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ABSTRACT. We correct the papers on Moore flows and their applications to natural
systems and globular subdivisions. The Quillen equivalences between Moore flows,
multipointed d-spaces, and ordinary flows, and the equivalences induced by derived
categorization, remain valid. The unit of the adjunction between Moore M-flows and
M-multipointed d-spaces need not be an isomorphism on a g-cofibrant object. We replace
the affected proofs and specify the loop-free hypotheses required for the comparison of
natural systems.
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Part 1. General introduction

This paper collects the errata to [13, 14, 17-19]. We first state the conclusions available
to a reader wishing to use these papers. The subsequent parts give the corrections to
their proofs and to the auxiliary statements.

1. MooRre I, MOORE II, AND MOORE III

The category G of reparametrizations uses increasing homeomorphisms of intervals;
the category M uses continuous nondecreasing surjections and therefore allows stop
intervals. All the Quillen equivalences of [13, 14, 17] remain valid. In particular,
for P € {G, M} the adjunctions

M7 M,
PdTop |, > PFlow | Flow
MP M

are Quillen equivalences between P-multipointed d-spaces, Moore P-flows, and ordinary
flows for their g-model structures, with M7 and M the left adjoints; see Theorems 12.3,
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18.3, and 25.4. The inclusion G C M and the saturation reflector induce further Quillen
equivalences, displayed in Corollary 29.4; see Theorems 28.2 and 29.3.

The assertion that the unit is an isomorphism must be removed for M. For
G, the unit on a g-cofibrant Moore G-flow and the counit on a g-cofibrant G-multipointed
d-space are isomorphisms, as stated in Theorems 18.1 and 18.2. For M, the unit ¥ —
MMMMY is a g-weak equivalence for every g-cofibrant Moore M-flow Y by Theorem 25.3,
but need not be an isomorphism by Proposition 22.3. The counit MMM X — X remains
an isomorphism for every g-cofibrant X € MdTop by Theorem 25.2. This correction
leaves the Quillen equivalence intact. The failure of the unit isomorphism also applies
to the composite adjunction between Moore M-flows and saturated M-multipointed
d-spaces.

The total left derived functor of categorization is an equivalence for both
G and M. Write catp = MM” for categorization, whose path spaces are the execution
paths modulo reparametrization. For a functorial g-cofibrant replacement ()4, the functor

L catp : Ho(PdTop) = Ho(Flow), X — catp(QqX)

is the equivalence asserted in [14, Theorem 8.14] and [17, Theorem 15]. Sections 19 and 26
establish this conclusion with the corrected proofs.
For G and M, categorization has the following properties.
(i) It preserves a globular attachment to a cellular P-multipointed d-space. More

precisely, if A is such a multipointed d-space, the following two squares are pushouts
in PdTop and Flow, respectively:

Clob”(S" 1) ——— A Glob(S"™!) ———— catp A
I
Glob”(D") ——— X. Glob(D") ——— catp X.

For G, this follows from Theorem 17.2 because M, is a left adjoint and preserves
colimits. For M, it is Theorem 24.2.

(ii) It preserves the colimits at limit ordinals in a globular cellular presentation. For
G, combine Proposition 17.3 with preservation of colimits by M,; for M, use
Proposition 24.3.

(iii) It takes g-cofibrant P-multipointed d-spaces to g-cofibrant ordinary flows; see
Proposition 19.2 and Corollary 24.4.

(iv) It preserves g-weak equivalences between g-cofibrant P-multipointed d-spaces; see
Propositions 19.2 and 26.1.

For a g-cofibrant P-multipointed d-space, where P = G, M, the quotient from execution
paths to traces is a trivial Hurewicz fibration with a continuous section; its source is
m-cofibrant and its target is g-cofibrant by Theorem 26.2. These assertions, together with
the four properties above, are the Moore-flow results needed in the two applications below.

2. NATURAL HOMOTOPY OF MULTIPOINTED d-SPACES

The main results of [19] remain valid with the loop-free hypothesis. A cellular
multipointed d-space is loop-free when it has no execution loop at a state. This hypothesis is
3



required in [19, Theorem 4.10 and Section 8] and for both cellular M-multipointed d-spaces
in [19, Theorem 9.4]. After localization at weak homotopy equivalences, there is an open
morphism from the natural system associated with a loop-free cellular M-multipointed
d-space to its discrete natural system in Diag(Ho(Top)). This gives bisimilarity up to
homotopy. For every globular subdivision f : X — Y between loop-free cellular M-
multipointed d-spaces, the four natural systems ﬁ(X ) ﬁ(Y), ﬁd(X ), and ﬁd(Y)
are bisimilar up to homotopy; see Theorem 32.2.

Loop-freeness is required for this open morphism between localized natural systems and
is independent of the corrections to Moore II1. The cellular pushout statement used in [19,
Proposition 7.1] follows from the preservation property of caty, above, with its original
hypotheses. The conclusion that g-weak equivalence need not preserve bisimilarity up
to homotopy also remains valid: Proposition 34.1 supplies a complete finite loop-free
counterexample.

3. GLOBULAR SUBDIVISIONS ARE DIHOMOTOPY EQUIVALENCES

The main result of [18] remains valid. Every globular subdivision f : X — Y
between cellular M-multipointed d-spaces has the factorization

catp(f) = wi, i € cell(T°), w a g-weak equivalence,

asserted in [18, Theorems 9.2-9.3]. Here 7! is the class of generating subdivisions defined
in that paper. The consequences for dihomotopy equivalence, branching and merging
homology, and underlying homotopy types remain valid. Execution loops and stopped
attaching paths are permitted.

The proof uses the preservation by categorization of cellular globe attachments, colimits
at limit ordinals, g-cofibrancy, and g-weak equivalences stated above. It does not use the
false assertion that the unit is an isomorphism for M. Its calculation of traces retains the
summand of paths that leave a cell and return to it, so the loop-free restriction needed for
discrete natural systems does not enter this argument. Sections 35-38 give the corrected
trace decomposition, the verification that the particular map in the factorization is a
g-weak equivalence, and the repaired references to Moore III.

4. ORGANIZATION OF THE ERRATUM

Parts 2, 3, and 4 correspond to [13, 14, 17]. We state the valid published results
used as inputs with their references and omit their proofs when no correction
is needed. We prove the replacements needed for the tensor of constant presheaves,
the cellular word diagrams, and the topology of execution paths. A table at the end of
Part 4 records the Quillen equivalences and the quotients from execution paths to traces,
together with their inputs.

For M, stopped boundary meridians invalidate the closedness argument for charac-
teristic chains and the resulting assertion that M preserves cellular globe attachments.
Section 22 gives a finite loop-free example. Continuous normalization from [20] supplies
representatives of traces; compact families of these representatives have only finitely many
carriers. Finite products of characteristic disks then prove that categorization preserves
globe attachments to cellular M-multipointed d-spaces. Comparing the unit for a Moore

M-flow with the two quotient maps to traces proves that it is a q-weak equivalence on
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g-cofibrant Moore M-flows. This proves the Quillen equivalence with M-multipointed
d-spaces without asserting that the unit is an isomorphism.

Parts 5 and 6 give the remaining details of the errata to [19] and [18]. They include the
corrected comparison of natural systems, the full replacement counterexample, the trace
calculations for subdivisions, and the auxiliary corrections used in the main proofs. A
reference accompanied by one of these citations uses the numbering of the cited paper.
All other numbered references refer to the present document.

5. SPACES, COLIMITS, AND MODEL CATEGORIES

5.1. Execution paths and Moore composition. An ordinary flow records states,
spaces of execution paths between states, and an associative composition of execution
paths. A multipointed d-space records the states as points of an underlying space and
the execution paths as continuous maps. The g-model structures distinguish the state set
and the weak homotopy types of the execution-path spaces; see [9, 11, 16]. The relation
between the two approaches was first established by categorization of globular complexes
[10]. The adjunctions of Moore flows with ordinary flows and with multipointed d-spaces
express it by Quillen equivalences for the g-model structures.

Moore composition retains the length of each path. If x : [0,a] - Z and y : [0,b] — Z
satisfy z(a) = y(0), their composite has domain [0,a + b, and composition is strictly
associative. Changes of parameter act contravariantly on the spaces of paths of each
positive length. With the compact-open topology on the changes of parameter, these
spaces form enriched presheaves. A Moore flow is a semicategory enriched over the
resulting category of presheaves.

progress progress

stop

SEk-=---

¢ l
a+b u

ok----

FIGURE 1. Moore composition retains the joining time. A nondecreasing
surjection may replace a joining time by a stop interval.

5.2. The category of spaces. Throughout, Top denotes either the category of A-
generated spaces or its full subcategory of A-Hausdorff spaces, with one choice fixed.
A space is A-generated when its topology is final with respect to its continuous maps
from standard topological simplices. A A-generated space is A-Hausdorff when the image
of every continuous curve I — Z is closed. For an ordinary topological space Z, its
A-kelleyfication is denoted by kaZ and has the same underlying set. Both choices of Top
are locally presentable and cartesian closed; see [7] and [15, Section 2 and Appendix BJ.
Colimits in the A-Hausdorff category include the reflection to A-Hausdorff A-generated
spaces. When a word presentation is calculated first in A-generated spaces, we verify that
it is already A-Hausdorff before using the same presentation in the A-Hausdorff category.

5



We write I = [0,1], D" for the closed unit disk, and S"~! = D", with D° = {0} and
S—! = @. Products, coproducts, limits, and colimits without another qualification are
taken in the chosen category Top. We explicitly write an ordinary product or an ordinary
relative topology when that distinction is needed. For A, B € Top, the internal hom is

TOP(A, B) = kaC.(A, B).

Here C,, is the compact-open mapping space. A subspace used as an object of Top
receives the A-kelleyfication of its ordinary relative topology.

Every A-generated space is the coproduct of its nonempty path components, and these
components are open. The component set CC(Z) is discrete; see [11, Proposition 2.8] and
[15, Lemma 5.8]. Continuous maps from I suffice to test continuity between A-generated
spaces, in the form used in [14, Corollary 2.3]: a continuous bijection U — V is a
homeomorphism if its inverse carries every continuous curve I — V' to a continuous curve

I—U.

5.1. Proposition. Let Z be the underlying space of a cellular multipointed d-space. Suppose
that Z is Hausdorff and its state subset is closed and discrete. If every compact subset
meets only finitely many open cells, every compact subset is contained in a finite closed
cellular subspace. Such a subspace is compact and metrizable.

Proof. The compact discrete space K N ZY is finite. Start with these states and the finitely
many cells met by K, and successively include the cells and states met by their attaching
boundaries. Compactness of each boundary makes the resulting tree finitely branching;
cell ordinals strictly decrease along every branch. Koénig’s infinity lemma [4, Lemma 8.1.2]
therefore makes this tree finite.

The resulting cellular subspace is the image of a finite coproduct D of characteristic
disks and points. It is compact, hence closed in Z, and its relative topology is the quotient
topology. For the quotient ¢ : D — Y, let B be a countable basis of D. Closedness of ¢
gives the countable basis

{Y\q(D\U):U is a finite union of members of B}

of Y: each compact fiber ¢~ (y) is covered by finitely many basis elements inside ¢~ (V) for
any neighborhood V' of y. Urysohn’s metrization theorem [29, Section 34] now applies. [

5.2. Lemma. Let f : U — V be a continuous bijection of topological spaces, with V'
Hausdorff. Suppose continuous maps p; : K; =V and w; : K; — U from compact spaces
satisfy fw; = p;. Then =1, (k) is continuous for the ordinary relative topology. If U,V
are A-generated and every continuous curve in V' has image in a finite union of the p;(K;),
then f is a homeomorphism.

Proof. The closed surjection p; : K; — p;(K;) is a quotient map. Injectivity of f gives the
continuous factorization _
K, —% U



For a curve & : T — V| the finitely many sets £ ~1(p;(K;)) form a closed cover. The pasting
lemma makes f~!¢ continuous; the curve test gives the conclusion. The quotient and
pasting lemmas are recalled in [29, Sections 22 and 18]. U

5.3. The g-model structure. The g-model structure of Top has weak homotopy equiv-
alences as weak equivalences and Serre fibrations as fibrations. It is generated by

ITop:{Sn_lc_)Dn:TL)O}» JTop:{DnX{O}‘ﬁDnX]IZTL>O}.

It is a cartesian monoidal model structure. We use the standard closure properties of
cofibrations under pushouts, transfinite compositions, and retracts; see [22, 23]. All spaces
are fibrant. The mixed model structure has weak homotopy equivalences and Hurewicz
fibrations. Its cofibrant objects are precisely the spaces homotopy equivalent to g-cofibrant
spaces [3, Corollary 3.7]. We use the term m-cofibrant for this class.

For later retract arguments, let ¢ : A — X be a g-cofibration in one of the combinatorial
model categories used below. Factor it by the small object argument as ¢ = pj, where
j: A — B is a relative complex of generating g-cofibrations and p : B — X is a trivial
g-fibration. The lifting axiom supplies

A%B

//’(
(5~1> { 5 l’p

X — 5 X
idx

The equations si = j and ps = idx make i a retract of j in the arrow category. For a
g-cofibrant object X, take A = & to obtain the cellular replacement and its section:

g — B

//7
(5.2) l lp

X — X.
idx

Here B is cellular and ps = idx. These are the retract constructions used in the standard
closure arguments for cofibrations [23].

5.3. Proposition. Suppose D U E is projectively q-cofibrant in a category of enriched
presheaves with objectwise weak equivalences and fibrations. Then D is projectively q-
cofibrant. The corresponding assertion holds for spaces.

Proof. Let p: A — B be a trivial projective g-fibration and let f : D — B be a map. To
prove cofibrancy of D, we must solve

_

%) A
~ //7

l ;f///// lp

D

fB.



We first check that pUidg : AU E — B U FE is an objectwise trivial g-fibration. At an
object ¢ of the indexing category, the generating lifting problems are

Sl 9 A0 U E(®)

/,’I
h lpw)uid

D" ———— B(() UE(0).

Connectedness of D™ puts b in one summand. In the E(¢) summand take h = b; in the
B(¢) summand use the trivial g-fibration p(¢). This includes n = 0, and proves that
pUidg is an objectwise trivial g-fibration.

Cofibrancy of D LI E now provides the diagonal in

g —— AUFE

//’{
H .-~ .
‘/ o ‘/pUIdE

DUE ———— BUE.
fuidg

The equation (p Uidg)H = f Uidg gives H(D) C A, so f = H|p solves the original
square. For spaces, omit evaluation at /. O
5.4. Proposition ([23, Proposition 1.3.13]). Let F 4G : C = D be a Quillen adjunction
and suppose all objects of D are fibrant. If G reflects weak equivalences and the unit

X — GFX is a weak equivalence for every cofibrant X, then the adjunction is a Quillen
equivalence.

5.4. State sets and cellular presentations. A discrete set with no execution paths is
denoted by S°. The two maps that add and identify states are

C:2—{0}), R:{0,1} — {0}

They occur among the generating cofibrations of both Moore flows and multipointed
d-spaces. For cellular Moore flows and cellular multipointed d-spaces starting from the
empty object, their effect can be incorporated into the initial state set.

5.5. Proposition. Let X be a cellular Moore flow or a cellular multipointed d-space
constructed from C, R, and globe attachments. There is a cellular presentation of X
starting with (X 0)b and using only globe attachments thereafter.

Proof. Let X, be the original cellular presentation and form the set colimit S = colim, X0.
Replace each stage by the pushout

(X)) —— X,

_—

S 5 X,
The functor S — S is left adjoint to the state-set functor, so it preserves colimits.

Commutation of pushouts with colimits gives

colim, X, & X g S* = X.
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In the new presentation, additions and identifications of states become identities of S°,
while globe attachments keep their form. For Moore flows, they preserve the state set
by Proposition 9.3. For multipointed d-spaces, the underlying stages are obtained by
ordinary disk attachments to S. They are A-generated and Hausdorff by Proposition 23.1,
so they belong to either chosen category of spaces; the A-Hausdorff reflection identifies no
points. Every stage therefore has state set S, and the displayed isomorphism identifies S
with X°. This gives the fixed state set used in [17, Section 4]. O

Part 2. Moore I: reparametrization categories and flows
6. REPARAMETRIZATION CATEGORIES

6.1. Definition ([13, Definition 4.3 and Appendix]). A reparametrization category is
a nonempty small topologically enriched strict semimonoidal category (P, ®) with the
following properties. Every hom space P (¢, ¢') is contractible. If ¢/ = ¢{®@ ¢ and ¢ : { — 0/,
there are objects ¢1, ¢y and maps ; : {; — £, such that { = {; ® {3 and ¢ = Y1 ® ¥s.

We write ¢ + ¢ for the tensor of objects. The tensor of morphisms retains the symbol ®.
Write Py for the ordinary category obtained by forgetting the topologies of the hom spaces.
No commutativity or symmetry is assumed. Nonemptiness is needed for the Quillen
equivalence between enriched presheaves and spaces in Theorem 12.2. The terminal
enriched category 1, with its unique semimonoidal structure, is an example.

6.2. Proposition ([13, Propositions 4.9 and 4.11]).
The following categories are reparametrization categories. Their objects are the positive
real numbers. The hom spaces are
Gla,b) = {¢:[0,a] = [0,8] : ¢ is increasing},
M(a,b) = {p:[0,a] — [0,b] : ¢ is continuous and nondecreasing}.

They receive the A-kelleyfication of the relative compact-open topology. The tensor is
concatenation of changes of parameter:
(pl(t), 0<t<a1,
(01 ® p2)(t) = o ¢i € Plas, by).
bi+ 2t —a1), a1 <t<a+ay,

For either category, a contraction is

H(p,s)(t) = (1—s)p(t) + SZt.

For 0 < ¢ < b, the set ¢~ 1(c) C]0, a] is a singleton for G and a nonempty compact interval
for M. Restriction at any r € ¢ ~!(c) gives

§0:901®9027 P1 €P<T70)7 Y2 GP(CL—T,I)—C),

as required by the factorization axiom. Neither category is symmetric with respect to
concatenation of morphisms.

6.3. Notation. For ¢ > 0, let py : [0,¢] — I be the increasing homeomorphism ¢ — ¢/¢.
Thus a unit-length path x gives the path xpu, of length /.



6.4. Proposition ([14, Proposition 2.5 and Lemma 6.2]; [17, Proposition 3]). The compact-
open topology on G(a,b) and on M(a,b) is the topology of uniform convergence. These
spaces are metrizable and locally path-connected, and their ordinary topology s already
A-generated. Inversion is continuous on G.

7. ENRICHED PRESHEAVES AND THEIR TENSOR

A "P-space is a topologically enriched functor D : P°? — Top. A morphism is an
enriched natural transformation. We denote the underlying category by [P, Toplo. The
action has the form

P, 0" x D) — D(L), (p, 1) — zp.

The space of natural transformations is an end. The enriched Yoneda lemma and the
density presentation are

(7.1) (PP, Top|o(P(—, ) x U, D) = Top(U, D(¢)),

(7.2) D= /ZP(—,E) x D().

The corresponding statements with mapping spaces are homeomorphisms [25, Chapter 3].

7.1. Proposition ([12, Propositions 5.1, 5.3 and 5.5]). The category [P°?, Top|y is locally
presentable. Limits and colimits of enriched presheaves are calculated objectwise. For
every , the functor F7" : U w— P(—, ) x U is left adjoint to evaluation at (.

7.2. Definition ([13, Definition 5.7]). The tensor of P-spaces is

(7.3) (D® E)(L) = / DLty + 6) % D) % E(6y).
The coend is formed in Top. Its representatives satisfy
(7.4) [, 201, ypa] = [(1 @ pa)1), 2, .
The coend retains the order of the factors and the topology of the hom spaces.

7.3. Theorem ([13, Theorem 5.14 and Proposition 5.16]). The tensor makes [P°, Top],
a biclosed semimonoidal category. It preserves colimits separately in each variable. There
are natural isomorphisms

F7"(U) @ F," (V) 2 FL, (U x V).
The internal homs and their adjunctions are

[E, FJa() = [P, Top] (B, F(£ + — / TOP(E(a), F(£ + a)),

D, Fl(¢) = [P, Top] (D, F(~ / TOP(D(a), F(a + 1)),
[De E, F]=[D,[E, Flg = [E,[D, F]L
The functors F(¢ + —) and F(— + ¢) need not agree on morphisms.
7.4. Proposition ([13, Proposition 5.18]). There is a natural associative homeomorphism
colim(D ® F) = colim D x colim E.

For a representable presheaf, colim P(—, () = {x}. Consequently colimF}”"(U) 2 U.
10



Density (7.2) reduces the proposition to
colim (F}”" (U) @ F" (V) & colim FL, (U x V) = U x V.
The comparison [¢, x,y] — ([z], [y]) is compatible with associativity.

8. CONSTANT PRESHEAVES AND JOINING TIMES

The constant presheaf on U is denoted by ApopU. There is always a canonical map
(8.1) muy : AporlU @ ApopV — Apop(U X V), [V, u,v] — (u,v).

It is continuous, natural, and associative. It is the lax semimonoidal structure on the
right adjoint of the strong semimonoidal colimit functor. Proposition 5.17 of [13] asserts
that this map is always an isomorphism. The following calculation identifies the domain
of this map for P = G.

8.1. Proposition. For L > 0, there is a natural homeomorphism

(AgopU &® Ang)(L) %J]O, L[XU x V.
For 0 € G(L, L), the presheaf action on the interval factor is |0, L'[—]0, L[, a — 67 '(a).
The map in (8.1) is the projection onto U X V.

Proof. Products preserve colimits, so take U = V = {x} and write @, for the coend
formed in A-generated spaces. Its summands are A-generated by Proposition 6.4, so 0,
has the ordinary quotient topology. The cut map is well defined by

c:Qp—I0,L[,  cW]=vN (), (e ®p2)) () =¥ (0).
It is continuous on each summand by continuity of inversion and evaluation (Proposi-
tion 6.4).
For a = c[¢], restriction gives ¥ = 1)1 ® 1o with ¢y € G(a,l;) and ¥y € G(L — a,{s).
Relation (7.4) gives

W) = ldi]r-a, W] =W] < ¢]=[y]
In the fixed summand (1, 1), the section g(a) = p1, ® pir,_q solves

g — G(L,2)

//7
.
|¢~>w1<1>

0, L] ——— 10, L.

The family (a,t) — (e ® pr—q)(t) is continuous, so its adjoint ¢ is continuous in the
compact-open topology. Its composite with G(L,2) — Q is ¢~!. Hence Qr =|0, L[; this
space is already A-generated and Hausdorff, so A-Hausdorffization makes no further
identifications. Finally,

[l = 07 (c[¥]),  (AgalU ® AgoV)(L) X QL x U x V.

11



a b L
FIGURE 2. The sections q, = o ® pr_o and q, = pp ® pr_p represent

distinct coend classes when a # b.

8.2. Proposition. For M, the canonical map AporU @ ApgorV — Apger (U X V') is an
isomorphism.

Proof. Reduce to U = V= {x}. Factoring ¢ € M(L, (1 + ) at a € ¢~'(0r) gives
(Y] = [idL)(a,z—a)- For 0 < a < b < L, the map

t b
Yap(t) = min {, 1} + max {Lb’ 0} satisfies 0, ;(1) = [a, b).
a _ 5

Its factorizations at a and b give
[dz)(a,z—a) = [Vapla,1) = (L] p,0-p)-

The point coend is therefore a singleton. Products preserve colimits, giving the assertion

for U, V. U

The general theory requires only the lax semimonoidal structure (8.1); Proposition 8.1
shows that it is not strong for G.

9. MOORE FLOWS AND LOCAL PRESENTABILITY

9.1. Definition ([13, Definition 6.1]). A Moore P-flow, also called a P-flow, is a small
semicategory enriched over ([P°?, Toply, ®). It has a set X of states, a P-space P, s X
for each ordered pair of states, and associative composition maps

P, sX ® Py X — Py X.

There are no specified identities. A morphism consists of a state map and compatible
maps of path presheaves. We denote their category by PFlow.

At individual lengths this means continuous maps
¢ ¢ 0140
PapX xP7 X — ]P’O}’?yL 2X.
For ¢; : 0, — ¢;, naturality says

(we1) * (yp2) = (zx y)(p1 @ p2).
The total path presheaf is PX =[], gexo0 PagX.

9.2. Definition. For D € [P Top|o, the globe Glob(D) has states 0, 1, only possibly
nonempty hom object Py Glob(D) = D, and no nonempty composable pairs.

12



9.3. Proposition ([13, Propositions 6.4 and 6.10]). The state functor preserves limits and
colimits. There is a natural bijection

PFlow(Glob(D),X) = [ [P”, Toplo(D,P,sX).
a,BeX0
9.1. Limits and the solution set. For X : [ — PFlow, the limit is given by [13,
Theorem 6.8]:
(lim; X;)° =lim; X7, Pup(lim; X;) = 1lim; Py, 5,X:,  a = (), 8= (5).
Composition is induced by the compositions in X;, since products at each length commute
with limits.

9.4. Proposition. The category PFlow is bicomplete.

Proof. Completeness follows from the displayed construction. For cocompleteness, apply
the adjoint functor theorem to the constant-diagram functor PFlow — PFlow’. For a
fixed small diagram X : I — PFlow, choose an infinite cardinal

K> maX(NO, | Obj P|, | MOI“POMZ#XO;

where #X; = | X?| 4+ 3, 5 [P 3Xi|. Given a cocone into Y, let Z, consist of its images
after n successive closures under reparametrization and binary composition. Then

U 2.

n=>0

Zol < Ky | Znia| S B HR|Za| + 120 <K, #Z= <k

The generated subflow Z C Y, with the A-kelleyfication of the relative topology on each
hom subset, inherits continuous actions and compositions. The cocone factors through Z.

There is a set of such bounded structures and cocones up to isomorphism. This is a
solution set for the limit-preserving constant-diagram functor; its left adjoint is colimit.
The bound #Z < sup; #X; in [13, proof of Theorem 6.8] already fails for a one-state
identity cocone. Even #7 < sup, #X; fails for a discrete diagram of one-state flows whose
images are distinct. U

9.2. The free semicategory. An enriched graph consists of a state set S and hom
objects Dy 3 € V = [P, Top)o. Its free semicategory has the same states and hom objects

(9.1) T(D)ap =] Il Daves @@ Da, ;0

nzl ap=a,an=0
AL,y —1ES

Composition and monad multiplication concatenate words; the monad unit includes words
of length one. No identity paths are added.

9.5. Proposition. For a filtered diagram (X;);e; of Moore P-flows with common state set
S and identity state maps, its colimil has state set S and hom presheaves

P, s(colim; X;) = colim; P, 3.X.
Proof. Set H, 3 = colim; P, 3.X;. The diagonal I — I x [ is final, and tensor preserves
colimits separately. Thus
Hop ® Hgo = colim jerx (Pa,p X © P Xj)

= COhmi(Pa’ﬁXi X PB»'YXZ) — Ha,’y-
13



The same calculation with three factors proves associativity. The universal property of
the hom colimits gives the universal property in PFlow. This is the fixed-state case of
[13, Theorem 6.14], without the additional topological hypotheses used there. U

9.6. Proposition. The category PFlow is locally presentable. For a sufficiently large
reqular cardinal X\, the globes on a dense family of A-presentable P-spaces and the one-state
pathless flow form a strong generator of \-presentable objects.

Proof. The category V-Gph of enriched graphs with variable state set is locally presentable
[26, Proposition 4.4].

The free semicategory monad (9.1) preserves filtered colimits. Indeed, each finite state
list and each finite list of equalities among its representatives occurs at a common stage.
The category J of representatives of a state list is therefore filtered. For its n hom factors,
finality of J — J" gives

COliIﬂjEJ(DjJ KR Dj,n) = (COhijJ Dj71) KR (COhijJ Djm).

Taking the coproduct over state lists and n > 1 gives colim; T'(D;) = T'(colim; D;),
including diagrams whose state maps identify states. Consequently T' is accessible and
its algebra category PFlow is locally presentable [1]. This is the argument of |26,
Theorem 3.3], with words of length zero omitted.

Choose a dense family (G;) of presentable objects of V. Enlarge A so that the graph
category is locally A-presentable, T" preserves A-filtered colimits, and the two-state graphs
with sole hom object G; are A-presentable [26, Lemma 4.3]. Their free algebras are
Glob(G;). The free-algebra adjunction makes these globes A-presentable, since the forgetful
functor creates A-filtered colimits. The one-state pathless flow is presentable for the same
reason. Proposition 9.3 shows that these objects detect isomorphisms on states and on
every hom presheaf, so they form a strong generator. O

This supplies the presentability step left implicit in [13, Theorem 6.11].

9.7. Proposition ([13, Theorem 6.13]). The total path-presheaf functor is a right adjoint.
Its left adjoint assigns to D the coproduct of the globes on its nonempty component
presheaves.

Proof. Contractibility of the hom spaces implies that parallel morphisms induce the same
map on path components, and a morphism in the opposite direction induces its inverse.
Thus the canonical maps

CC(D(£)) = CC(D) = colimper CC(D(())

identify the components intrinsically. For ¢ € CC(D), let D.(¢) C D(¢) be the component
labelled by ¢, with the relative topology. These components are open, and the actions
preserve their labels. Hence D =[], D.. in [P, Top|o.

Since every D, () is nonempty and path-connected, a map D, — PX has its image in
one hom presheaf. Proposition 9.3 gives

['POp’T()p]O(D,IP’X) = H H [Pop’ TOp]O(Dm]P)OIﬁX)
ceCC(D) a,BeX0

O
= PFlow ( 11 Glob(Dc),X> .
ceCC(D)
14



10. THE Q-MODEL STRUCTURE OF MOORE FLOWS

10.1. Theorem ([13, Theorems 8.8-8.10 and 8.16]). There is a combinatorial g-model
structure on PFlow. [ts generating cofibrations are

{Glob(F}*”’S™™ 1) — Glob(F7""'D") : n > 0, £ € ObjP} U {C, R}.

A morphism f : X — Y is a weak equivalence if its state map is bijective and each
PosX — Psas3Y is an objectwise weak homotopy equivalence. It is a fibration if these
maps are objectwise q-fibrations. All objects are fibrant.

The construction applies the theorem on model categories of fibrant objects in [24],
using Proposition 9.6. Its path object is
Path(X)’ = X P! ;Path(X) = TOP(I, P, ,X),
(p*q)(t) = p(t) * q(t).
The category [P, Toply has the projective g-model structure, with objectwise weak
homotopy equivalences and g-fibrations and generating cofibrations F}™ (Iop) [12, 28].

The free presheaves on disks and spheres are projectively g-cofibrant. Their values are

m-cofibrant because the hom spaces of P are contractible; objectwise g-cofibrancy need
not hold.

10.2. Theorem ([13, Theorem 9.4]). If f and g are projective g-cofibrations of P-spaces,
their pushout product for ® is a projective q-cofibration. It is trivial if one factor is trivial.

On free presheaves the calculation is

Fy " (f)OFy" (9) = Fi (f Og).
The cartesian pushout-product property in Top, closure under pushouts and transfinite

compositions, and the cellular retract (5.1) give the theorem and its iterated version. The
factors remain in their prescribed order.

11. CELLULAR WORD DIAGRAMS
Fix a nonempty state set S and u,v € S.
11.1. Definition. Let W*"(S) have objects

n= ((u0a€17u1)7"'7(un—17€n7un))7 'I’L> 17
where ¢; € {0,1} and ¢; = 1 implies (u;_1,u;) = (u,v). Its generators replace two adjacent
unmarked factors by their composite or replace an unmarked (u,0,v) by (u, 1,v):
¢ (a,(z,0,9),(y,0,2),b) — (a,(x,0,2),b),
I; : (a,(u,0,v),b) — (a, (u, 1,v),b).
The prefix a and suffix b may have length zero. The relations are associativity of adjacent
compositions, commutation of operations on disjoint factors, and the interchange of an

inclusion with a composition away from that factor. An inclusion cannot commute through
a composition using that factor.

15



These are the generators and relations of [15, Section 3], with empty prefixes and
suffixes. The Reedy degree is

d(n) =n+ Zsi.

The inverse maps are composites of ¢;; the direct maps are composites of I;. Every
morphism factors uniquely as an inverse map followed by a direct map. The latching
category is the punctured cube of marked positions. A nonempty matching category has
a terminal object, obtained by composing every maximal unmarked block. Thus W*"(S)
has fibrant constants, and colimit is left Quillen for the Reedy g-model structure [30,
Corollary 9.4 and Lemma 9.6].

11.2. Remark. If both the prefix and the suffix were required to be nonempty, all words
of length one or two would be isolated. In the flow with paths z :a — b, y : b — ¢, and
z=ux%y:a— c, the length-two element (z,y) and the length-one element z would not
be identified. Thus the word category with that restriction cannot present the path space
even when the globe morphism being pushed out is an identity. Allowing empty prefixes
and suffixes is necessary in all three parts.

Consider a pushout of Moore flows and the induced pushout of presheaves:

Glob(0Z) — A 07 — P, A
IS
r r
Glob(Z) — X Z — T.

Define Dy : W**(A%) — [P, Top], by

Puifl,uiAa g =0,

Dimn)=2,® - ® Zy, ZZ:{T

5 & = 1
The maps ¢; use composition in A, and the maps I; use P, ,A — T

11.3. Proposition ([13, Section 9]; [15, Section 4]). There is a canonical isomorphism
colim Dy = PX. At a word n, the latching map is the ordered pushout product of
& — Py, ,u,A at the unmarked positions and P, ,A — T at the marked positions.

Proof. Let @ have state set A’ and hom presheaves given by the summands of colim Dy
with the corresponding endpoints. Concatenation descends to associative composition,
since tensor preserves colimits separately and respects the defining relations. Those
relations and the pushout defining 7' give a natural pullback of sets:

PFlow(Q, B) PFlow (A, B)

PFlow(Glob(Z), B) ——— PFlow(Glob(0Z), B).

Thus @ = X by the pushout universal property.

16



For M(n) ={i:e; =1}, put Z/ =T ifi € J and Z/ =P, , ., A otherwise. The direct
predecessors give

LoDy 2 colim ey Q Z7 — & 2™ = Dy(n),

i=1 i=1

which is the stated ordered pushout product, including the one-letter case. U

11.4. Theorem ([13, Theorem 9.10]). If 0Z — Z is a projective g-cofibration and PA
s projectively q-cofibrant, then PA — PX 1is a projective g-cofibration. If 0Z — Z is a
trivial projective g-cofibration, then so is PA — PX.

Proof. Compare D; with the diagram Djq, associated to the identity of A, whose colimit
is PA. Write £/ = Diq, and D = Dy. The relative latching map is ry, in

LwE ——— E(n)

I

LoD ——— Em) 1,5 LuD

D(n).

At an unmarked word, r, is an identity. At a marked word, L,E — E(n) is a pushout
product with an identity factor, hence an isomorphism; r, identifies with L,D — D(n).

Proposition 5.3, the presheaf pushout defining 7', and Theorem 10.2 imply that every
rn is a projective g-cofibration, trivial when 07 — Z is trivial. Hence £ — D is a Reedy
g-cofibration, and the left Quillen colimit functor gives the assertion. O

11.5. Theorem. If X is a g-cofibrant Moore P-flow, then PX and every P, X are
projectively q-cofibrant.

Proof. For a g-cellular flow, Proposition 5.5 puts the states at the initial stage. The
initial path presheaf is empty, and Theorem 11.4 handles successors. At a limit ordinal A,
Proposition 9.5 gives
PX, = colim,.\PX,.

Thus @ — PX, is the transfinite composite of the projective g-cofibrations established
before A. This completes the induction.

For g-cofibrant X, apply P to the cellular retract (5.2), then apply Proposition 5.3 to
the hom presheaves. This proves [13, Theorem 9.11] with the corrected word category
and limit step. U

12. THE QUILLEN EQUIVALENCE BETWEEN MOORE FLOWS AND ORDINARY FLOWS

An ordinary flow is a Moore 1-flow. Equivalently, it is a small topologically enriched
semicategory. Its g-model structure has weak equivalences that are bijective on states

and weak homotopy equivalences on hom spaces; its fibrations are g-fibrations on hom
spaces [9, 16]. For an ordinary flow X, define MX by (MX)® = X° and

Pa,,@MX — A'Pop (IP)OL,,BX) .
17



Its composition is
A’Pop (]P)aﬁX) (%9 Apop (IP/BWX) ﬂ> Apop (]P)aﬁX X P,Bﬂ/X)

2220 Apon (P X).
For a Moore P-flow Y, define M}Y on the same states by
P, MY = colim P, gY.
Proposition 7.4 supplies its composition.

12.1. Proposition. These constructions define an adjunction M, 4 M between Moore
P-flows and ordinary flows. It is Quillen for their ¢-model structures.

Proof. For each state map, the adjunctions
[PP, Top|o(D, AperU) = Top(colim D, U)

preserve compatibility with composition: the comparison of Proposition 7.4 and myy
are mates under colim 4 Apo. They therefore assemble into My 4 M. The right
adjoint preserves fibrations and trivial fibrations, which are defined objectwise on hom
presheaves. Il

12.2. Theorem ([12, Theorem 7.6]). For a nonempty small enriched category whose
hom spaces are contractible, the adjunction between colimits and constant presheaves is a
Quillen equivalence for the projective g-model structure on enriched presheaves and the
g-model structure on Top.

For the A-Hausdorff choice of Top, use the extension of this theorem stated in [13,
p. 5].

12.3. Theorem. For every nonempty reparametrization category P, the adjunction M, 4 M
between Moore P-flows and ordinary flows is a Quillen equivalence for their q¢-model
structures.

Proof. The right adjoint M reflects weak equivalences in the g-model structures. For a
g-cofibrant Moore flow Y, Theorem 11.5 makes every hom presheaf projectively g-cofibrant.
The unit Y — MM,Y is bijective on states, and its maps of hom presheaves are

Pa75Y — A'Pop colim ]P)aﬁy'.

These maps are objectwise weak homotopy equivalences by Theorem 12.2. Proposition 5.4
completes the proof. This proves the main conclusion of [13, Theorem 10.9] without
assuming that the map myy in (8.1) is an isomorphism. O

For later use, put ¢t : Pﬁ’ﬁY — P, sMY for the component at length ¢ of the unit
Y — MM,Y. If Y is g-cofibrant, each ¢! is a weak homotopy equivalence. For P = G
or M, all lengths are isomorphic, and the colimit can be calculated using the one-object
full subcategory on length 1. The hom space P, sMiY is consequently the coequalizer of
the action of P(1,1) on ]P)i, 5Y, that is, the quotient in Top by the equivalence relation
generated by x ~ zp for ¢ € P(1,1).
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Part 3. Moore II: increasing homeomorphisms
13. MULTIPOINTED d-SPACES AND MOORE PATHS

We give the definitions for P € {G, M}. This part treats cellular G-multipointed
d-spaces; Part 4 treats M.

13.1. Definition ([14, Section 2]; [17, Section 3]). For P € {G, M}, a P-multipointed
d-space is a triple X = (|X|, X, P*PX). Here |X| € Top, the state set X° is a subset
of | X, and P*PX is a set of continuous maps I — |X|. Every such execution path has
endpoints in X°. The set is closed under the action of P(1,1) by precomposition and
under normalized composition
x(2t),
(z*ny)(t) = {y(?t ),

A morphism is a continuous map on underlying spaces preserving states and execution

i’ z(1) = y(0).

I

o= O
VA

t
t

NN

paths. Constants are not required to be execution paths.

For fixed endpoints «, 3, the space PZZ%X has the A-kelleyfication of the relative
compact-open topology. The total path space is the coproduct of these spaces over ordered
pairs of states. This definition of the total space also applies when the state subset is not
discrete in the underlying space.

A path of length ¢ > 0 is an execution path after rescaling its domain to I. Explicitly,

P! X = {ape : x € PR XY

Its topology is the A-kelleyfication of the relative compact-open topology on maps
[0,¢] — | X|. Precomposition and Moore composition are continuous. Moore composition
satisfies

(1), 0t
(13.1) (zxy)(t) = (¥ h

y(t - 51)7 El <
for composable paths of lengths ¢, ¢5,. The concatenation laws and their compatibility
with reparametrization are [14, Propositions 2.7 and 3.4-3.8]. In Proposition 4.10 there,
the second factor must be ypuy,.

13.2. Proposition ([14, Theorem 3.9]; [17, Theorem 2]). For a colimit of multipointed
d-spaces, the execution-path set is generated by the images of the execution paths of the
input objects, under finite Moore composition and the permitted changes of parameter.
The underlying multipointed space is the corresponding colimit of underlying multipointed
spaces.

This statement concerns generated sets of paths. It does not assert that a colimit of
the associated path presheaves always has the relative mapping-space topology. That
topology requires the additional cellular arguments below.

13.3. Definition. For Z € Top, the globe Glob”(Z) has underlying space

({0,130 Z x1)/((2,0) ~ 0, (2,1) ~1),

states 0,1, and paths §,¢ with z € Z, ¢ € P(1,1), where §.(t) = [z, t].
19



13.4. Proposition ([14, Propositions 2.12, 4.13 and 4.15]). For G, the path presheaf of a
globe is G(—,1) x Z. There is a natural bijection

GdTop(Glob?(Z), X) = ][] Top(Z,Pi5X).

a,BeX0
14. THE Q-MODEL STRUCTURES AND THE ADJUNCTION FOR Q’

14.1. Theorem ([14, Theorem 4.12 and Appendix BJ). The spaces P, ;X and Moore
composition define a right adjoint MY : GdTop — GFlow, with left adjoint MY .

The relations for states, reparametrization, and Moore composition determine M,g The
globe adjunction and enriched Yoneda give

(14.1) M Glob(G(—,¢) x Z) = Glob{ (Z),

where Glob{ (Z) has interval [0, £] and is isomorphic to Glob? (Z) by rescaling. In particular,
(14.1) determines MY on the generating cofibrations.

14.2. Theorem ([16, Theorem 6.16]). The category GdTop has a combinatorial g-model
structure. Its generating cofibrations are

{Glob?(S""!) — Glob¥(D") : n = 0} U {C, R}.

A map is a weak equivalence when its state map is bijective and its execution-path maps are
weak homotopy equivalences. It is a fibration when its execution-path maps are q-fibrations.
All objects are fibrant.

14.3. Proposition. The adjunction M 4 MY between Moore G-flows and G-multipointed
d-spaces is Quillen for their g-model structures. The right adjoint reflects weak equivalences.

Proof. Rescaling gives natural homeomorphisms
Pl X = PYBEX (> 0).

Thus MY preserves q-fibrations and trivial q-fibrations. Since it preserves states, the same
homeomorphisms show that it reflects weak equivalences. U

The remainder of this part proves that the unit is an isomorphism on g-cofibrant Moore
G-flows. This implies the Quillen equivalence with G-multipointed d-spaces for the g-model
structures. The essential step is that MY preserves globular attachments whose old stage
is cellular.

15. CELLULAR G-MULTIPOINTED d-SPACES AND CARRIERS

By Proposition 5.5, a cellular G-multipointed d-space has a presentation starting from
a discrete state set S and successively forming pushouts

Glob/(S™ 1) —* — X,

(15.1) j J

Clob?(D™) = X
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The new open cell ¢, is parametrized by int(D™)x]0, 1[. Its dimension is n, + 1. Its
closure is the image of the full characteristic globe. The initial and final states of a cell
may coincide.

15.1. Proposition ([14, Propositions 5.2-5.5]). The underlying space of a cellular G-
multipointed d-space is Hausdorff. Its states form a closed discrete subspace. Every stage
inclusion is a closed g-cofibration on underlying spaces. A compact subspace meets only
finitely many open cells. The execution paths valued in an earlier stage are exactly the
execution paths of that stage.

15.2. Theorem ([14, Theorems 5.9 and 5.20; Proposition 5.13]). Every execution path x
of a cellular G-multipointed d-space is reqular: it has no nontrivial constant interval. It
has a unique expression

T = (§V15Z1 901:[1’41) *oeox (§Vm52m¢mﬂfm)7
z€mtD™, g, €G(L,1),  £4>0, Y =1

In a single globular attachment, an old block is an execution path of the preceding stage.
Composing adjacent old blocks gives a unique decomposition into old blocks and interior
traversals of the new cell, with no adjacent old blocks.

The carrier is Carrier(z) = [cy,,...,¢,]. A cell may occur several times; regular
execution paths need not be injective.
The join of z *y y occurs at 1/2. For cellular X, the correction to [14, Proposition 5.12]
is
20, 1DNX" 4@ <<= 3Fy,zePPX, pcG(1,1): o= (y*y2)p.
Without ¢, the right-hand condition would require z(1/2) € X°.

15.3. Lemma. Let (Y,d) be a metric space and let r; : K; x I — Y, 1 < j < N with
N > 1, be continuous, with each K; nonempty and compact and each r;(z, —) nonconstant.
Then
a = mindiamr;(z,I) > 0.
2,2
Suppose a path x : 1 —'Y and intervals satisfy
O<81<t1<<8m<tm<17 sz(z’w]l)gx([s’utl])

If, for some 6 > 0,
t—s<d = diamz([s,t]) <a,
then m < [1/4].

Proof. Continuity and compactness give the positive minimum through
[diam u(T) — diam v(I)| < 2supd(u(t),v(t)  (u,v € Coo(I,Y)).
t

Every full traversal has diameter at least a, hence duration at least . Summing the
successive durations gives md < 1. U
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15.4. Proposition. Let X be a cellular multipointed d-space whose paths have carriers
given by finite full traversals of its open globular cells. Suppose its underlying space has the
properties in Proposition 15.1, and every characteristic meridian, including those on the
attaching boundary, is nonconstant. Let K be a compact space and k — xj a continuous
map K — Ce(L, | X|) whose values are execution paths. Only finitely many carriers occur
in this family.

Proof. The compact evaluation image {zx(t) : k € K, t € [} meets only finitely many open
cells, say cy,...,cy. The assertion is immediate if K = @ or N = 0. By Proposition 5.1,
the image and these cell closures lie in a finite compact metrizable cellular subspace Y.
Fix a compatible metric d on Y and put r;.(t) = g;(2,1).

Let a > 0 be the lower diameter bound of Lemma 15.3 for these characteristic families.
The compact family in C.,(I,Y") is equicontinuous [29, Chapter 7|. Hence some § > 0
satisfies

t—s<d = diamuzg([s,t]) <a (k € K).

Lemma 15.3 gives

Carrier(zy) € U {en, .o en}™,

0<m<|1/4]
a finite set. O

15.5. Corollary. For a continuous curve £ : I — PZZ‘B’X in a cellular G-multipointed

d-space, the set of carriers of £(t) is finite.

Proof. The family is compact, and its characteristic boundary meridians are execution
paths of an earlier cellular stage. They are regular and nonconstant by Theorem 15.2.
Apply Proposition 15.4. O

Corollary 15.5 replaces the uses of [14, Proposition 5.16]. The assertion there about
intersections with slices is false: a slice, the image of a characteristic disk at a fixed interval
coordinate, may meet the same execution path at different points contributed by different
boundary meridians.

16. CHARACTERISTIC CHAINS AND COMPACT-OPEN LIMITS

Fix a carrier ¢ = [¢,,, ..., ¢y, ], with m > 1. Put

BC = H Dnl’i’ T2 = -/g\Vl(Szl ¥k -/g\VTIL5277L : [07 m] — |X|

=1

The characteristic map for this chain of globes is
(16.1) Fo:G(1,m) x Be — PBX,  (p,2) — 1.0

Boundary parameters are allowed, so the image may contain other carriers. The domain
is the path space of the chain of globes [14, Proposition 6.3].

16.1. Proposition. Let Y be a metric space, L > 0, and 1y, : [0,L] — Y continuous.
Suppose T, — r and rrpr — x uniformly, where g € G(1, L) and r, x have no nontrivial
constant intervals. Then (py) has a subsequence converging uniformly to ¢ € G(1, L), with
T =rp.
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Proof. For 0 < ¢ < L, regularity of r and compactness give

A, := min diamr([u,u+¢]) > 0,
o<u<L—e
: : A,
oJin diam 7y ([u, u +¢€]) > Ac — 2sgp d(re(u),r(u)) > >

for all sufficiently large k. The uniformly convergent family x; = ryp) is equicontinuous
[29, Chapter 7]. Choose ¢ > 0 with diam zx([s,t]) < A./2 whenever t — s < §. For all
sufficiently large k,

t—s5<0, @p(t)—on(s)>e

€

. f; < diam i (pe([s, 1])) = diam z([s, 1]) <

)
DR
a contradiction. Shrinking ¢ for the finitely many remaining ¢y proves equicontinuity. By
Arzela—Ascoli, a subsequence converges uniformly to a continuous nondecreasing surjection
w:1—0, L]

Uniform convergence gives x = rp. Since x has no nontrivial constant interval, ¢ is
strictly increasing, hence ¢ € G(1, L). O

16.2. Proposition. The map F¢ is closed onto its image, and its image is closed in ]P’ZS%X.
More precisely, for any sequence r,, @i, converging compact-open to an execution path x,
the lifts (¢, zx) have a convergent subsequence with limit mapping to x.

Proof. By Proposition 5.1, all relevant cell closures lie in a finite compact metrizable
cellular subspace Y. Since Y is closed in |X| and has its relative topology, = is valued in
Y and the convergence is uniform for a compatible metric on Y. Compactness of B, gives
a subsequence with
2 — 2, ., — 7, uniformly.

The paths r, and z are regular by Theorem 15.2. Proposition 16.1 therefore gives a further
subsequence with (¢, 2x) = (¢, 2) and x = r.¢.

If A C G(1,m) x Be is closed, the same argument applied to lifts in A shows that F,(A)
is sequentially closed. The target is A-generated, hence sequential, so Fi(A) is closed.

With its ordinary relative topology, F. = Im Fy is consequently the quotient of G(1,m) x
B by F.. This domain is metrizable and locally path-connected by Proposition 6.4, hence
A-generated. Its ordinary quotient is A-generated as well, so the relative topology on F,
is also its subspace topology in Top. O

Proposition 16.2 replaces [14, Theorem 6.11] by using compact-open convergence.
Pointwise convergence is insufficient when loops occur.

16.3. Example. Let p(t) = exp(2mit) be the execution loop in the circle obtained by
attaching one directed segment to one state. For 0 < s < 1/2, set

t/(1—s), 0<t<1l—s,
1+(t—14s9)/s, 1—s<t<1.
Then A\; € G(1,2) and =, = (p * p)As converges pointwise to p as s — 0. Compact-open
convergence fails, since
S —TS
te=1—5,  suple(t) —p(t)] > |zs(ts) —p(t)| = [ -1 — ™[ — 2.
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Every path in the image of Fj. ), where c is the sole open cell, has winding number 2; p
has winding number 1.

17. PRESERVATION OF CELLULAR GLOBULAR ATTACHMENTS BY MY
Let A be a cellular G-multipointed d-space and attach one globe to obtain X:
GlobY(S" 1) ——— A

[

GlobY(D") ——— X.
The induced pushout in Moore G-flows gives the comparison morphism :

MY Glob?(§" 1) ——— MYA4

I

M¢ Glob¢(D") X —Y  M9X.

The word diagram of Section 11 describes PX.
17.1. Proposition. The map v is bijective on states and on path elements at every length.

Proof. First form the word colimit in A-generated spaces. Both state sets are A°, and
Proposition 13.2 gives surjectivity on paths. For injectivity, use the word relations to
replace boundary new factors by their attaching images and compose adjacent old factors.
By Theorem 15.2, a realized path z of length one uniquely determines the remaining
interior new traversals and maximal old blocks. If there is no new traversal, its word is
the element x of MYA.

Otherwise let 0 =ty < t; < --- < t, = 1 be the joining times of these factors and
normalize each restriction to a path 7; of length one. Let e; be 3; € PMYA for an old
block, or its uniquely determined representative in the attached free globe for a new
traversal. Cutting the original reparametrization at the joining times and using the coend
relations gives the word
t—1i
i —tia

where k € G(1,7). Its factors and joining times depend only on x, proving injectivity.

(€1 % -+ *x ek, kK(t)=i—1+ (tin <t < ty),

This is the normal-form argument of [14, Theorem 7.2], with the corrected word category.

The resulting continuous injections IP’Q BY — IP";’ 53X imply that the source spaces are
Hausdorff. Thus the pushout also belongs to the full subcategory of A-Hausdorff spaces
and has the same universal property there. Il

17.2. Theorem. The morphism v : X — MYX is an isomorphism. Thus MY preserves
the displayed globular attachment to the cellular G-multipointed d-space A.

Proof. By rescaling, it suffices to consider length 1. Put T' = P} ;X and E = g‘ng .
Proposition 17.1 gives a continuous bijection h : T" — E. The curve test reduces continuity
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of h~! to the lifting problem
_

T
. //7
: lh

— F
3

For every carrier ¢ occurring along &, put E, = Im F, and K, = ¢ }(E,). By Corol-
lary 15.5 and Proposition 16.2, the K. form a finite closed cover of I. Use the ordinary

= 8

relative topologies on E,. and K.

Represent each characteristic meridian in MY A or in the attached free globe. Moore
composition and reparametrization give a continuous map s, with hs, = F,. Writing ¢,
for F, with codomain E. and j. for the inclusion, quotient descent gives the dashed map:

G(1,m) x Be e LT

Jc

Indeed, injectivity of h makes s, constant on the fibers of the quotient map ¢.. Thus
oc = h™1j¢ is continuous. The maps oc& | k. agree on intersections; finite closed pasting
gives a continuous lift 5 = h~'¢. This proves the conclusion of [14, Theorem 7.3 and
Corollary 7.4]. O

17.3. Proposition ([14, Theorems 5.6 and 5.7]). For a globular cellular tower of G-
multipointed d-spaces, the functors PP and MY preserve its limit-ordinal colimits. The
execution-path topology at a limit is the final topology of the preceding path spaces.

Theorem 17.2 and Proposition 17.3 show that MY takes cellular G-multipointed d-spaces
to cellular Moore G-flows. Passing to retracts gives:

17.4. Corollary. If X is g-cofibrant in GdTop, then MYX is g-cofibrant in GFlow.

Proof. Apply MY to the cellular retract (5.2) in GdTop. Its image is a retract of a cellular
Moore G-flow, hence g-cofibrant. O

18. THE UNIT, COUNIT, AND QUILLEN EQUIVALENCE FOR §

18.1. Theorem. The unit ny : Y — MIMYY is an isomorphism for every ¢-cofibrant
Moore G-flow Y .

Proof. First let Y be cellular, with the globular presentation of Proposition 5.5. The
unit is an isomorphism on pathless state sets and free globes by Proposition 13.4 and
(14.1). The left adjoint M.g preserves the presentation; MY preserves its realized globe
attachments by Theorem 17.2 and its limit colimits by Proposition 17.3. Naturality and
transfinite induction prove that 7y is an isomorphism.

For g-cofibrant Y, naturality makes 7y a retract of the unit of a cellular Moore flow,
using the cellular retract (5.2) in GFlow. A retract of an isomorphism is an isomorphism.
This proves the conclusion of [14, Theorem 7.6]. O
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18.2. Theorem. The counit €x : MYMYX — X is an isomorphism for every g-cofibrant
G-multipointed d-space X.

Proof. The counit is an isomorphism on pathless state sets and globes. Theorem 17.2 and
Proposition 17.3 give the same transfinite induction as for the unit, now on a cellular
presentation in GdTop. For g-cofibrant X, naturality and the cellular retract (5.2)
in GdTop make ex a retract of an isomorphism. This proves the conclusion of [14,
Corollary 7.9]. O

18.3. Theorem. For the ¢-model structures on Moore G-flows and G-multipointed d-spaces,
the adjunction M!g 4 MY is a Quillen equivalence.

Proof. Apply Proposition 5.4 to Proposition 14.3 and Theorem 18.1. This proves the
conclusion of [14, Theorem 8.1]. O

The proof uses the unique joining times of increasing homeomorphisms and the regularity
of characteristic boundary paths. For M, stop intervals prevent the application of
Proposition 16.1; Part 4 supplies a different argument.

19. CATEGORIZATION AND THE HOMOTOPY CATEGORY

19.1. Definition ([14, Definition 8.7 and Theorem 8.11]). The categorization functor is
catg = MyMY : GdTop — Flow. It preserves states. Its path space is the quotient

Pos catg X = PobX/G(1,1).
The composition is induced by normalized composition, or equivalently by Moore compo-

sition after forgetting lengths.

The quotient is formed in Top. The inclusion of the full subcategory on length 1 is
an equivalence with G, so the colimit defining M is this orbit quotient. In particular,
catg Glob?(Z) = Glob(Z).

19.2. Proposition. The functor catg takes q-cofibrant G-multipointed d-spaces to q-
cofibrant ordinary flows and preserves weak equivalences between them.

Proof. Corollary 17.4 and the left Quillen functor M, give cofibrancy. All objects of
GdTop are fibrant, so MY preserves weak equivalences; M preserves weak equivalences
between cofibrant objects. U

Let Qg and Q)¢ be functorial g-cofibrant replacements in GdTop and GFlow, respec-
tively. The functors

D (X) = catg(QaX), Ve(Z) = MY Qa(MZ)

represent the composites of the derived equivalences

RMY LM,
— 3 —
Ho(GdTop) Ho(GFlow) Ho(Flow).
e —
LMY RM

Here all objects are fibrant, and MY(Q4X is g-cofibrant by Corollary 17.4. Thus ®¢ and
U induce mutually inverse equivalences, proving the conclusion of [14, Theorem 8.14].
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Categorization is neither a left nor a right adjoint [14, Theorem 8.8]; its total derived
functor is described by cofibrant replacement as in [5].

Part 4. Moore 1III: nondecreasing surjections and saturation
20. MOORE PATHS WITH STOP INTERVALS

We retain all positive lengths and replace increasing homeomorphisms by continuous
nondecreasing surjections. In particular, a change of parameter is allowed to be constant
on a nontrivial interval. These intervals are the stop intervals of the resulting execution
path. The tensor in M still concatenates the changes of parameter in their specified order.

20.1. Proposition ([17, Propositions 12-14 and Theorem 3]).
The functor MM : MdTop — MFlow defined by the execution-path spaces at each positive
length is a right adjoint, with left adjoint M{™. There are natural homeomorphisms

5, Glob™(Z) = M((,1) x Z,
and natural isomorphisms
MM Glob(M(—, £) x Z) = Glob)"'(2).
The globe mapping bijection holds with M in place of G.

For the realization formula, the statement with compact Z in [17, Proposition 14]
suffices for all generating disks and spheres. The same formula for arbitrary Z follows from
the globe mapping bijection and enriched Yoneda. No inference about cellular pushouts
of the right adjoint is part of these formulas.

20.2. Theorem ([17, Section 4]; [16, Theorems 6.14 and 6.16]). The category MdTop has
a combinatorial g-model structure. Its generating cofibrations are the maps GlobM(S”_l) —
Glob™(D") together with C' and R. A morphism is a weak equivalence if it is bijective on
states and a weak homotopy equivalence on each execution-path space. It is a fibration if
each execution-path map is a g-fibration. All objects are fibrant.

20.3. Proposition. For the g-model structures on Moore M-flows and M-multipointed
d-spaces, the adjunction M{M 4 MM is Quillen. Its right adjoint reflects weak equivalences.

Proof. As in Proposition 14.3, rescaling identifies every positive-length path space with the
unit-length space. The right adjoint therefore preserves fibrations and trivial fibrations. Its
state map and its length-1 maps detect the criterion for weak equivalences of Theorem 20.2.

O

21. CELLULAR PATHS AND REMOVAL OF STOPS

Let X be a cellular M-multipointed d-space. We use its presentation with a fixed
state set from Proposition 5.5. On underlying spaces, each globe attachment is a disk
attachment. The following topological and set-theoretic results of Moore IIT will be used
without their proofs.

21.1. Proposition ([17, Propositions 15-18]). The underlying space |X| is Hausdorff, its
states form a closed discrete subspace, and stage inclusions are closed q-cofibrations. A

27



compact subspace meets finitely many open globular cells. An execution path of X valued
in an earlier cellular stage is an execution path of that stage. The interior meridians of
each attached cell are regqular.

21.2. Theorem ([17, Theorem 6 and Proposition 20]). Every ezecution path x has a
carrier [y, . .., ¢y, | and interior parameters z; € int D™i. Its globular naturalization is
the regular Moore path

Ty = L%gl(x) = §V1521 Hoee ok §Vm5 : [O7m] — ’X|

Zm

The carrier, the interior parameters, and r, are uniquely determined by x. There is a
nondecreasing surjection n, : 1 — [0,m] with x = r,n,. The rescaled path r.u "' is an
execution path of X.

The uniqueness required here is uniqueness of the carrier and of the regular naturalization.
It does not require a unique placement of a join within a stop interval. Two adjacent
traversals may meet along an entire interval on which the path is constant at their common
state. Choosing a point of that interval is harmless for a particular Moore decomposition,
but such choices need not vary continuously in a family.

21.3. Proposition ([17, Proposition 19]; [6, Lemma 3.9]). Let r : I — Z be a regular
nonconstant path in a Hausdor(f space. If a continuous path x : 1 — Z and p,v € M(1,1)
satisfy xp = 11, then there is a unique p € M(1,1) with x = rp. If ro = ri, then ¢ = 1.

The factorization assertion is the regular-representative result of Fahrenberg and Raussen.
It gives the unique diagonal in the commutative square

—— 1

¥
I
/7‘
I

S—4

Indeed, rpp = ¢ = ri), so cancellation gives pp = 1. The cancellation assertion is the
special case also recorded in [17, Proposition 19]. These statements concern parametrized
paths and do not identify paths merely because their images agree. For example, the
once-around and twice-around traversals of a directed loop have different traces.

21.4. Definition ([17, Definition 18]). An M-multipointed d-space is saturated if, for every
continuous path z and every ¢ € M(1,1), the implication zp € P*PX — x € P*PX
holds.

21.5. Proposition. Fvery g-cofibrant M-multipointed d-space is saturated. None of its
execution paths is constant.

Proof. First let X be cellular. Every path has at least one interior-cell traversal by
Theorem 21.2, so its naturalization, and hence the path itself, is nonconstant. Suppose
xp is an execution path. Write

wip =10 = (1) (1)
using its globular naturalization r : [0,m] — |X|. The path ru,}! is regular and is an

execution path by Theorem 21.2. Proposition 21.3 gives x = (ru.!)p for some p € M(1,1).

Closure under nondecreasing surjections makes x an execution path. Thus X is saturated.
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For g-cofibrant A, the lifting problem (5.2) in MdTop gives a cellular X and maps
A3 X B A with ps = ids. If 2¢ is an execution path of A, then (sx)y is one of X.
Saturation of X implies that sz, and therefore psz = x, is an execution path. This is the
retract argument of [17, Proposition 30]. A constant execution path of A would give a
constant execution path of X, which has just been excluded. O

This proves the assertion of [17, Proposition 31] directly. Reflectivity of the saturated
subcategory alone would not prove that an ambient cellular colimit is already saturated;
the regular factorization supplies the missing step.

21.6. Corollary. Every compact family of execution paths in a cellular M-multipointed
d-space has finitely many carriers.

Proof. Proposition 21.1 supplies the underlying-space hypotheses of Proposition 15.4.
A characteristic boundary meridian is an execution path of an earlier stage and is
nonconstant by Proposition 21.5. The interior meridians are regular and nonconstant.
Apply Proposition 15.4. U

In particular, a compact-open convergent sequence together with its limit is a compact
family, so it has finitely many carriers. This recovers [17, Theorem 8] with compact-open
convergence as hypothesis.

22. A STOPPED ATTACHING MAP

The following attachment explains why a different topology argument is necessary. It
uses two distinct states and no loops. Put A = Glob™ ({x}), identify |A| with I, and let
e(t) =t denote its regular meridian. Define

o(t) = min(2t,1).
Attach Glob™(D') to A by sending both boundary meridians to eo:

GlobM({-1,1})) —L— 4

[

GlobM([-1,1]) ——— X.
g

There are no composable pairs of execution paths, since every path starts at 0 and ends
at 1. On either boundary parameter, g(+1,u) = o(u).

22.1. Lemma. There is a continuous family (05)o<s<1/2 i G(1,1) such that ps = ob;
extends continuously to py = idy in M(1, 1), while (61 /x) k=3 has no convergent subsequence

in M(1,1).
Proof. Set
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le stop

attach

Qe

F1cure 3. Both boundary meridians are attached to the same stopped
path. The diagram on the left records the globe and its states; the graph
on the right records the boundary parameter.

These increasing homeomorphisms satisfy

t st
polt) =min( 1), oy ids oo = maxd sup o sup (1) b =,
1—35 t<l—s 1 — 8 t>1-s
t/2, t<1,
lim 04(t) = /
540 1, t=1.
The pointwise limit is discontinuous, so no subsequence converges uniformly. O

22.2. Proposition. The characteristic map
F:M(1,1) x [-1,1] — PP X, F(0,2) = §0.0,
does not have closed image.

Proof. An interior parameter gives a path meeting the new open cell. At a boundary
parameter the path is ecf and has a nontrivial final stop. Thus e ¢ Im F'. Lemma 22.1
and the old-stage inclusion give

F(bs,—1)=eps — e ¢ ImF
in PoPX. O

22.3. Proposition. There is a cellular, hence g-cofibrant, Moore M-flow Y for which
Y — MMMMY is a continuous bijection on paths but is not an isomorphism.

Proof. First form the pushout of Moore flows of the free globes realizing the preceding
attachment in A-generated spaces. Its old stage is a free 0-globe on two states, and its
new stage attaches a free 1-globe along its boundary, so the resulting Moore flow Y is
cellular. Its length-1 path space is

T=M@1) T (M) x [-1,1))

M(1,1)x{-1,1}
= (M1, 1)U M(L1) x [=1,1)))/((0, 1) ~ o6).

There is no composition to add. Objectwise colimits and the globe adjunction justify this
quotient. The summands are metrizable and locally path-connected, hence A-generated,
so their ordinary quotient is A-generated. Proposition 20.1 and preservation of colimits
by MM give M{MY = X in that setting.
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The length-1 unit h : T — PyPX maps an old parameter p to ep and an attached
parameter (6, z) to F(0, z). It is a continuous bijection: an interior meridian determines
z and 6, and the boundary paths have exactly the displayed old-stage identifications.
The target is Hausdorff because | X| is Hausdorff. Thus the continuous injection h makes
the ordinary quotient 7" Hausdorff and in particular A-Hausdorff. The same pushout
and unit are consequently obtained in A-Hausdorff A-generated spaces, with no further
identifications. Affine rescaling gives the asserted bijection at every positive length.

Let zg = —1 + s and ag = [(0s, 25)]. The family h(a,) extends continuously at s = 0 by
e. To check continuity into ]P’ff{’ X with its topology in Top, give the underlying space
| X| of this finite cellular attachment a compatible metric d. Uniform continuity of its
characteristic globe gives

sup d(g(zs, u),g(—1, u)) — 0.

u€l
Consequently
sup d(h(as)(t), e(t)) < sup d(ﬁ(zs, u),ﬁ(—l,u)) + sup d(eps(t), e(t)) — 0.
tel uel tel

For positive s the formulas are continuous. The displayed bound makes the adjoint map
continuous also along s = 0. Its parameter interval is A-generated, so it is a continuous
curve in PiTX.

Let J = [0,1/2] and denote this curve by v : J — PP X, with v(0) = e and (s) = h(as)
for s > 0. The lifting problem

0— [idﬂ

{0} T

.

to
has no continuous diagonal. Since h is bijective, any diagonal would have to take the

value a, at every positive s. Consider
C = {0k 21k) : k =23} c M(1,1) x [-1,1].

Lemma 22.1 makes C' closed in the metrizable product. It misses the attaching boundary,
so the quotient inverse images of [C] are C in the attached summand and @ in the old
summand. Hence [C] is closed in T', and

Y HMTNC)) = IN{1/k - k > 3}

is not a neighborhood of 0. The square has no continuous diagonal, and A~ is discontinuous.
O

This example disproves the assertion in [17, Theorem 10] that characteristic maps
have closed image, the isomorphism assertion for cellular pushouts in [17, Theorem 13
and Corollary 8], and the assertion that the unit is an isomorphism in [17, Theorem 14].
The argument below is therefore needed to prove that the unit is a weak equivalence on
q-cofibrant Moore M-flows and that M 4 M™ is a Quillen equivalence for the g-model
structures. The obstruction is already present in a single finite attachment.
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23. CONTINUOUS REPRESENTATIVES OF TRACES

We use the normalization theorem of [20]. Normalized representatives depend on metric
data and summable positive weights; the trace quotient is intrinsic.

A space is submetrizable if its topology admits a coarser metrizable topology, equivalently
if it admits a continuous injection into a metric space.

23.1. Proposition ([20, Lemma 7.1]). Every cellular space obtained by transfinite attach-
ments of finite-dimensional disks to a discrete space admits a continuous injective map
into a Hilbert space. Fvery retract of such a space is therefore submetrizable.

23.1. The progress function. Fix a continuous injection ¢ : Z — (Y, d) into a metric
space. For ¢ > 0 and ¢ € I, following [27, p. 122], define the truncated variation of a path
x by

Vo(z,t) = sup Z(d(m(tj,l), wx(ty)) — 8) , ry = max(r,0).

O=to<-<tp=t ;=) +

Set V.(z,0) = 0. Finiteness, continuity, and equivariance under reparametrization are
proved in [20, Lemma 4.1 and Proposition 4.2].

Choose positive numbers &, — 0, positive summable weights (w,), and a continuous
strictly increasing function 6 : [0, co[— [0, 1] with #(0) = 0. Set

(23.1) La(t) = 3 wnb(Van(,1), Aalt) = ij((?)

n=1

for nonconstant x. The hypotheses on the weights give the uniform tail bound
0< Z wn9<V5n(w,t)) < Z w, — 0.
n>N n>N

The progress theorem [20, Proposition 4.4] states that L, is continuous, nondecreasing,
and satisfies

(23.2) L.(a) = L,(b) <= «x is constant on [a, b| (0<a<bgl).
Thus L,(1) >0, A, € M(1,1), and x is constant on each fiber of \,. Quotient descent

gives the unique continuous factorization

I —2 o1

\ lm)

Z.

By (23.2), N(x) is regular. The identity L,, = L,p gives equivariance, and [20, Lemma 5.2
and Proposition 5.4] proves continuity of N in the ordinary compact-open topology.

23.2. The normalization theorem.

23.2. Theorem ([20, Sections 4-5 and Corollary 5.10]). Let Z be submetrizable, and
let E C Cu(1, Z) be a family of nonconstant paths with fized endpoints. Assume either
that E is saturated and stable under M(1,1), or that E consists of reqular paths and is
stable under G(1,1). After choosing a continuous metric injection, there are continuous

32



normalization maps N : E — E and x — )\, with
x = N(z)\;, AN(e) = idy, N(N(z)) = N(x),

(23.3) N(zp) = N(x), Azp = Azp.

Here p ranges over M(1,1) in the first case and over G(1,1) in the second. Correspondingly
Ae € M(1,1) or A\, € G(1,1), and N(z) is regular. The maps are continuous in the
relative ordinary compact-open topology, and after A-kelleyfication. The deformation

(23.4) H(z,s) = N(z)((1 - 5)\, + sid;)

stays in E, preserves trace classes, and is a strong deformation onto N(E). The quotient
in Top admits the section induced by N and is a trivial Hurewicz fibration.

The saturation assumption makes the regular factor N (z) belong to E. The interpolation
belongs to the allowed reparametrization space, so stability keeps H in £. When E consists
of regular paths, A\, and its interpolation with idy are strictly increasing. These observations
check the invariance hypotheses in Corollary 5.10 of [20]. The references to this preprint
use the numbering of its first arXiv version.

23.3. Definition. For P € {G, M}, set catp = MyM”. For fixed states, write
Top(X) =Pagcatp X,  qx : PabX — T, 5(X).

Thus T, s(X) is the quotient by the equivalence relation generated by = ~ zp, p € P(1,1),
with its quotient topology in Top.

For M the quotient is not an orbit space of a group. Its equivalence relation is generated
by a monoid action. On the saturated nonconstant family in Theorem 23.2, two paths
are equivalent exactly when they have the same normalized representative: invariance
gives one implication, while x = N(z)\, gives the other. This also agrees with the
regular-representative description of traces in [6].

23.4. Proposition. Let X be g-cofibrant in MdTop or GdTop. For every fixed pair of
states, the quotient qx has a continuous section jx and is a trivial Hurewicz fibration.
After a choice of normalization, there is a homeomorphism

(23.5) wbX =T, 5(X) x P(1,1), r— (gx, \y),
under which qx is the first projection.

Proof. The cellular retract (5.2) makes | X| submetrizable by Proposition 23.1. Its execu-
tion paths are saturated and nonconstant for M by Proposition 21.5, and regular for G by
Theorem 15.2; regularity passes to retracts through the section. Theorem 23.2, followed
by A-kelleyfication, therefore gives a continuous normalization on F = IP’ZS%X with

gxT =qxy <= N(z)= N(y), N? = N.
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The retraction N : E — N(FE) is a quotient map. Its image, with the ordinary relative
topology, is a Hausdorff retract of the A-generated Hausdorff space E, so it belongs to
either chosen Top. Hence T' = T, 3(X) = N(E), and the inclusion of N(E) gives the

section
— 5 K

(%)

7
| ]X// qu
T .

T T
The inverse of (23.5) is
(7. p) — jx(T)p
Precomposition is continuous, and (23.3) gives the inverse identities
ax(ix(1)p) =T, Ajx (7)o = P;
Jx(gxz)A\e = N(x2)\, = .
For the Hurewicz lifting property, consider

A%E

A
i0| e |qx io(a) = (a,0).

AxT ——— T,

The product decomposition supplies the continuous diagonal

F(a,s) = jx(F(a,s))Aa), ﬁ’io =f, qX]5 =F.

The contraction (p,s) — (1 — s)p + sid; of P(1,1) makes the projection a homotopy
equivalence. 0

parameter

> 3Ae + 3 idg

- idg

FIGURE 4. Interpolation removes a stop interval without changing the trace.
Normalization separates the trace coordinate from the reparametrization
coordinate.

The quotient gx is natural in X. The homeomorphism (23.5) depends on the metric
injection used for normalization.
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For g-cofibrant X and a fixed trace 7, its fiber is described by the pullback square
P(1,1) L2202, prop x
J
l |
{r} —— Tus(X).
This is a pullback in Top by (23.5).

24. CELLULAR PUSHOUTS AFTER PASSING TO TRACES

Consider a cellular attachment in MdTop and the corresponding pushout of flows:

GlobM(s" 1) — 2 A Glob(S"1) —2™9, caty A
(24.1) j { j l
r r
GlobM(D") ——— X Glob(D") —— W.

The trace of a meridian of a globe is determined by its disk parameter, so categorization
gives the displayed globe maps and a canonical continuous map c¢: W — cat; X. Both
W and cat X have state set A°.

24.1. Proposition. The map c is bijective on states and paths.

Proof. In A-generated spaces, Proposition 11.3 with P = 1 presents W by words of old
traces and new disk parameters. Reduce a word by replacing boundary parameters with
their attaching traces and composing adjacent old factors. The remaining factors are old
traces and interior new meridians, with no adjacent old factors; consecutive new factors
are allowed.

By Theorem 21.2, every trace of X is the composite of the interior meridians in its
carrier, proving surjectivity. For injectivity, expand each old factor of a reduced word into
its carrier, which is preserved in X by Proposition 21.1. Equality of image traces gives
equal carriers and interior parameters by Proposition 21.3 and Theorem 21.2. The new-cell
occurrences and the intervening maximal old blocks therefore agree, so the reduced words
are equal.

Each hom space of W thus admits a continuous injection into the Hausdorff trace space
of X from Proposition 23.4. It is itself Hausdorff, so the same word presentation computes
the pushout in the A-Hausdorff category. O

24.2. Theorem. The canonical map c: W — catyg X is an isomorphism of flows. Thus
cat g preserves a globe attachment whose old stage is cellular.

Proof. Fix states a, 8 and write T' = PP, gcatyg X. Proposition 24.1 gives a continuous
bijection ¢, 5 : Po gW — T'. Take a continuous curve § : I — T". Proposition 23.4 supplies
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its continuous lift in the square

o ——— P X

A
JXf// qu

Corollary 21.6 gives finitely many carriers cq,...,cy for jx&.
For a carrier ¢ = [c,,, ..., ¢y, ], let

Bc = H Dnui7 pc(z> = [§V1521 ¥ oo ek §V7n52m] cT.
i=1

Rescale the Moore composite to length 1 before taking its trace. All characteristic
meridians, including boundary meridians, are execution paths, so p. is continuous. Sending
each old meridian to its trace in cat,; A and each new meridian to its disk parameter
gives the continuous map

BC L Pa’gw

c
\ kaﬂ

T.

The pushout relation ensures commutativity also on boundary parameters. The source
B, is compact, T is Hausdorff, and

§(I) C U Pe;(Be,)-

Lemma 5.2 proves that ¢, g is a homeomorphism for every pair of states. O

Normalization supplies a compact family of representatives; the descent argument uses
only compact products of characteristic disks.

24.3. Proposition. The functor caty, preserves limit-ordinal colimits of globular cellular
towers with a fixed state set.

Proof. Let X = colim, ., X, at a limit ordinal and form D = colim, . cat( X, first in
A-generated spaces. Proposition 9.5 with P = 1 computes its hom spaces. Each finite
carrier and its cell closures lie in some X,. Proposition 21.1 and uniqueness of carriers
therefore make the canonical map

diD—)C&tMX)\

a bijection on paths. It is continuous by construction. Each hom space of D therefore
admits a continuous injection into the corresponding Hausdorff trace space of X, and
is itself Hausdorff. In particular, it is already A-Hausdorff. The same filtered colimit
consequently computes the colimit in the A-Hausdorff setting; the reflection makes no
identifications. It remains to prove that this continuous bijection is a homeomorphism on
hom spaces.
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Fix a continuous curve & : I — T, 5(X)). Its normalized representatives solve the lifting
problem

o — P X,

o
]ng//’ lflxA

I ——— Tos(Xn).

Their compact evaluation image in |X,| lies in the closure of finitely many cells and
states by Proposition 21.1 and Proposition 5.1. There is ¥ < A containing this finite
cellular subspace. The adjoint map of jx, & takes values in the closed embedded underlying
space |X,| and is continuous there. Every member is an execution path of X, by
Proposition 21.1. The internal-hom adjunction in Top therefore gives a continuous curve
in IP’;O’%XV. Applying qx, and the colimit inclusion gives d~'€. This is continuous. The
curve test proves that d is an isomorphism. Il

24.4. Corollary. The functor cat, takes q-cofibrant M-multipointed d-spaces to q-cofibrant
flows. Every trace space To 5(X) of such an object is g-cofibrant in Top.

Proof. Categorization of a discrete M-multipointed d-space consisting solely of states is
the flow with the same states and no paths, and categorization of a globe is its flow globe.
Theorem 24.2 and Proposition 24.3 consequently turn a globular cellular presentation
into a cellular flow presentation. A g-cofibrant M-multipointed d-space is a retract of a
cellular M-multipointed d-space by the lifting problem (5.2) in MdTop, and the functor
preserves that retract. This proves the first assertion. Apply Theorem 11.5 with P =1
for the second. O

25. THE Q-QUILLEN EQUIVALENCE BETWEEN MOORE M-FLOWS AND
M-MULTIPOINTED d-SPACES

Applying M to the unit Y — MMMMY gives a natural morphism of flows
(25.1) vy : MY — cat MMY.

The morphism vy fixes states and sends a path class to the trace of its realized execution
path.

25.1. Proposition. For every q-cofibrant M-flow Y, the map vy is an isomorphism of
flows.

Proof. Both functors M, and caty M{™ send a Moore M-flow with no paths to the
ordinary flow with the same states and no paths. On a free globe Glob(M(—,/¢) x Z),
enriched Yoneda, Proposition 7.4, and Proposition 20.1 identify both sides with Glob(Z).
The morphism vy is the identity on the parameter space Z.

Let Y be a cellular Moore M-flow. The functors M and M are left adjoints and
preserve colimits. The realization of a generating Moore M-flow globe attachment is a
generating globe attachment in MdTop. Theorem 24.2 and Proposition 24.3 show that
caty preserves every globe attachment and colimit at a limit ordinal in the cellular pre-
sentation of M{"'Y". Naturality and transfinite induction prove that vy is an isomorphism.

Proposition 5.5 allows the fixed-state presentations used in that induction. Finally, an
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arbitrary g-cofibrant Y is a retract of a cellular Moore M-flow by the lifting problem
(5.2) in MFlow. The natural map vy is then a retract of an isomorphism and is itself an
isomorphism. U

25.2. Theorem (The counit conclusion of [17, Theorem 14]). For every g-cofibrant
X € MdTop, the counit

ex  MMMMX — X
s an isomorphism.

Proof. First suppose X cellular. Its realization is the quotient of its states and the
cylinders P ;M™MX x [0,a]. The counit sends [z, t] to x(t) and fixes states. For & = ryn,,
Theorem 21.2 and the defining relations give

Tw = Y1 % % Y, Yi = G0z u = n,(t),

[[E,t] = [Tm’u] = {

o, u=1€{0,...,m},

yiyu—i+1], 1—1<u<i,

where «; are the successive states of the carrier. Uniqueness of the open cell and its
coordinates proves that evaluation is bijective. The realization quotient is consequently

Hausdorff, so it also computes the realization in the A-Hausdorff category.
For each characteristic globe, the continuous family z +— §,d. supplies

|Glob™ (Dre )| 222 B3 ey g x|
gv
| X.

The final topology defined by the states and characteristic globes makes %" continuous.
It sends an execution path = to the execution path ¢ — [x,¢t], hence is a morphism of
multipointed d-spaces. For g-cofibrant X, apply naturality to the cellular retract (5.2) in
MdTop. O

25.3. Theorem. For every q-cofibrant Moore M-flow Y, the unit ny : Y — MMMMY s
a weak equivalence.

Proof. Put X = M{MY. The left Quillen functor M{* makes X q-cofibrant. Fix states
a, B and a positive length ¢. The definitions give a commutative triangle

4
Py — 2 PLMMX

¥
q
@ lx

Py sMY 2 T, 5(X),

where the isomorphism is 7y. Theorem 12.3 and Proposition 23.4 make ¢} and ¢ weak
homotopy equivalences. Two-out-of-three gives the assertion on paths, and the state map
is a bijection. U

25.4. Theorem. The adjunction MM - MM between Moore M-flows and M-multipointed

d-spaces is a Quillen equivalence for the g-model structures.
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Proof. Tt is Quillen and its right adjoint reflects weak equivalences by Proposition 20.3.
Every object of MdTop is fibrant. Theorem 25.3 supplies the unit condition of Proposi-
tion 5.4. U

This establishes the conclusion about Quillen equivalence of [17, Theorem 14] by a
different argument. Proposition 22.3 disproves its stronger assertion that the unit is an
isomorphism. The counit isomorphism on g-cofibrant M-multipointed d-spaces remains
valid by Theorem 25.2. For arbitrary X € MdTop, a derived counit is a weak equivalence:

for a g-cofibrant replacement QMM X — MM X the adjunct M{MMQMMX — X is a weak
equivalence by the Quillen-equivalence criterion.

26. CATEGORIZATION, COFIBRANCY, AND DERIVED FUNCTORS

26.1. Proposition. The categorization functor caty, : MdTop — Flow preserves weak
equivalences between g-cofibrant M-multipointed d-spaces.

Proof. Let f: X — X’ be such a weak equivalence. Its state map is bijective. For every
pair of states, naturality of the trace quotient gives

]PtOp
PosX L PP X

Tos(X) S Tross(X).

The upper arrow is a weak homotopy equivalence by hypothesis. Both vertical arrows
are homotopy equivalences by Proposition 23.4. The two-out-of-three property gives the
required weak homotopy equivalence on traces. O

26.2. Theorem. For P € {G, M} and q-cofibrant X € PdTop, the quotient
ax 1 PR X — T, 5(X)

s a trivial Hurewicz fibration with a continuous section. Its source is m-cofibrant, and its
target is g-cofibrant.

Proof. The fibration and section are Proposition 23.4. The flow catp X obtained by
categorization is g-cofibrant by Proposition 19.2 for G and Corollary 24.4 for M. Its
individual hom spaces are g-cofibrant by Theorem 11.5 with P = 1. Since gx is a
homotopy equivalence, its source has the homotopy type of a g-cofibrant space and is
m-cofibrant by Cole’s criterion [3, Corollary 3.7]. O

This proves the conclusion of [17, Theorem 16] without using the false claim that
MM : MdTop — MFlow preserves every cellular globe attachment. The normalization
product also identifies every fiber with G(1,1) or M(1,1). Both are contractible. The
assertion that this quotient is a trivial Hurewicz fibration is stronger than the assertion
that it merely induces isomorphisms on homotopy groups.

26.3. Proposition. Let X be g-cofibrant in MdTop and let p : Y — MMX be a cofibrant
replacement in MFlow. The natural morphism

MY Mip, cat py X
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is a weak equivalence of flows.

Proof. Its state map is bijective. At length 1 and fixed endpoints, naturality gives the
commutative square

1
Pl Y ——— B sX

PaﬁM!Y e — Tpa,pg(X).

PM;p
The upper arrow is a weak homotopy equivalence because p is a weak equivalence. The
two quotient maps are weak homotopy equivalences by Theorem 12.3 and Proposition 23.4.
The square gives the result by two-out-of-three. U

Let Q)4 and @, be functorial g-cofibrant replacements in MdTop and MFlow. The

functors

Dy (X) = catp(QuX), ¥ (Z) =MMQyu(MZ)

induce mutually inverse equivalences between the homotopy categories of the g-model
structures on M-multipointed d-spaces and ordinary flows. Proposition 26.1 shows that
® ), preserves weak equivalences in the g-model structures. Proposition 26.3 identifies the
functor induced by ®,; on homotopy categories with the composite of the right derived
functor of MM and the left derived functor of M. Theorems 25.4 and 12.3 then give its
inverse. This recovers the homotopy-category conclusion of [17, Theorem 15] without a
cofibrancy assertion for MM (Q,X).

The same equivalence of homotopy categories holds for saturated M-multipointed d-
spaces with the g-model structure constructed below. The categorization functor remains
the quotient by the permitted reparametrizations; saturation changes which execution-path
families are admitted, rather than the definition of a trace of an admitted path.

27. LOCALLY FINITE CELLULAR MULTIPOINTED d-SPACES

We also recover the assertion about the ordinary topology in [17, Theorem 11]. This
result is useful when execution paths are studied by uniform convergence. Its proof must
take account of the stopped attaching map in Section 22, because the images of the
characteristic maps for M need not be closed.

27.1. Definition ([17, Definition 14]). A cellular multipointed d-space is locally finite if
every point of its underlying space has an open neighborhood meeting only finitely many
open cells.

27.2. Proposition ([17, Proposition 24 and Corollary 7]). The underlying space of a
locally finite cellular multipointed d-space is metrizable.

The metric may be chosen separately on its open path components. This permits
an arbitrary set of components. No countability assumption on the whole state set is
required.

27.3. Proposition. Let X be a locally finite cellular P-multipointed d-space, where
P € {G, M}. Every execution path xo has an ordinary compact-open neighborhood in its

execution-path family on which only finitely many carriers occur.
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Proof. The compact image zo(I) has an open neighborhood U meeting finitely many cells:
cover it by the neighborhoods supplied by local finiteness and take a finite subcover. The
compact-open neighborhood [I, U] restricts nearby paths to these cells. Include their cell
closures and the finitely many endpoint states in a finite compact cellular subspace Y,
using Proposition 5.1. Every nearby execution path is valued in Y, because a path is a
union of full carrier traversals and its endpoints.

Use the restriction of a compatible metric d on | X|. Regularity for G and Proposition 21.5
for M make every characteristic meridian nonconstant, including boundary meridians.
Lemma 15.3 gives a lower diameter bound a > 0 for the characteristic families in Y.
Choose § > 0 such that v — u < ¢ implies diam xy([u,v]) < a/2, and restrict to the
neighborhood

Q=[LUIN {x  Sup d(x(t), zo(t)) < a/4} :
For x € Q,

v—u<o = diamax([u,v]) < diamxo([u, v]) + QSlzp d(x(t), zo(t)) < a.

If N cells occur in Y, Lemma 15.3 gives

[1/6]
#{Carrier(z) : 2 € Q} < Y N™ < 0.
m=1

U

27.4. Theorem. For a locally finite cellular P-multipointed d-space X , where P € {G, M},
the ordinary relative compact-open topology of every IP’ESPX is metrizable and locally path-
connected. It is already A-generated. The same holds for the total execution-path space.

Proof. Write E,, for the ordinary execution-path space with the fixed endpoints. Metriz-
ability follows from Proposition 27.2, since compact-open convergence of paths on I is
uniform convergence for a compatible metric. Let q., : F., — T, be its ordinary trace
quotient. The ordinary continuity in Theorem 23.2 gives the section in the square

It also gives the product homeomorphism
E., =T, xP(1,1).

In particular, T¢, embeds in the metrizable Hausdorff space E,,. Let T' = P, gcatp X
be the trace space with its quotient topology in Top. Its canonical bijection to T, is
continuous: the ordinary quotient map is continuous on the finer convenient execution-path
topology, and the quotient in Top descends to kaT,, and then to T,.

For each carrier c, use the continuous map p. : B, — T from the proof of Theorem 24.2;
its formula also applies for G. Lemma 5.2 makes the inverse T,, — T continuous on each
compact carrier image. Near any xg € E,,, Proposition 27.3 supplies finitely many such
images. Their inverse images form a finite closed cover of the chosen neighborhood, so
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the pasting lemma makes F., — T continuous there. Quotient descent gives
T, = T.

The flow catp X is g-cofibrant by Proposition 19.2 or Corollary 24.4. Its hom spaces are
g-cofibrant, hence retracts of quotients of coproducts of disks and points, and therefore
locally path-connected [29, Section 25]. Proposition 6.4 and the product decomposition give
local path-connectedness of F.,. A metrizable locally path-connected space is A-generated
2, Proposition 3.11].

Finally, the states are a closed discrete subspace. Endpoint evaluation makes the
fixed-endpoint execution-path families open in the ordinary total execution-path family.
Its topology is consequently their coproduct topology. A coproduct of metrizable locally
path-connected spaces is again metrizable and locally path-connected, so the total-space
conclusion follows. O

28. CHANGING THE REPARAMETRIZATION CATEGORY

The inclusion i : G < M is enriched and semimonoidal. Restriction of an M-space
along i’ is a G-space. Its canonical lax semimonoidal map comes from the same coend
representatives, viewed with fewer relations. Applying it to composition defines restriction
1* : MFlow — GFlow. There is also restriction j : MdTop — GdTop, retaining the
same underlying space, states, and execution paths.

28.1. Proposition ([17, Proposition 26 and the adjoint construction in Theorem 17]).
Both ©* and j are right adjoints and right Quillen functors. The left adjoint of 7 keeps the
underlying space and states and closes execution paths under nondecreasing surjections.
There are natural identities

i*My = Mg, MM = MY
The functor ¢* is accessible and preserves limits, so it has a left adjoint by the adjoint
functor theorem for locally presentable categories [1, Theorem 1.66]. Its lax semimonoidal
structure map supplies the composition used above. The fibration criteria are objectwise,

so restricting the action preserves fibrations and trivial fibrations. For j, the path spaces
themselves are unchanged. These facts establish the right Quillen statements.

28.2. Theorem. The right Quillen functors i* : MFlow — GFlow and j : MdTop —
GdTop are Quillen equivalences.

Proof. The identity i*My, = Mg gives the commuting diagram of right adjoints
Flow — ™ MFlow

ST

GFlow.

Theorem 12.3 and two-out-of-three for Quillen equivalences [23, Corollary 1.3.15] prove
the assertion for 7*.
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For 7, use the commuting square

MdTop B RN GdTop

MM| |Mg

MFlow — GFlow.

Theorems 18.3 and 25.4 make the vertical adjunctions Quillen equivalences. Passing to
derived right functors and applying two-out-of-three proves the assertion for j, recovering
[17, Proposition 26 and Theorem 17]. O

The left adjoint of j preserves g-cofibrant objects because it is left Quillen. In particular,
closing the execution paths of a g-cofibrant G-multipointed d-space under M gives a g-
cofibrant M-multipointed d-space with the same underlying space. The theorem concerns
the g-model structures, whose weak equivalences induce weak homotopy equivalences on
execution-path spaces; it does not remove the distinction between regular paths and paths
with stops at the level of individual parametrizations.

29. THE Q-MODEL STRUCTURE ON SATURATED M-MULTIPOINTED d-SPACES

29.1. Proposition ([17, Propositions 27-29]). For X € MdTop, let X have the same
underlying multipointed space and execution paths
PPX = {z: 1 — |X]: there is ¢ € M(1,1) with zp € PPX}.

This defines the left adjoint of the full inclusion U : MdTop™" — MdTop. The category
MdTop™* is locally presentable. Every G-multipointed d-space is saturated with respect
to increasing homeomorphisms, whereas an M-multipointed d-space need not be saturated.

For example, on the underlying interval with states 0 and 1, admit only the paths op,
p € M(1,1), for the stopped map o of Section 22. This is stable under M(1,1), and there
are no composable pairs. The identity becomes an execution path after composition with
o, but is not admitted itself. Thus it is not saturated. The reflector adds the missing
regular representative and all paths trace-equivalent to it.

29.2. Proposition. If X is saturated, its usual path object is saturated. The category
MdATop™" consequently has the right-induced g-model structure along U.

Proof. Write Path(X) for the usual path object, with underlying space TOP(L, | X|) and
states the constant maps at states of X:

X ——=— Path(X)

x k(evo,evl)

X x X.

The exponential law identifies its execution-path spaces with TOP(I, ffg ). For a
continuous path w in its underlying space, put us(t) = w(t)(s). Saturation of X gives

up € PP Path(X) = wu,peP'X (sel) = u,€P?X (sel).
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The compact-open exponential law and A-kelleyfication make s +— u, continuous into
Pa%X, so u € PP Path(X).

The reflector and inclusion form an adjunction between locally presentable categories
by Proposition 29.1. All M-multipointed d-spaces are fibrant in the g-model structure.
The Quillen path-object transfer argument therefore applies; see [16, Theorem 2.1] and
8, 21], as in [17, Theorem 18]. The weak equivalences and fibrations are those created by
the inclusion. U

—

29.3. Theorem. The adjunction (—) 4 U : MdTop = MdTop™ is a Quillen equiva-
lence. The q-cofibrant objects of the two categories agree under U, and its unit and counit
are isomorphisms on g-cofibrant objects.

Proof. The right-induced model structure makes U right Quillen and makes it reflect weak
equivalences. Globes are saturated: if z¢ = d,p, surjectivity of ¢ puts the image of x in
the meridian ¢, and projection to its interval gives x = §,n. The equality ny = p forces n
to be a nondecreasing surjection. Thus z is an execution path of the globe. The objects
consisting solely of states are saturated as well, because they have no execution paths.
Consequently the reflector fixes every generating q-cofibration of Theorem 20.2, including
C and R.

These reflected maps generate the cofibrations in the right-induced structure. Indeed,
for a generating q-cofibration i : A; — B; and a morphism p : Y — Z in MdTop™, the
adjunction identifies the lifting problems

Ay — UY

Ay —— Y

A s
?l ‘p — { lUp
B — 7

Z, B —— UZ
Thus the right lifting property against all the reflected generators is exactly the ambient
trivial-fibration condition. Their ambient cellular colimits are saturated by Proposi-
tion 21.5, so these colimits are also their colimits in the saturated subcategory. The
same holds for retracts by the retract proof in that proposition. Thus the two classes of
g-cofibrant objects agree.

For a g-cofibrant X in MdTop, the unit X — U X is an isomorphism by saturation.
The counit is an isomorphism on every saturated object because U is full and faithful.
Proposition 5.4 gives the Quillen equivalence. This establishes [17, Theorems 18-19] after
supplying the cellular saturation proof. O
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29.4. Corollary. The following commuting diagram consists of right adjoints of Quillen
equivalences for the g-model structures:

MdTop™™ —Y — MdTop ~M" L MFlow

]

gdTop e GFlow |Mum
Mg
Flow

In particular, MMU : MdTop** — MFlow is a right Quillen equivalence.

Proof. Compose the Quillen equivalences of Theorems 29.3 and 25.4. All the other arrows
were established in Theorems 12.3 and 28.2. U

The unit of this composite adjunction need not be an isomorphism on a g-cofibrant
Moore M-flow Y. The M-multipointed d-space M{MY is already saturated, so the
example of Proposition 22.3 also applies after the saturation reflector. Accordingly, the
conclusion about Quillen equivalence of [17, Corollary 10] survives, while its assertion
that the composite unit is an isomorphism does not.

30. SUMMARY OF THE QUILLEN EQUIVALENCES AND TRACE QUOTIENTS

The table records the main conclusions and their hypotheses. All Quillen equivalences
concern the g-model structures.
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Adjunction, functor, or

Statement established here

Required input

quotient

M, 4 M Quillen equivalence between Cofibrant hom presheaves
Moore P-flows and ordinary and the Quillen equivalence
flows for nonempty P colim - Apop

M!g -+ MY Quillen equivalence; unit is an Regularity and closed images
isomorphism on g-cofibrant of characteristic maps in the
Moore G-flows; counit is an compact-open topology
isomorphism on g-cofibrant
G-multipointed d-spaces

M!M -4 MM Quillen equivalence; unit is a  Normalization, preservation

Execution paths of
g-cofibrant G- or
M-multipointed d-spaces
to traces

Restriction ¢* and j

Saturation reflector

weak equivalence on
g-cofibrant Moore M-flows;
counit is an isomorphism on
g-cofibrant M-multipointed
d-spaces

Trivial Hurewicz fibration;
source m-cofibrant and target
g-cofibrant

Right Quillen equivalences
between MFlow and GFlow,
and between MdTop and
GdTop

Quillen equivalence between
MdTop and MdTop**'; unit
is an isomorphism on
g-cofibrant M-multipointed
d-spaces

of cellular globe attachments
by cat g, and evaluation by
the counit

Submetrizability, saturation
or regularity, and
g-cofibrancy of catp X

Commuting diagrams of right

adjoints and two-out-of-three

Regular factorization and
saturated path objects
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The following diagram records which assertions are used to prove others in the M case.
Its arrows denote logical dependencies.

regular naturalization saturation
finite carriers continuous representatives

\

cat g preserves cellular globe attachments

vy is an isomorphism

ny is a weak equivalence

MM - MM is a Quillen equivalence.

The normalization theorem is applied after cellular saturation has been proved. The
preservation of globe attachments by cat, then establishes the Quillen equivalence.

Part 5. Erratum to Natural homotopy of multipointed d-spaces
31. NATURAL SYSTEMS AND LOCALIZATION

This part corrects the comparison with discrete natural systems and the counterexample
to bisimilarity in [19]. Section 33 replaces the use of the false assertion that M preserves
cellular globe attachments.

31.1. Directed spaces and their traces. A directed space in the sense of Grandis
is a space equipped with continuous paths containing the constant paths and closed
under con(ﬂenation and continuous nondecreasing changes of parameter. The directed
reflection Sp(X) of an M-multipointed d-space X has underlying space |X| and the
directed structure generated by its execution paths. It is left adjoint to the full and
faithful functor which makes every point a state and every directed path an execution
path [19, Propositions 3.6-3.7 and Theorems 3.8-3.9].

Write ?X(l‘, y) = ?(S?)(X))(x, y) for the space of directed paths from x to y modulo
the equivalence relation generated by nondecreasing surjective changes of parameter. The
topology is the quotient in Top of the convenient compact-open topology. Concatenation
induces continuous composition _())f traces, and the constant trace at x is an identity. Thus
the traces form a category 7' (Sp(X)) whose objects are all points of | X|. The execution
traces of caty X are formed from the specified execution paths and have endpoints in
X?; the notation T, 5(X) from Part 4 refers to these execution traces. For cellular X,
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execution paths are nonconstant by Theorem 21.2, so these execution traces exclude the
constant identities of the directed reflection.

31.1. Proposition. For a cellular M-multipointed d-space X and o, 3 € X°, the canonical
maps give homeomorphisms

7 (e )~ {T_a,gm, a B,
{ido} UToho(X), a=p.

Proof. For a nonconstant directed path v : « — 3, [19, Theorem 4.9] and Theorem 21.2
give v = ri, where r : [0,m] — |X| is a globular naturalization and ¢ : I — [0,m] is

continuous and nondecreasing. Since r~*(X?) = {0,...,m},
k=(0), 1=u¢(1), kilefo,...m}, k<l
(u) —k

Tk,l(u) :T(k+(l_k)u)7 p(u) = l—k' 3 pEM(lal)u VZTk,lP.

The normalized composite 7, and hence 7, is an execution path. Thus the nonconstant
directed paths with these endpoints are exactly ]P’ZZ%X :

Consider a continuous curve £ in the space of directed paths from « to itself. Its compact
evaluation image lies in a finite compact metrizable cellular subspace Y by Propositions 21.1
and 5.1. Fix a compatible metric d on Y. If Y has no positive-dimensional cells, every
member is constant. Otherwise, Proposition 21.5 makes all its characteristic meridians
nonconstant, and Lemma 15.3 gives a > 0 such that

E(s) #co = diam{(s)(I) > a.
At a parameter sy with £(sg) = ¢4, continuity in the uniform topology gives
supd(&(s)(t),a) <a/2 = diamé(s)([) <a = &(s)=c4
t
for all s near so. The curve test makes {c,} open; Hausdorflness makes it closed. Its
complement has the convenient relative compact-open topology of ngng . Surjective

reparametrizations preserve both summands, so the trace quotient preserves this coproduct.
This proves the topological assertion of [18, Proposition 5.7]. U

The objects of the factorization category Fact(C) are the morphisms of C. A morphism
(p,q) : u — v is a commutative diagram

A —
y’#y.

Write x for composition in the order of execution, so that v’ = p * u * ¢. The natural
system associated with X is

NT(X) : Fact(T (Sp(X))) — Top,  NT(X)(u:z —y) = T x(z,y).

It sends the extension (p,q) to v +— p* v * q. These definitions and the continuity of the
extension maps are those of [19, Section 6].



31.2. Bisimilarity of diagrams. For a category C, an object of Diag(C) is a functor
F : 7T — C with Z small. A morphism (f,u) : F — G consists of f : Z — J and
u: F'= Gf. It is open if p is a natural isomorphism and f has the right lifting property
in both diagrams below [19, Definition 5.2].

Write [1] = (0 — 1) and let ¢ : {0} — [1] be the inclusion. The lifting problems in the
category of small categories are

g7 {0} — 71
~ ///‘( _ /,’(

| J lf L{ % lf

0 ——J ] — J.

Thus f is surjective on objects, and every v : f(i) — j’ has a lift © : i — ¢ with f(i') = j’

and f(v) = v.

Two diagrams F' : Z — C and G : J — C are bisimilar if they admit a bisimulation: a
collection of triples (i,7,j) with n : F(i) = G(j), covering the objects of both indexing
categories, such that every outgoing morphism on either side has a matching outgoing
morphism on the other side. More precisely, an arrow a : ¢ — i’ has a matching arrow
b:j— j" and a triple (¢, 7', ;") for which

F(i') —2— G(j")

o

commutes; the same condition is required starting with an arrow from j. Equivalently, the
diagrams are related by a span of open morphisms [19, Definition 5.1 and Proposition 5.3].
Write h : Top — Ho(Top) for localization at weak homotopy equivalences. Diagrams
of spaces are bisimilar up to homotopy when their images under h are bisimilar in
Diag(Ho(Top)).

For a morphism (f, u) of diagrams of spaces, being open up to homotopy means that
(f,hu) is open. An open morphism between the localized diagrams need not lift to a
morphism of diagrams of spaces. The comparison below is asserted in Diag(Ho(Top)),
as required for bisimilarity up to homotopy in [19, Definition 5.4].

32. LOOP-FREENESS AND DISCRETE NATURAL SYSTEMS

32.1. Definition. A cellular M-multipointed d-space X is loop-free if Py2 X = & for
every a € XY,

Equivalently, every directed path of S_f)(X ) with equal endpoints is constant. Indeed,
[19, Theorems 4.7 and 4.9] express a nonconstant directed path as a segment of a globular
naturalization. A nonconstant loop based in the interior of a cell must leave that cell
through its final state and return through its initial state. Composing that return with
a meridian gives an execution loop at a state. The reverse implication follows directly
because an execution path is directed and cellular execution paths are nonconstant by
Theorem 21.2.
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Add loop-freeness to [19, Theorem 4.10] and throughout Section 8 of that paper. In
[19, Theorem 9.4}, require both cellular M-multipointed d-spaces to be loop-free. The
corresponding statements in the introduction require the same hypotheses. These changes
concern the comparison with discrete natural systems, independently of the stopped-
boundary obstruction in Part 4.

To see the need for the hypothesis in the proof, let ¢ be a positive-dimensional globular
cell, with initial and final states ¢~ and ¢. A trace leaving ¢ and returning to ¢ has a
portion from ¢* to ¢~. Together with a meridian from ¢~ to ¢*, that portion produces a
nonconstant loop. In the loop-free case,

?X(CJF,C_) =g.
Consequently, for z,y € c,

7 {72y}, @,y lie on one fiber in increasing order,
X(xa y) =

a, otherwise.

This is the calculation required in [19, Propositions 8.12-8.13]. Without loop-freeness, a
trace may leave ¢ and return to a different fiber, or to an earlier point of the same fiber.

Loop-freeness also excludes the positive-dimensional cell visits of zero duration that
invalidate the characterization of discrete traces in [19, Theorem 4.10]. Under the corrected
hypothesis, the discrete trace dt(u) of a directed trace records its finite sequence of visited
globular cells, including states and with consecutive repetitions suppressed. These words
form the category Cx of discrete traces. Its elementary nonidentity morphisms go from
¢~ to ¢ and from c to ¢*; composition concatenates the words at their common endpoint.
A point is sent to its containing cell. The discrete trace functor is

dt : T(Sp(X)) — Cx.

For each positive-dimensional cell ¢, choose its center z. = g.(0,1/2); for a state ¢, put
x. = c¢. The discrete natural system of [19, Definition 8.15] has values

NTo(X)(c1s - em]) = T x(20 70, ).
Its extension maps concatenate the fixed fiber segments joining these centers to the
incident states.

32.2. Theorem (Natural systems and discrete natural systems). Let X be a loop-free
cellular M-multipointed d-space. There is an open morphism

BNT(X) — hNT4(X)  in Diag(Ho(Top)).

In particular, NI (X) and N [ (X)) are bisimilar up to homotopy. If f : X — Y is a

globular subdivision between loop-free cellular M-multipointed d-spaces, the four natural
—

systems NT(X), NT(Y), NT4(X), and NT4(Y) are bisimilar up to homotopy.

Proof. The homeomorphisms and elementary extension calculations of [19, Section 8,
proof of Theorem 8.16], with loop-freeness imposed throughout, give

BNT(X) 2 (WNTy(X)) Fact(dt).

For endpoints in one cell, use ? x(ct,¢7) = @. The extension squares commute strictly

or up to homotopy, hence commute after localization.
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_>
Put Zy = Fact(?(Sp(X))), Jx = Fact(Cx), and fx = Fact(dt). The functor fx
is surjective on objects. Its extension-lifting condition is the following problem in the
category of small categories:

{0} —— Tx
1

LoJ: f// ‘/fx

1] —— Jx.

For e : fx(u) — w, the argument with prescribed endpoints in [19, Section 8, proof of
Theorem 8.16] supplies

(p>q):u—>ula fX(u/):w7 fX<p7Q>:e'
This defines é. The comparison is therefore open, and [19, Proposition 5.3] gives bisimilar-
ity. _
For a globular subdivision f : X — Y, the isomorphism Sp(f) of [19, Theorem 9.3]
induces the middle isomorphism in

BNTY(X) ¢ hNT(X) — = hNT(Y) — hNTy(Y).

Composites of open morphisms are open. The diagram gives a span of open morphisms
between any two of its objects, proving the corrected assertion of [19, Theorem 9.4]. O

For completeness, [19, Proposition 2.11] should assume that the regular path ~ is
nonconstant. Cancellation fails for a constant path of positive length. Its applications use
nonconstant globular naturalizations, so this correction does not alter those arguments.

33. THE CELLULAR PUSHOUT USED BY THE NATURAL SYSTEMS

The proof of [19, Proposition 7.1] invokes [17, Corollary 8] to assert preservation of a
cellular attachment by M™. Proposition 22.3 disproves that intermediate assertion, even
in a finite loop-free example. The statement of the proposition nevertheless remains valid:
if

GlobM(S" 1) ———

A
j { with A cellular,
-

GlobM(D") ——— B
then Theorem 24.2 gives the pushout square

Glob(S"™!) ———— catp A

]

Glob(D") ———— caty B.

Theorem 24.2 therefore replaces the original proof, including the required homeomorphisms
of trace spaces.

This supplies the homeomorphisms used in [19, Propositions 8.7-8.9 and 8.12|, under the
hypotheses of Section 32. The naturalization and cellular topology used in [19, Section 4]
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rely on the valid [17, Theorem 6 and Propositions 15, 18-19]. Section 26 recovers the
equivalence induced by derived categorization used in the final discussion citing [17,
Theorem 15].

34. A REPLACEMENT COUNTEREXAMPLE TO BISIMILARITY

Failure of openness of one map does not exclude a bisimulation. Replace the example
of [19, Section 10] by the following one.

34.1. Proposition. There is a trivial g-cofibration i : B — A between finite loop-free
cellular M-multipointed d-spaces such that ﬁ(A) and NT(B) are not bisimilar up to
homotopy.

Proof. Let B be the cellular M-multipointed d-space with states {a, b, ¢} and four globular

cells of dimension 1:
€o fo
a b c.
€1 f1

The nonempty execution-trace spaces are

Top(B) = {eo, €1}, Tye(B) = {fo, i}, Too(B) ={eix fj 1,5 €{0,1}},
with the discrete topology. Put 7 = eq *x fo and form the pushout

Clob™({0}) ——— B

[ ]

Glob™([0,1]) ——— A.

The top map sends the unique meridian to 7 and its endpoints to a,c. The fiber at 1
supplies a new globular cell of dimension 1, and |0, 1[x]0, 1] supplies a new globular cell d
of dimension 2. Both M-multipointed d-spaces are finite cellular and loop-free.

The map j is a g-cofibration: first add the fiber at 1, then attach the globular cell of
dimension 2 with its boundary fibers at 0 and 1. It is also a g-weak equivalence, since its
only nonempty map of execution-path spaces is

M(1,1) — [0,1] x M(1,1), p— (0, p),

a homotopy equivalence. Thus its pushout i is a trivial g-cofibration. Applying Theo-
rem 24.2 to the two cellular attachments gives

T a(a,e) 2 [0,1] U {1,2,3).

The interval contains the trace of 7; the isolated points are the other three composites.
Choose x € d and let © = id,. A path reaching = begins at a or at an earlier point of

its fiber; a path leaving x ends at ¢ or at a later point of that fiber. Hence

4, u' :a—c,

ﬁ(A)(u) = {id, }, u—u = #Woﬁ(A)(u/) = {

1, otherwise.

Conversely, every singleton-valued object v of ﬁ(B) has an extension v — v' whose
value is a discrete two-point space. If both endpoints of v lie on one closed edge,

including the case of a constant trace at a state, extend to the endpoints a, b or b, ¢ of the
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corresponding edge family. Otherwise its initial endpoint is in an e; and its final endpoint
is in an f;. Extend the initial endpoint to a and keep the final endpoint inside f;. The
two choices of the first edge give exactly two traces.

Suppose that the localized natural systems were bisimilar. Coverage of the objects
of hNT(A) would relate u to an object v whose value is isomorphic in Ho(Top) to a
singleton. All values of ﬁ(B ) are finite discrete spaces, so v is singleton-valued. Write
ep : v — v for its two-point extension. The back condition of a bisimulation would supply
an extension e4 : u — u’ and an isomorphism 7’ making the following square commute in

Ho(Top):
hNT(A)(u) —2— hNT(B)(v)

o)

hN‘f(AxeA)l th‘ﬂBxeB)

BNT(A) (/) —L— BNT(B)(v/).
Since g factors through Ho(Top), the lower isomorphism would give
#rNT(A) (W) = #mNT(B)(W) =2
contrary to #Woﬁ(/l)(u’) € {1,4}. O

Part 6. Erratum to Globular subdivisions are dihomotopy equivalences
35. THE TRACE DECOMPOSITION USED IN SUBDIVISION

The factorization theorem of [18] and its consequences remain valid. The trace decom-
positions used there include traces which leave a cell and return to it, so no loop-free
hypothesis is needed.

In [18, Proposition 7.7(2)], uniqueness is to be understood among directed paths avoiding
X0 In [18, Proposition 7.8(3)], impose y(I) C ¢. Put z = v(0) and y = (1). The
corrected decomposition is

(35.1) T x(2,y) = {ry} U Tx(ct ),
where 7., is the unique trace inside c. The second summand is mapped by
P Tyct ¥ P*Temy.

The condition v(I) C ¢ places x, y on one fiber in increasing order, so 7, , exists; 7, , = id,.
These statements apply to every positive-dimensional cell, including dimension 1.
The hypotheses in [18, Theorems 7.9 and 9.2] ensure that 7,, exists whenever its

singleton summand is used. Otherwise the decomposition is T x(z,y) = T x(ct,e).

36. THE COLLAPSE AND THE UNDERLYING GLOBE FUNCTOR

36.1. The collapse in Proposition 8.5. Replace the last assertion of [18, Proposition 8.5]
by the statement that

cat p(Wg) — Glob(D") g
is a gq-weak equivalence between cellular flows. Delete the corresponding cofibration
assertion at the end of its proof. Here W} and Glob(D")r retain the notation of that

53



proposition: the first is its cellular replacement of the subdivided globe, and the displayed
map is its collapse.

For n = 0 and F = @&, the map on its nonempty path space is D' — D°. This map
is not a g-cofibration, since it is not injective. The proposition separately constructs a
g-cofibration catp (). That g-cofibration and the q-weak equivalence of the collapse are
all the properties required in the subsequent argument.

36.2. The underlying globe functor. In [18, Proposition A.1], replace the left-adjoint
assertion by preservation of g-cofibrations and trivial g-cofibrations. Indeed,

| Glob™(2)] = {0, 1} # @,

so Z +— | Glob™(Z)| is not a left adjoint Top — Top. The diagram functor D in that
proof also fails to preserve all colimits. Its Reedy calculation, followed by the left Quillen

colimit functor, still proves the required preservation assertion.
There is also a direct proof. Put S = {0,1} and I'(Z) = (S — |Glob™(Z)|). The

adjunction is
[': Top = (S | Top) : Ps,
Ps(X;x0,21) ={y € TOP(I, X) | v(0) = zo, v(1) = x1}.
For u: A — B, the underlying globe map is the pushout

(A x I) Uaor (B x 1) —— |Glob™(4)]

uEI(&]k—HI)l bGlobM (w)]
r

B x1I |Glob™(B)].

The upper map is the globe quotient on A x I and the endpoint quotient B x 91 — S on
the other summand. The pushout-product axiom for the cartesian gq-model structure [23,
Chapter 4] gives

u a (trivial) g-cofibration == « [ (0 — I) a (trivial) g-cofibration
= ['(u) a (trivial) g-cofibration.

Thus T is left Quillen, proving the preservation used in [18, Propositions A.2—-A.3].

37. THE WEAK EQUIVALENCE INDUCED BY THE COLLAPSE

The last step of [18, Theorem 9.2] requires a g-weak equivalence cat(T") — cat (V).
Let g : GlobM(S”_l) — U attach a globe to a cellular M-multipointed d-space, and put

Let F be a finite set in the interior of this new globe, and denote by Glob™(D")z the
globe with these additional states. Its directed reflection agrees with that of the original
globe. The construction in [18, Proposition 8.5] gives the factorization

GlobM(D™) &5 W 55 Glob™ (D)
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of the globe subdivision, where % is a cellular g-cofibration and cp is the collapse considered
in Section 36. Form the two pushout squares

GlobM(D") —F — v GlobM(D") —F v
Z}J: ‘/j Subdivisionl ‘S

r r
Wi ————— T GlobM(D")p ——— Y

The identity of Y and ¢p induce r : T — Y, with rj = S. The map S is a globular
subdivision. In [18, Theorem 9.2], U =Y and Y = X Uy Y.
For an M-multipointed d-space Z, put

Cz(p,q) = 1" (catam Z)(p, q),

where I" freely adjoins identities to a flow. Thus Cz(p,q) = T,,(Z) when p # g, and

Cyz(p,p) ={id,} UT,,(Z). For cellular Z, Proposition 31.1 identifies these spaces with
z(p,q). Identify the old states with O = Y° and the new states with F, so that

TO=Y"=O0UF. Write s = k(0) and t = k(1); these two old states need not be distinct.
For o, 5 € F, put

Ra - CW;(OZ, ]-)7 Lﬂ - CW}’(076)7 Ka,ﬁ = CW}L(auﬁ)

37.1. Lemma. The spaces R, Ls are contractible. The space K,z is empty if the
subdivided globe has no internal trace from « to 3, and contractible otherwise.

Proof. The collapse cr of [18, Proposition 8.5] is a g-weak equivalence between cellular
multipointed d-spaces. Proposition 26.1 makes caty(cr) a q-weak equivalence. For
a, € F, its target spaces at («, 1) and (0, 5) are singletons, and its target at («, 3) is
empty or a singleton. Its source spaces at these pairs are g-cofibrant by Theorem 26.2;
adjoining an isolated identity preserves g-cofibrancy. Every nonempty source is therefore
homotopy equivalent to a point by [23, Section 1.2]. U

37.2. Proposition. The induced map cat(r) : catyp(T) — catp(Y) is a q-weak equiva-
lence.

Proof. For p,q € O, consider

Cy(p; q)-

Here a, , = C} is a weak homotopy equivalence by [18, Proposition 8.8], quantified over
O x O, and b, , = C,. Since by 4a,, = Cs is a homeomorphism by [18, Proposition 7.3],
b, , is a weak homotopy equivalence.
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The word decompositions of [18, Theorem 8.9] give

[18
Cr(a B)g a6|—I<R XCT(ts)ng)
Cr(p,B) = Cr(p,s) x Lg,  pe€O,
Cr(a,q) = Ry x Cr(t, q), q € 0.

I

The two summands separate internal traces from traces passing through the old states t, s.
Let E, g be the singleton internal trace when that trace exists, and the empty space
otherwise. The corresponding target decompositions are

CV(Oé, 5) = Ea,ﬁ L C?(t, S),

Cy(p, B) = Cy(p,s), peO,
07(0[, Q) = C?@? Q)7 q e 0.

These are [18, Theorem 7.9], with (35.1). Under these identifications, b = C, is

Kopg — Eqop,
R, x Cp(t,s) x Lg — Cy(t, s), (u, v, w) — by 5(v),
Cr(p,s) x Lg — Cy(p, s), (v,w) — by 5(v),
R, x Cp(t,q) — C5(t,q), (u,v) — by q(v).

Lemma 37.1, the equivalences b,, for p,q € O, and preservation of weak homotopy
equivalences by products and coproducts imply that C, is a weak homotopy equivalence
for every pair of states. At equal endpoints it has the form

Cr(p,p) = id{iq,y Ulcata(r))pp : {idp} U T p(T) — {id,} U Tpp(Y).
Hence its restriction to execution traces is a weak homotopy equivalence. Since 70 is
bijective, cat(r) is a g-weak equivalence.
If s = t, the factor id;, € Cp(s,s) represents passage through the old state, so its
summand remains disjoint from K, 3. The same decompositions therefore apply. O

Proposition 37.2 supplies the q-weak equivalence needed in [18, Theorem 9.2] and at
successor stages of [18, Theorem 9.3].
The resulting factorization remains

catp(f) = wi, i € cell(T°), w a g-weak equivalence,

for every globular subdivision f : X — Y between cellular M-multipointed d-spaces. The
class T is the class of generating subdivisions fixed in [18, Definition 8.3]. The conse-
quences for dihomotopy equivalence, branching and merging homology, and underlying
homotopy types are unchanged.

38. THE MOORE-FLOW RESULTS USED IN SUBDIVISION

The subdivision argument uses categorization and the quotient to traces. Part 4 supplies
the required results with their original hypotheses.

(1) The derived equivalence and preservation of g-weak equivalences in [18, The-
orem 4.2(1)—(2)] cite [17, Theorem 15]. The replacements are Corollary 24.4,
Propositions 26.1 and 26.3, and the derived equivalence of Section 26.
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(2) The globe attachments in [18, Proposition 4.4 and Theorem 4.5] use [19, Propo-
sition 7.1]; apply Theorem 24.2 as in Section 33. Adding discrete states gives a
coproduct with the pathless space on those states.

(3) Preservation of cellular colimits at limit ordinals by MM, cited in [18, Proposi-
tion 4.1}, is the valid [17, Theorem 5]. Proposition 24.3 supplies preservation by
cat .

(4) The path quotient in [18, Proposition 5.7 and Theorem 5.8] uses [17, Theorem 16].
Theorem 26.2 gives its homotopy equivalence, m-cofibrant source, and g-cofibrant
target, and proves that it is a trivial Hurewicz fibration. Proposition 31.1 supplies
the isolated identity at equal endpoints.

Thus [18, Theorems 9.2-9.3] still allow stopped attaching paths and execution loops.

39. THE INTRODUCTORY COUNTEREXAMPLE AND REMAINING CORRECTIONS

For the introductory counterexample in [18], use ¢ : B — A from Proposition 34.1 in
place of [19, Proposition 10.1]. Write @y, for localization of cellular M-multipointed d-
spaces at globular subdivisions and Qg for localization of flows at dihomotopy equivalences.
Since Sp sends globular subdivisions to isomorphisms [19, Theorem 9.3,

_>
Qs (i) invertible = Sp(i) invertible —> NT(B) & NT(A),
contrary to Proposition 34.1. On the other hand, Proposition 26.1 gives
catr (i) a q-weak equivalence = Qqi, cat (i) invertible.

Thus the functor induced by categorization between these localizations does not reflect
isomorphisms and cannot be an equivalence.

For completeness, [18, Proposition 8.8] is quantified over A° x A°. The proof of [18,
Theorem 7.10] uses that Y is closed and discrete; this follows from the cellular topology
statement in Proposition 21.1. The unused cardinal bound following [18, Theorem 7.2]
should be deleted. These corrections, together with Sections 35-38, supply the assertions
used in the main proofs.
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