Operational properties of interest

¢ Termination and * How to Compute

Confluence

Existence and uniqueness reduction strategies with good

of normal forms properties:
 standardization,

* normalization

Normalization

» Def. (A,—) is strongly (weakly, uniformly) normalizing if each t € A is, where the three
novmalization notions are as follows.

w1 is strongly —-normalizing: every mazimal —-sequence from t ends in a normal form.
wm ¢ s weakly —-normalizing: there exist a —-sequence from t which ends in a normal form.
w t is uniformly —-normalizing: t weakly —-normalizing itmplies t strongly —-normalizing.

If terms are not strongly normalizing, how do we compute a normal form, or even test if
any exists? This is the problem tackled by nermalization. By repeatedly performing only

specific steps -, we are guaranteed that a normal form will eventually be computed, if any

Factorization
(aka weak Standardization)

another commutation!
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Strategies

Normalizing strategies

» Def. (A,—) is strongly (weakly, uniformly) normalizing if each t € A is, where the three
novmalization notions are as follows.

w1 is strongly —-normalizing: every mazimal —-sequence from t ends in a normal form.
wm ¢ s weakly —-normalizing: there exist a —-sequence from t which ends in a normal form.
w t is uniformly —-normalizing: t weakly —-normalizing itmplies t strongly —-normalizing.

» Def.

w5 is a strategy for — if —2C—, and it has the same normal forms as —.

w i is a normalizing strategy for — if whenever t€ A has —-normal form, then every
mazimal -sequence from t ends in normal form.

Factorization
(aka Semi-Standardization, Postponement, or often simply Standardization)

* most basic property about how to compute

(=L = t—h>*‘—h>*u

B

head factorization J

A key building-block in proofs of more sophisticated how-to-compute
properties:

¢+ allows immediate proofs of normalization
(a reduction strategy reaches a normal form, whenever one exists)

+ simplest way to prove standardization, by using Mitschke's argument
(left-to-right standardization = iterate head factorization)



Factorization
(aka Semi-Standardization, Postponement, or often simply Standardization)

Melliés 97:
the meaning of factorization is that the essential part of a computation can

always be separated from its junk.

Assume computations consists of
m steps o which are in some sense essential, and
m steps > which are not.
Factorization says that every rewrite sequence can be reorganized/factorized as

a sequence of essential steps followed by inessential ones.

t—"u = t ?* - —" U e-factorization J
i

Call-by-Name and Call-by-Value A-calculus: terms

Terms and values are generated hy the following grammars

V o= z|Az.M ( Values, V)
M = z|c|Ae.M|MM (Terms)

where @ ranges over a countable

of variables, and ¢ over a disjoint (possibly empty) set
@ of constants.

= If the set of constants is empty, the calulus is pure, and the set of terms is denoted A.

w  Otherwise, the caleulus is called applied, and the set of terms is often indicated as Ao,

Terms are identified up to renaming of bound variables, where Ar is the only binder
constructor. P{@Q/x} is the capture-avoiding substitution of (2 for the free occurrences of x
in P.
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Reduction = contextual closure of a rule

Contexts (with one hole { )] are generated as follows. €M) stands for the term obtained
from C by replacing the hole with the term M (possibly capturing free variables of M).

Co={()||MC|CM | z.C (Contexts)
= A rule pis a binary relation on Ao, which we also denote r+,, writing R, B. R is

called a p-reder.
The best known rule is 3:

(Az.MIN 5 M{N/x}

= A reduction step —, is the closure under context C of p.
Explicitly. T T" holds if T=C(R|. T'=C{(R'), and R+, R'.
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Call-by-Name and
Call-by-Value A-calculus

CALLAY-NAME, EALLEY-VALUE AND THE
LCALCULLS

Contexts (with one hole { )) are generated as follows. C(M]) stands for the term obtained
from C by replacing the hole with the term M (possibly capturing free variables of M).

Cu=( || MC|CM |A2.C  (Contexts)
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Call-by-Name vs Call-by-Value A-calculus

e The A-calculus can be seen both as an equational theory on terms and as
an abstract model of computation. e

*  With the functional paradigm point of view, the meaning of any A-term is
the value it evaluates to. N, Ay T
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Call-by-Name and Call-by-Value A-calculus

CbN and CbV Calculi.
= The (pure) Call-by-Name calculus A =(A,—4) is the set of terms equipped with the
contextual closure of the 3-rule.

(Ax.M)N 5 M{N/x}

w The (pure) Call-by-Value calculus A = (A, — 4 ) is the same set equipped with the
contextual closure of the 3, -rule.

(Az. M)V =5, M{V/x} where VEV
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CbV: Weak Reduction
Weak reductions in CbV

The result of interest are values (i.e. functions).
In languages, in general the reduction is weak, that is, it does not reduce in the body of a
function.

There are three main weak schemes: left, right and in arbitrary order.
Left contexts L, right contexts R, and (arbitrary order) weak contexts W are defined by

La=()|LM|VL
w=() | MR|RV
We=( ) [ WM | MW

Q: Which reductions are deterministic?

Given a rule ~— on A, weak reduction - is the closure of — under context W.
A step T—S is non-weak, written 7' S if it is not weak. Similarly for left (? and :f).
and right (- and =).

» Fact 3 (Weak normal forms). Given M a closed term, M 1s g-normal iff M is a value.
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* Classical key result (e.g. in Barendregt 84 book) .‘.':"..:_“-..._..

in Call-by-Name:

= Head Factorization: — —3* C 7.3* —:hmf
= Head Normalization: M has hof if and only if M —h»,;* S (for some SeM) .

CALLBY-NAME, Q\Iblvujll‘nwl AND THE
* Classical key result [Plotkin 75] P
e st i, ot it e, G o i,

. Th e e el o o e e e SV ad
e 2 i b e by e 12 bk

in Call-by-Value: e e e

Let s {w.lr}
= weak foctorization of —p5,:  —5," C 25, =ps,"

w  Convergence: T = W(WeV) ifandonlyif T 5%V (VeV)
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weak evaluation

* According to the function paradigm of computation the goal of every
computation is to determine its value

* Since functions are seen as values, it is natural
to consider weak evaluation. In practical implementations, weak evaluation is
more realistic than the full beta reduction
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CbV:  Lefi contexts L, right contexts R, and (arbitrary order) weak contexts W are defined
by

Lo=( )[LM VL

Ri:=( )| MR|RV

W= | WA MW

The elosure under L (resp. W.R) context. is noted - (resp 7. )

» Fact 3 (Weak normal forms). Given M a closed term, M is g-narmal iff M is a value.

|Question.: which of the above reductions are deterministic?

Questions. [True or False?|Let M be a closed term.
.M T}‘ Viff M-V, True?
2. M *V iff M—* V. True?

-

3. Assume you proved M —Ia-k V' (runtime is k). Does the sequence of —»steps also terminates?
Can we say how long does it take?
4, Assume you proved M 7" V' (runtime is k). What about - 7
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CbN: Head Reduction

Head reduction in CbN

Head reduction is the closure of 3 under head context
Az iy JMy . M
Head normal forms (hnf), whose set is denoted by H, are its normal forms.

= Given a rule p, we write 4, for its closure under head context.

= A step —; is non-head, written —», if it is not head.
What about?

Hi=( )| Aze.H|[HAM
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CbN Head Factorization

Head Factorization

Head factorization allows for a characterization of the terms which have head normal form,

that is M has hnf if and only if T‘hnulucl.icm from M terminates.

» Theorem 2 (Head Factorization).
= Head Factorization:  —5" C -5 25",

= Head Normalization: M has hnf if and only if M—hm*S (for some SeH) .
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Question. Let M be a closed term. We say that M returns a value when M — 5 "V,

for some V. Prov

= M returns value, if and only if s -reduction from M terminates.
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Basic properties of contextual closure

If a step T—., T" is obtained by closure under non-empty contert of a rule ., then T and
T have the same shape, i.c. both terms are an application (resp. an abstraction, a variable).

» Fact 5 (Shape preservation).

w  Assume T=C(R) =+ C(R)=T" and that the contert C is non-empty. Then T and T’
have the same shape.

w Hence, for any internal step MM’ (se{h, wlr...}) M and M have the same shape.

The following is an easy to verily consequence.

» Lemma 6 (Redexes preservation).
1. ChN: Assume T 7‘»,45‘. T is a 3-redex iff sois S.

2. CbV. Assume T 55, S. T is a fy-redex iff s0 is S.
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CbV Weak Factorization

Weak Factorization.

Let s {w.l.r}
= weak factorization of =50 —5" C 25, 5

w Convergence: T—g W(WeV) ifand onlyif T3V (VeV)

» Corollary 4. Given M a closed term, M has a 3,-reduction to a value, if and only if the
5, -reduction from M terminates.
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Basic properties of the
contextual closure
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Internal steps preserve head and weak normal nf

Fixed a set of redexes R, M is w-normal (resp. h-normal) if there is no redex ReR such
that M =W(R) (resp. M =H{R))

» Lemma 7 (Surface normal forms). 1. ChN. Let R be the set of [F-redexes
Assume M s M'. M is h-normal < M' is h-normal.

2. ObV. Let R be the set of 3,-redexes.
Assume M 35, M. M is w-normal < M’ is w-normal.
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