Proof Nets

Reference:

Notes on proof-nets by Olivier Laurent

Credits: most figures and material come from the notes of O. Laurent
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A graph syntax for proofs



Proof structures

A proof structure M is a labelled directed acyclic graph
(DAG) with possibly pending edges (i.e. some edges may have
no source and/or no target) built over the alphabet of nodes
which is represented below.

( Note: in figures, the edges orientation is always top-bottom. )
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o The nodes are labelled by ax, cut, ®, %
o The edges are labelled by MLL formulas.

[ For each node/link: pi i =

= exiting edges ]

edges,
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The conclusions of M is the set of pending edges of M.

From proofs to proofs structures
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Is every structure the image of an MLL proof?
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In the graphical representation, we do not mention explicitly the
direction of edges, but we draw them so that the direction is always
top-down:

example
Translate each of these sequent calculus proofs. Start from axioms....
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Proof Nets

A PROOF NET is a proof structure which is the image of an MLL proof

Internal condition!
Purely geometrical conditions (correction) characterize the proof structures
which are proof nets

Theorem 1. A proof structure is correct iff it is a proof net.
Correctness criteria:

— (LT) Long trip [Girard]
— (AC) Connected-Acyclic [Danos-Regnier]
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Danos-Regnier Criterion

Correctness Criterion

Switching Graphs
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Correctness
o Switching graphs are acyclic.
@ Switching graphs are connected.
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Danos-Regnier Criterion (formally)

Given a proof structure 8, let A(8S) be the set of its F-nodes. A switching
of § is a function ¢ defined on N%(S) and such that, for each F-node P, p(P)
is one of its premises. The switching graph §¥ associated with  is the
graph obtained from G(S8) by keeping only the premise ¢(P) for each F-node

Danos-Regnier correctness. A proof structure § is DR-correct if for each correctness graph
S, its undirected underlying graph is acyclic and connected.

A proof strueture with p %¥ nodes induces 27 switchings and thus 27 switching
graphs. A switching graph is not a proof structure in general since its % nodes
have only one premisse.

A connected component of a switching graph is a connected compenent of
its underlying (undirected) multigraph.
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Acyclic-only correctness

Acyclicity. A multiplicative proof structure is acyclic if its switching graphs
do not contain any undirected cycle.

17

14

PN1:

PN2:
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Is this correct?
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* Correctness guarantees:

+ Graph is image of a proof (sequentialization)

+ Normalization progresses (no deadlocks)

+ Normalization terminates (no infinite cycles)
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Soundness

Proposition 4.1.1 (Soundness of Correctness). The translation of a sequent
caleulus proof of MLL is a connected multiplicative proof net.

At : A . : g g S ;
Theorem 4.1.1 (S 1 m). Any ted multiplicative proof net is

r, Al taa 1
the translation of a sequent calculus proof of MLL.
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‘We have a proof net. The problem: it is the image of a sequent calculus proof?
And which?

The beauty of proof nets is
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Lemma (preservation of correctness)

If the proof structure R is correct and reduces to R’,
@) then R’ is correct.
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AeB @ Aty pt @
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Let us try out!

How we write a proof net of these conclusions?

AN AL musttype an edge conclusion of a par link, with premisses ....

A® AL musttype an edge conclusion of a tensor link, with premisses ...

Then we have to choose the axiom links!

AN At A At AlmA

NP

Write a proof net with this conclusion... and
normalize it
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Let us try one more. First, write a proof net with this conclusion... - Or/( / ~— Or/( /
(X®X) - (X®X) -
1w wrlym In sequent calculus, they correspond to these two proofs (one uses exchange, one no)
XeX)'3(XeX). A3X)¥(XeX)
> 4
% - »
r C s Héz,%{r FXa s b X g
TIP: How we write a proof net? As before, all proof nets with the same - L - L
conclusion, start with the same nodes (the formula tree!) el 4 >Z2' /. X.? e X el 4 Kb v XJ e ¥
What distinguishes different proofs are the axiom links . L
A7), (4 x) A7), e )
A Ire)) P78 X) e R
To distinguish the diff t f at , let ite indices: + L - L
o distinguish the different occurrences of atoms, let us write indices P’(X. 57%1’ ) )57 {%3@7(9‘] ;_J( X, g}{L ) 267 {XB@X'{’\

(X3 X)W (Xa ® Xy)
In this case, we have two possible proofs, corresponding to two possible way to
write axioms:
1,3 and 2,4
OR
1,4 and 2,3

27 28

When we have a formula whose normal proofs are exactly two, we have a L \l'\/OmeW‘ T~ L \Omew‘ ~_
good candidate to code BOOLEANS ) —~_York | —20rk |

: Try to normalize one of the proofs of (X,J- N XZJ-) (X3 ® Xy)
Xt xhA X ex
Let us indicate the formula b VXX with B (for boolean).
We call one proof true, and the other false...
with the proof net which has conclusions

We can feed one of our two values to a proof which takes a boolean, and return a boolean. Ki@X)@ (X' T X)) (X' T Xeh) T (X7 @ Xs)

and axiom links: (1,6) (2,5) (3,7) (4,8)
Bt B

We know that the normal form (i.e the result of computation) What is the function coded by this proof net?
will be of type B... Hence one of our two values.
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MLL normalization Properties of MLL normalization

(local graph reductions)
1. Confluence?

2. Is normalization weakly/strongly normalizing?
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3. Would you be able to define a normalizing strategy?

4. Would you be able to define a normalizing strategy

A\(./ﬂ ,,.\m/,,. . 5 oa . which reaches normal form in a minimal number of
&) @ — o steps?
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) o Properties of MLL normalization
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Is normalization weakly/strongly normalizing? Gj’,‘ ()
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@ WN
@SN
@ depends on the praof net * Strongly normalizing
@ we cannot figure out
@ SN and W * Confluent
* Cut-elimination:
a proof-net in normal form contains no cuts

Correctness criterion, Q
simplified

35 36



Correctness: if we focus on acylicity, Danos-Regnier criterion
can be reformulated (in equivalent way)

Let R be a proof structure; a switching path of R is a path which does not
use any two edges entering on the same 7 link (such edges are called switching
edges); a suitching cycle is a switching path which is a cycle.

Definition 3 (Correctness criterion ). A proof structure 1s corvect if it does
not contain any switching eycle.

FI,A  FA AL

—_—(Ax Cut
Faar4e) FT A (Cut)
FIA FA, B I, A B
F7 A08 4 @ Frasg )
I kA —
W(M”) we can throw away MIX later
! By requiring connectness
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Is this correct?
PN1:
PN2:
-
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A challenge (challenging bonus)&/ y \Eg,;‘;\\
it g U
A fully positive formula is P is defined as \t\ll\lg,l/.zo
P:=X|PQP ~</

A fully negative formula N is the dual notion, N = (1’)L

A proof structure is polarized if
every edge is labelled by a fully positive or a fully negative formula.

* Exercise
Let M be a MLL polarized proof structure. We denote by Pol(M) the graph which has
the same nodes and edges as M, but where the edges are directed downward if the
label is positive, upwards if the label negative.

Q1: Assume that all formulas in M are either atoms, or built using the connective par.
Assume also that we are happy with the mix rule, so we do not care about the

“connected” part of correctness criteria
Do you see any simple way to show that the following correctness criteria are equivalent ?

(1.) M is acyclic correct, (2.) Pol(M) is a DAG.

Q2: What if we now assume that the polarized formulas in M use both tensor and par ?
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Correctness: if we focus on acylicity, Danos-Regnier criterion
can be reformulated (in equivalent way)

A proof structure is correct if every (undirected ) cycle contains a segment

>B8 ¢

FI,A  FA AL

—_—(Ax Cut
Faar4e) FT A (Cut)
FIA FA,B®) F[‘,A.Bl?\,)
-, A®B, A FT,A%B"
FI kA -
W(M”) we can throw away MIX later
! By requiring connectness
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Is this correct?

40
More expressivity: Exponentials
Linear vs  non-linear
A—oB Vs A—B
Work — Theorem 1 Work — Theorem
43



PhD: Expectation vs Reality

Theorems Proved

0 3 10 15 20 25 30 35
Hours Worked
Expectation = Linear Progress
@ Predictable = Easy Planning
@ Everything feels smooth

02/10/2026

PhD: Expectation vs Reality

Complex Proefs!

Theorems Proved
-

o

o

10 15 20 25 30 35
Hours Worked
Expectation = Linear Progress
@ Predictable = Easy Planning
@ Everything feels smooth

Reality = Non-linear Progress
@ Unpredictable bumps and slowdowns
@ Progress is uneven and frustrating

WORK implies THEOREM
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Linearity and Linear Logic

PhD: Expectation vs Reality

Complex Prosfé]

Theorems Proved
o

)

0 5 10 15 20 25 30 35
Hours Worked

Expectation = Linear Progress Reality = Non-linear Progress

Work — Theorem

! Work — Theorem

From proofs to proofs structures
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Exponentials:
MELL proof-nets

4 new nodes
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From proofs to proofs structures

@ Boxes never overlap.

@ Boxes are sequential (as rules in sequent calculus).
@ Correctness: box by box.

@ Boxes permit duplication and erasure.
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MELL proof-nets: correctness

Correctness is given by acyclicity of the switching paths, similarly to the “simplified”
criterion for MLL.
The ?c node behave the same as the 8 node.
A switching path in the proof-structure R is an undirected path on R (regarded as an
undirected graph) which uses at most one of the two premisses for each

@ node and ?c node.
A proof-structure is correct if :

* none of its switching paths is cyclic, and
* the content of each of its box is itself correct.
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Reduction steps

53

Reduction Steps: 7d
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What is the associated MELL proof-net?

Faal

FATAL
FATAL 7B

For each of the following two sequents, write a proof-net with the same conclusions
(you can start from the sequent calculus proof, or just write a proof-net directly)
Please always write the proofs so that all axioms are atomic (assuming A atomic formula)

74t 374514
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MEMO: Cut-elimination steps

LA FA AR A

FoLIA | FA AL

A cut
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Reduction Steps: 7w
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Reduction Steps: 7¢
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Reduction Steps: 7p
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