 1] X — preserves the colimits defining the coend. Both
homotopies are natural in D, E' by enriched naturality. U

5.3. Theorem (tensor lemma). Let P be a reparametrization category with cuts. If
f:D —= D and g : E — E' are objectwise weak homotopy equivalences of arbitrary
P-spaces, then

f®g:DRFE — D' ®F

is an objectwise weak homotopy equivalence.

Proof. For every L € Obj(P), naturality of r;, gives a commutative square

(Do E)(L) Y25 (D e B') (L)

| I

D(L) x E(L) —— D'(L) x E'(L)

fLXgL

The vertical maps are homotopy equivalences by Theorem 5.2, hence weak homotopy
equivalences. The bottom map is a weak homotopy equivalence: path components of a
finite product are products of path components, and maps and homotopies into a product
give natural isomorphisms [14, Proposition 4.2]

(X XY, (2,y) = (X, 2) x m(Yyy)  (n21).
The two-out-of-three property, applied to the square, proves that (f ® g); is a weak

homotopy equivalence. Since L was arbitrary, the result is objectwise. O

6. LEFT PROPERNESS

For maps f: A— B and g : C — D of P-spaces, their pushout product is

fOzg9:(A®D) [[(B®C)— B®D.
ARC
The notation O, will mean the analogous pushout product in (Top, x). Iterated pushout
products are associated from the left; by associativity, the other choices are canonically
isomorphic to this one. This is [8, Definition 9.1].
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6.1. Proposition (cubical formula for the iterated pushout product). Let f; : A; — B;,
for 0 < i< p, be p+1 maps of P-spaces. For S C {0,...,p}, put

CS) =Vil) @+ Vh(S),  Vi(S) = {g e
For S C T, let Cy,(iL) : C,(S) — CH(T) be the morphism
idg,, 1€59,
G@ @Gy, Gi=\fi, 1€T\S,
idy, i¢T

These assignments define a functor C, : (2{0P} ) — [PP, Toplo, and its canonical
map
lim  Cy(8) — ({0, ..p})
S¢{0,...,p}
is fodg - - - U fp-

Proof. This is [8, Proposition 9.8]. Write @, = lim scio.. C,(S). Functoriality follows

D}
from

. . . .S .
Cp(2g>cp(zr§) = Cp(lg)> Cp(ig) = idg,(s) -
Forp > 1, put B, = By®---® B,_;. Splitting the indexing poset according to whether
p € S, and using separate preservation of colimits, gives the pushout

Qp-1®A, —— B,®A4,
id ®fpl l
-
Qp-1® B, ——— Q.
Consequently,
(@ — B4, @B,) = (@1 — Bp)Tafor (Qo — Bo) = fo.
Induction proves the assertion. O

For p = 1, the construction is the following commutative diagram, whose left square is
a pushout. Its lower right arrow is the pushout product:

Ay ® Ay o By ® A4 _deh By ® By
I~
Ao ® By Q By ® By

folg f1

6.2. Lemma. Nonempty finite tensor products of objectwise weak homotopy equivalences
of P-spaces are objectwise weak homotopy equivalences. For a family (f; : D; — E;)ier,
the map [1;cr fi is an objectwise weak homotopy equivalence if and only if every f; is one.
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Proof. Induct on the number of tensor factors using Theorem 5.3. For coproducts, the
natural isomorphisms

- (H Di(L)) = [ mol(Di(L)),

iel i€l
T (H DKL),:U) = m,(D;i(L), ) (x € Dy(L), n>1)
iel
preserve the index ¢ and prove both implications. O

6.3. Proposition (well known). Every space is h-cofibrant, and the h-model structure on
Top is cartesian monoidal.

Proof. The interval is a good cylinder object since {0,1} < [0, 1] is a g-cofibration and
hence an h-cofibration; see [18, Example 1.11(A)(1) and Sections 4.1 and 4.3]. The
h-cofibrations are precisely the strong cofibrations of [18] by [1, Definition 5.3 and Corol-
lary 5.23] and [18, Proposition 3.5(6)]. Applied to the cartesian product, [18, Pairing
Theorem 2.7(1) and Addendum 3.6(1)] gives, for h-cofibrations i, 7,

1,7 h-cofibrations = il j an h-cofibration,

¢ or j a homotopy equivalence = il j a homotopy equivalence.

Every space is strongly cofibrant by [18, Lemma 2.6(3)]. In particular, the unit {x} is
h-cofibrant, so the pushout-product and unit axioms hold [16, Definition 4.2.6]. O

6.4. Lemma (well known). If i : A — B is an h-cofibration and K is any space, then
K xi: K xA — K X B is an h-cofibration. Pushouts and transfinite composites of
h-cofibrations are h-cofibrations.

Proof. The map K x i is the pushout product (& — K)Oyi, so it is an h-cofibration by
Proposition 6.3. Pushouts and transfinite composites of cofibrations are cofibrations in
every model category [16, Lemma 2.1.10). O

6.5. Proposition (Tensor products and copowers). For P-spaces D, E and a space U,
the pointwise copower D x U satisfies natural homeomorphisms

(16) (DxU)® E)L)= (D® E)(L) x U,
(17) (D®(ExU))(L)= (D® E)(L) x U.

Proof. The functor — x U preserves colimits, so

(DxU)®E)(L)= /a’bP(L,a®b) x (D(a) x U) x E(b)

a,b
~ (/ P(L,a®b) x D(a) x E(b)) x U
= (D®E)(L) x U.
The same calculation with U in the second factor proves (17). Equation (1) gives

(18) FU = (F{x}) x U. O
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6.6. Proposition (Pushout products and pushouts). Suppose that a tensor product pre-
serves colimits in each variable. Replacing either map in a pushout product by a pushout
replaces the pushout product by a pushout. The same holds for any factor of an iterated
pushout product.

Proof. Let f:A— B,g:C — D,and f': A’ — B'= B1ll4 A, and write
Qr=(A® D) lsgc (B® ), Qp = (A ®D)Upyge (B ®C).
Separate preservation of colimits gives
Qp = (A'® D) lyge (B®C) age (A'® C))
= Qf Hasp (A/ ® D):
(B®D)lg, Qp = (B® D) Uep (A ®D) =B ®D.

Consequently, the following square is a pushout:

Qr —*, BaD

]

/

The same calculation applies to the second variable. Induction on the number of factors
proves the last assertion. O

The following proposition applies these calculations to the latching maps.

6.7. Proposition (latching maps for free spaces). Let p,k > 0 with p+ k > 0, and let
Wi, ..., W, be arbitrary P-spaces. For 1 < r <k, choose £, € Obj(P) and n, > 0, and
let

Gr =Ty (S" 71— D™)
be a generating projective q-cofibration of P-spaces. Every evaluation at L € Obj(P) of
an iterated pushout product made, in any fixed order, from the maps @ — W; and the
maps j, s an h-cofibration. The same conclusion holds if any of the maps j, is replaced
by a pushout of j, in [P°P, Toplo.
Proof. Number the maps in their fixed order by I = {1,...,p + k}. Let Iy be the
positions of @ — W, let Ip = I\ Iy, and let C be their cube from Proposition 6.1. Since
® preserves colimits in each variable,

Iw ¢ S = C(S) = 2.

If £ = 0, the iterated pushout product evaluates to @ — C(I)(L), an h-cofibration by
Proposition 6.3. Suppose k > 0. Let K be the tensor product obtained from C(I) by
replacing each Fy D" by F, {x}. For T' C I, put

D, the position of j, belongs to T,

Sn=1 otherwise.

Equations (16)—(18) identify the entire diagram naturally in 7"

(19) C(Iy UT)(L) = K(L) x ﬁ U,(T).

11



Set . .
B:HD”r, 0B:UD"lx---xS”“lx---xD”’“.
r=1

r=1
Evaluation and K (L) x — preserve colimits [7, Proposition 5.3]. Empty vertices contribute
nothing, so (19) gives

(lim,_, C(8))(L) ————— C(D)(L)

| |

K(L)x 9B —— K(L) x B.

Il

The inclusion 0B < B is the iterated cartesian pushout product of the inclusions
Sl sy D™ It is a CW subcomplex inclusion, hence a g-cofibration in either choice of
Top; compare [16, Proposition 4.2.11]. Tt is therefore an h-cofibration, and Lemma 6.4
applies to the bottom map of (20).

Replacing any j,. by a pushout gives a pushout of the iterated pushout product by
Proposition 6.6. Evaluation preserves pushouts, and h-cofibrations are preserved by
pushout. U

6.8. Lemma (Reedy comparison). Let R be a small Reedy category for which the colimit
functor is left Quillen. Let D, D’ : R — Top be Reedy cofibrant for the h-model structure.
If D — D' is objectwise a weak homotopy equivalence, then

lim D — lim D'
= "
is a weak homotopy equivalence.

Proof. Ordinary colimits of Reedy h-cofibrant diagrams compute their h-model homotopy
colimits. The g-model and h-model homotopy colimits have the same weak homotopy
type by [3, Theorem A.7], adapted to Top in [10, Theorem 2.8|. Using functorial replace-
ments gives the comparison square

hocolimy, D ————— héﬂ D

| J

hocolim, D/ ———— hﬂ D'

The left map is a weak homotopy equivalence by homotopy invariance of the derived
colimit. The two-out-of-three property proves the assertion; this is the argument of [10,
proof of Theorem 5.3]. O

6.9. Corollary (Transfinite compositions). Let X — Y be a map of transfinite towers
A — Top. Suppose that all successor maps in both towers are h-cofibrations and that
X, — Y, is a weak homotopy equivalence for every u < X. Then ling — ligY s a
weak homotopy equivalence.

Proof. The spaces {x}, [0,1], S*, and S™ x [0,1], for n > 1, are finite relative to h-
cofibrations [10, Proposition 2.5 and Corollary 2.7]. The transition maps and maps to
the colimits are one-to-one [10, Section 2 and Proposition B.16]. Factoring points, paths,
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based maps, and based homotopies through stages therefore gives
mo(lim X) = lim7o(X,),  mo(lim Y') = lim mo(Y),).
p<A p<A
For z € X,,,, let z,, be its image at stage ;1, and let s, : X,, — Y}, and s : ling — liﬂY
be the comparison maps. The same factorization gives, for n > 1,

ling "X 7) = o (lim X, 7)

| |

hﬂuoéuO\ T (Y, 5p(3)) ———=— Wn(hﬂ Y, so0()).
The left map and the map on 7y are isomorphisms by hypothesis. Il

We recall the Reedy description needed below. Given a set S and u,v € S, let R, ,(.5)
denote the category written P, ,(S) in [8, Section 9]; the change of letter avoids confusion
with the reparametrization category P. Its objects are finite words

((UO, €1, U1>, ey (Um_17 Em, um))7

where u; € S, ¢; € {0,1}, and ¢; = 1 forces (u;—1,u;) = (u,v). Its arrows are gener-
ated by contractions of two adjacent 0-labelled objects (the composition maps) and by
replacements (u,0,v) — (u, 1,v) (the inclusion maps), subject to the associativity and
interchange relations. The complete presentation is [8, Section 9, before Notation 9.5]. It
is a Reedy category with degree m + Y, €;; inclusion maps raise degree and composition
maps lower it. For a diagram D, the latching object at n is

D= lm D
O(Ru,w(S)Tin)

The Reedy model structure exists for every model target, and its colimit functor is left
Quillen [8, Theorem 9.6].
Consider a pushout of P-flows

Clob(07) —— A

(21) l Jf

-
Glob(Z) —— X
and put u = ¢(0), v = g(1). Define

07 ——— P, A

L

7 s T =Z1 Py, A

The diagram D; : R, (A") — [P°P, Top], assigns to the word n above the ordered tensor
product

]P)“' U‘Aa i = O,
(23) Df(n) — Zl R ® Zm’ Zz _ i—1,Usg g
T? g = 1.

13



The inclusion arrows use P, ,A — T and the contraction arrows use composition in A.
This is well defined and

(24) lim Dy = PX

by [8, Theorem 9.7]. TIts latching map is the iterated pushout product of the maps
@ — P, A belonging to the factors with label 0 and the maps P, ,A — T belonging to
the factors with label 1; if all labels are 0, the latching object is empty. This is [8, Propo-
sition 9.9]. Colimits of enriched presheaves are computed objectwise |7, Proposition 5.3];
consequently, evaluation at L commutes with the latching colimits and with the colimit
in (24).

6.10. Proposition (Attaching a globe). Let s : A — A’ be a weak equivalence of P-flows.
Let 0Z — Z be one of the generating maps F,S"~! — F,D", and form the two pushouts

Glob(02) A u
R .
r [
Glob(Z) X— X

Then the induced map s : X — X' is a weak equivalence. Moreover PA(L) — PX (L) is
an h-cofibration for every L € Obj(P).

Proof. The bijection s° identifies the state sets and attaching endpoints. Form the

pushouts
8Z EE—— Pu7'uA % ]P)u,vA/
Z LT LT

The map T' — T" is an objectwise weak homotopy equivalence by left properness of the
projective gq-model structure [7, Corollary 6.5].

The diagrams D¢, D have the same Reedy indexing category. Their latching maps are
iterated pushout products of maps @ — P, ;A and P, ,A — T', or the corresponding maps
for A’. The latter maps are pushouts of 0Z — Z, so Proposition 6.7 makes both evaluated
diagrams Reedy h-cofibrant. Every component of Dy — Dy is a finite tensor product
of objectwise weak homotopy equivalences, hence is one by Lemma 6.2. Lemma 6.8 and
(24) give

PX(L) = @Df(L) = ling/(L) ~PX'(L).
Since X? = A% and X" = A", the map 5 is bijective on states. Its path map preserves the
summands indexed by pairs of states, so Lemma 6.2 proves that s is a weak equivalence.

For the cofibration assertion, use Diq, — Dy from [8, proof of Theorem 9.10]. Its
relative latching map is an isomorphism for words with only zero labels; otherwise it is
an iterated pushout product of maps @ — P,;A and at least one copy of P, ,A — T
8, proof of Theorem 9.10, cases (a) and (b)]. Proposition 6.7 makes its evaluation a
Reedy h-cofibration. The left Quillen colimit functor [8, Theorem 9.6] therefore gives the
h-cofibration

PA(L) = liﬂDidA(L) — %an(L) =PX(L). O

14



We first separate the description of the pushout along R from its homotopical conse-
quences. This extends [10, proof of Theorem 5.6, case (2)].
Fix distinct states a,b € A%, let ¢ : A — A°/~ identify a,b, and form the pushout

{O, 1} 0»—>a,1H>bA

|

{0} —— X.
The identification makes the following composition possible:

T Y

A «

X fo] ————la] =[]

A reduced word of length |w| = m is a finite sequence

w = ((a1,61), -, (m, Bm)), m =1,
satisfying
q(B) = q(ainr),  BiF o  (1<i<m)
Associate to it

(25) PyA=Py 5 A® - @P,, 5, A
6.11. Proposition. The pushout has state set X° = A°/~ and natural isomorphisms

(26) P, 5X = 1T P, A.
w reduced  _
q(en)=a, q(Bm)=p
Proof. For a finite word with ¢(5;) = g(@;41), define red(w) by replacing each maximal
consecutive block with §; = a;,1 by the pair consisting of its first source and last target.
Composition in A gives a map from the tensor product for w to Preq(w)A. Tensor products
preserve coproducts, so these maps define composition on the right side of (26). For three
reduced words,
red(red(wv)z) = red(wvz) = red(wred(vz)).
The corresponding maps agree by associativity in A and functoriality of ®: disjoint block
compositions commute, and compositions sharing a factor satisfy

pa(pa @id) = pa(id @pa).

Thus (26), with state set A°/~, defines a P-flow, and the summands of length one define
A—X.
For a map h: A — Y with h(a) = h(b), the extension on a summand of length m is

®LiFarsih, & "
Py A == @ Pagan i)Y Phtan)n(sn Y-
i=1

where u§,’”) is iterated composition and u§,1) = id. Every word is a composite of its factors,
so the extension is unique. Consequently,

PFlow(X,Y) = {h € PFlow(A,Y) | h(a) = h(b)}. O
15



6.12. Proposition (Identifying two states). Let a,b € A°, and let X be the pushout of
A along R at these states. Then X° = A%/~ and PA(L) — PX (L) is an h-cofibration
for every L € Obj(P). If s : A — A’ is a weak equivalence and X' is the corresponding
pushout, then X — X' is a weak equivalence.

Proof. If a = b, then X = A. Otherwise apply Proposition 6.11. The summands of length
one give
PX =ZPAIW, w= ][ P.A

w reduced
|w|>2

Hence the following square is a pushout:

g — W(L)

Il

PA(L) —— PX(L).

Its bottom map is an h-cofibration because every space is h-cofibrant. The bijection
sY identifies the reduced words for A, A’ and their quotient state sets. Under (26), the
induced map on execution paths is

|w|

H®Pai75i8.

w (=1

It is an objectwise weak homotopy equivalence by Lemma 6.2. U

6.13. Theorem. For every reparametrization category with cuts P, the ¢-model structure
on P Flow is left proper.

Proof. First let i : A — X be a relative cell complex generated by (5). Well-ordering its
cells refines it to a transfinite tower of pushouts of single generating maps,

A=A — A — - — A, =X.

For a weak equivalence s : A — A’, form the pushouts

A AM Au—f—l
S S Spu+1 A/ == A/H A .
l rl r l i i A
Al Al Al

We prove by transfinite induction that s, is a weak equivalence. Simultaneously, every
successor map

(27) PA, (L) — PA,+1 (L), PA (L) — PA,, (L)

is an h-cofibration for every L € Obj(P). At successor stages, apply Proposition 6.12 for
R and Proposition 6.10 for a globe. A pushout of C' satisfies

AV =ANT0{x}, PA,,=PA,

ptl

with the same identities for A’, so it also preserves both assertions.
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At a limit stage p, the path towers consist objectwise of relative-T7 inclusions [10,
Proposition 2.6]. Therefore [8, Theorem 6.14] gives

(28) limPA, = PA,,  limPA, = PA,
v<p v<p
Corollary 6.9 makes the comparison an objectwise weak homotopy equivalence. On states,
0 _ i 0
s, = lim s,
n Vgﬂ

is a bijection, being the colimit of a natural isomorphism. This proves the cellular case.
For an arbitrary g-cofibration, the small object argument [16, Theorem 2.1.14 and
Corollary 2.1.15] gives
i=pj, ALYDLX,
with 7 a relative cell complex and p a trivial g-fibration. The lifting problem

A7

B
.
-
. r
1‘( ot ‘(P
.
.
.
.

-

X — X
idx

gives i = j and pr = idyx. The pushout functor A’ I14, — preserves this retract. With
X, =AUy X and Y, =A'1I, Y, we obtain
X —"——y Lt X
57{ Jgj Jgi pr = ian DPsTs = idXs .
r r
X, Y, X,

Ts

Ps

Since 5; is a weak equivalence and weak equivalences are closed under retracts, s; is a
weak equivalence. O

7. APPLICATIONS TO REPARAMETRIZATION CATEGORIES

The objects of G and M are the positive real numbers, with tensor product a®b = a+b.

Their enriched hom-spaces are
G(a,b) = {nondecreasing homeomorphisms [0, a] — [0, b]},
M(a,b) = {nondecreasing continuous surjections [0, a] — [0,b]}.

They carry the A-kelleyfication of the relative compact-open topology, and composition
is composition of maps. These data define reparametrization categories by [8, Proposi-
tions 4.9 and 4.11]. For a € P(a,d’) and 5 € P(b, V'), where P € {G, M}, the tensor
product of morphisms is
a(t), 0<t
ad+pt—a), a<t
This is [8, Definition 4.6]; its associativity and continuity are part of [8, Propositions 4.7,
4.9 and 4.11].

(29) (a®p)(t) = {
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7.1. Lemma. The function
(=) 6L, L) = 6L\ L),  fr— [T
1S continuous.
Proof. This is [9, Lemma 6.2]. O

7.2. Lemma. Let P € {G,M}, let L,T > 0, and let Z be a space of Top. A function
F:7Z — P(L,T) is continuous if and only if its adjoint

F:Zx[0,L] —[0,T],  F(zt)=F(z)(),
1S continuous.

Proof. The enriched hom-space P(L,T') has the A-kelleyfication of the relative compact-
open topology. Cartesian closedness identifies a continuous adjoint with a continuous
map into TOP([0, L], [0, T]). Since all its values belong to P(L,T"), the universal property
of the relative topology and of A-kelleyfication gives the required factorization; see |8,
Section 2]. The converse follows from continuity of evaluation. U

7.3. Proposition (Cut operators for intervals). For P € {G, M} and a,b,L > 0, the
following formulas define continuous cut operators, natural in a and b. For ¢ € P(L,a+

b), if P=G, let T = (a) and put

(30) st = (7).

(31) s = (r+ E) -
If P =M, put

(32) G()(0) = min{ (1), a},

(33) ¢5* (1) (t) = max{(t) — a,0}.

Proof. For G, the cuts are strictly increasing with endpoint values 0,a and 0,b. For
M, they are continuous and nondecreasing with the same endpoint values, hence surjec-
tive. Inversion is continuous by Lemma 7.1, and evaluation is continuous by cartesian
closedness, so

7:G(L,a+b) —]0, L], Y — 1 a)
is continuous. The adjoints of (30)—(33) are compositions of evaluation with continuous
real functions; Lemma 7.2 proves continuity of the cuts.

For G, put x = (a ® ). By (29),
X () =197 a) =17
The two parts of (29) give

0000 = a(w(F)) = atet* @),
000 = (v (7 + BT o) = i,
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a—+b w’ a-+b (T
b ’/',/ ‘I 02(7!))
a a L)
t /
0 T L 0 L
g : w(T) =a M: C1 (¢) = min{d;, a‘}a Cz(@f’) = ma’X{w —a, 0}

FIGURE 1. The cuts for G and M. In G, the restrictions of ¢ to [0, 7] and
[T, L] are reparametrized on [0, L], and the second is translated by —a. In
M, the cut operators allow constant intervals.

For M, define ¢{"*(2) = min{z, a} and ¢3°(z) = max{z —a,0}. Then ¢{’(¢)) = ¢**¢, and
(29) gives

(6" ") (e ® B)(2)) = {(

Composing with ¢ proves, for both categories,

) Y ((a @ B)p) = act® (), -
& (0@ B)Y) = By (V).

7.4. Proposition (Homotopies of reparametrizations). Let P € {G, M} and L, T > 0.
There is a continuous map

®,1:[0,1] x P(L,T) x P(L,T) — P(L,T)
thh (I)L,T(()?f7 g) - f7 q)L,T<17 f7 g) =9, (I’ﬂd
Sro(u,kf kg) = kdpa(u, f,9) (ke PT,T).

Proof. Put
H,(f,9)(t) = max{f(t),g(vt)}  (0<v<1).

This is a continuous nondecreasing map with endpoints 0,7, hence a surjection. If f g
are strictly increasing and v > 0, then

s <t = max{f(s),g(vs)} <max{f(t),g(vt)}.

For v = 0, it equals f. Thus H,(f,g) € P(L,T) in either case. Its adjoint is continuous
by continuity of evaluation and maximum, so Lemma 7.2 gives continuity into the hom-
space. For any nondecreasing k,

Hy(kf, kg)(t) = max{k(f(1)), k(g(vt)} = k(max{f(t), g(vt)}).
The identities Ho(f,g) = f and Hy(f,g9) = Hi(g, f) = max{f, g} give

f H(F59), max{f, g} Hleh) g.
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Concatenation defines
H2u(f’g)a 0<u<lv
(I)L,T(uv f7 g) = 1 2
Hy 5.(9,f), 3<u<l

The pasting lemma gives continuity; the identities above give the endpoints and compat-
ibility with postcomposition. O

7.5. Theorem. The reparametrization categories G and M have cuts.

Proof. Use the cut operators of Proposition 7.3 and the linear homeomorphism

(35) dr, : [0, L] — [0,2L], dr(t) = 2t.

The continuous map

(36) NP () = (') @ °(1))or

is natural by (34). For k = a ® g,

(37) N (k) = (act’ () @ Bes®())or, = kNP (v).
Proposition 7.4 supplies

(38) 07" (u,¥)) = Prara(u, ¥, N (1),

with endpoints v, NZ’b(w). Its naturality is
%Y (u, ki) = ®p aryir (u, kb, KNP (1))

= kq)L,aer(u? wa Ngb(d})) k@%b(uv w)
These data satisfy Definition 4.1. U

7.6. Corollary. The g-model structures of G-flows and M-flows are left proper.
Proof. Combine Theorem 7.5 with Theorem 6.13. U

8. THE CASE OF THE TERMINAL CATEGORY

Let 1 be the category with one object * and one morphism id,. Its enriched hom-space
is the one-point space, and its unique strict semimonoidal structure is given by * ® % = *
and id, ® id, = id,. It is terminal because every Top-enriched category admits a unique
enriched functor to 1.

8.1. Proposition. The terminal category 1 is a reparametrization category with cuts.
Proof. Apply Lemma 4.2 to the one-point monoid. The unique maps

0, = id,, ;" (idy) = 57 (id,) = id,, 05" (u,id,) = id,
satisfy Definition 4.1. Il

An enriched presheaf on 1 is just a space. Formula (3) has one summand and only
identity relations, so it gives the natural homeomorphism

(D ® E)(*) = D(x) x E(x).

Consequently, a 1-flow is precisely a small topologically enriched semicategory, i.e., an

ordinary flow. This identification is also [11, Definition 17].
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8.2. Corollary. The g-model structure of ordinary flows is left proper.

Proof. Under the preceding identification, apply Proposition 8.1 and Theorem 6.13. This
recovers [10, Theorem 5.6]. O

9. A SYMMETRIC EXAMPLE WITH A STRICT UNIT

A unit for a Top-enriched semimonoidal category C consists of an object e and enriched
natural isomorphisms

Ax:1e®@X S X, px:X®e>X

satisfying the monoidal unit coherence [4, Definition 2.2.8]. For a strictly associative
tensor product, the triangle axiom reads idxy ®\y = px ® idy.

A strict unit would require e + L = L with e > 0. The following argument excludes
arbitrary unit constraints as well.

9.1. Lemma. ForP € {G, M} and L > 0, the points of [0, L] fized by every automorphism
of L are exactly 0 and L.

Proof. Every morphism preserves the endpoints. For z,y €]0, L], let « : [0,2] — [0,%]
and (3 : [0, L —z] — [0, L — y] be the linear homeomorphisms. Their tensor product is an
automorphism of L sending = to y. Thus the automorphisms act transitively on |0, L],
and no interior point is fixed by all of them. U

9.2. Proposition. Neither G nor M is unital. More strongly, for P € {G, M} there do
not exist an object e and an ordinary natural isomorphism

Aoie®L =L (LeObj(P)).

Proof. Suppose that an object e > 0 and a natural isomorphism A : e® — — id exist. Fix
L > 0. In either category, an isomorphism Ay, : [0,e + L] — [0, L] is a strictly increasing
homeomorphism: it is an injective nondecreasing continuous map with a continuous
inverse. Hence

(39) a = Ag(e) €]0, L.

For every automorphism ¢ of L, naturality gives the commutative square

e+ L 9B o q L

ALJ JAL

L——— L

Formula (29) gives (id. ®¢)(e) = e. Evaluating the square at e, we obtain
pla) = p(Acle)) = AL((ide @p)(e)) = AL(e) = a.

Thus «a is an interior point fixed by every automorphism of L, contrary to Lemma 9.1.
No such natural isomorphism exists, so neither category admits a monoidal unit. U

Let P, have one object *, enriched hom-space Py (*, x) = [0, 1], and identity 1. Com-
position and tensor product are multiplication:
(40) tos=ts=s®t (s,t €[0,1]).
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9.3. Theorem. There is a strict symmetric monoidal structure and a cut structure on Py .
With these structures, Py is a symmetric reparametrization category with cuts. Moreover,
Py is not equivalent to 1.

Proof. The interval [0, 1], with multiplication and identity 1, is a contractible commuta-
tive topological monoid. Lemma 4.2 therefore gives the reparametrization category, the
strict unit, and the symmetry.

For the cut structure, put

bo=1  a (¥)=0, & ()=0 (¥Pel0,1]).

The cut operators are continuous. Multiplication by 0 gives naturality and the value of
N:

a”(e® B)Y) =0 =ac™(¥),
" (v ® B)y) =0
N (@) = (0©0)d, =
Use the homotopy to 0 given by

(41) O (u,¢) = (1 —u)y.

It is continuous, and its endpoints are ¢ and N*(¢)). Its naturality follows from

O (u, (a ® ) = (1 —u)afyy
=af(l—u)y = (a® B)O" (u,v).
These data satisfy Definition 4.1.

The unique functor Py — 1 is not faithful since 0 # 1 in Py (%, *). Hence the underlying
categories, and therefore the enriched categories, are not equivalent. U
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