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Linear Logic
[J.-Y. Girard, ‘86]

Recommended reference:

Lecture Notes by Olivier Laurent (in French)

Online  Handbook of Linear Logic (on-going, collective project)

Credits: 
In my LL slides, most figures are taken 
from Laurent’s notes, 
or from the Handbook of Linear Logic.

• Classical logic is about truth 

• Constructive  logic is about proofs (and programs as functions)

• Linear Logic is about resources and the dynamics of computation :  how to compute?

Let us start from syntax:  recall LK ? What’s in a conjunction ?

• Resources
• Time of computation
• Memory space
• Number of qubits
• ….

• Shared resources
• Mathematical lemmas
• Choice (only one of several)
• Shared dependency/causality
• Random variables
• ….

LL
Sequent Calculus

LL Formulas:

Multiplicative group:

Additive group:

SEQUENT CALCULUS RULES  (Sequents are multi-sets of formulas)
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Exponential  group:

Taxonomy (and how to pronounce it) 

MALL fragment 

Lafont’s 
menu

Define negation: One-sided sequent calculus
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To familiarize…

EX.
prove the following distributivity laws :

EX . 
The axiom can be restricted to atomic formulas: 
the axiom rule is admissible for every formula 

The standard rules are hence  derivable:

The same, single-sided:

Cut elimination (“the engine of sequent calculus”)

Non-logical steps are the obvious ones.

Logical-step (the key cases): 

Homework

EX. 
How do we define the non-logical  steps?
Give the following  two examples: 

Cut with a formula C inside Γ = Γ’,C. 
How do we reduce this cut?

Cut with a formula C inside Γ = Γ’,C. 
How do we reduce this cut?

Re-introducing the
 Structural Rules

In a controlled way
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Exponentials Exponentials rules

The ?d rule ("dereliction") allows any formula to become subject to the structural rules.
 The rules ?w ("weakening") and ?c ("contraction") are the usual structural rules, 
but they apply only to formulas whose principal connective is ?. 

The ! rule is called “promotion”/

! rule

The ! Rule is the most subtle one. 
It makes a formula (and above all the corresponding proof) duplicable (or erasable), but 
this requires a suitable context. 
One can understand !A as "A as many times as one wants". The rule, written in the form:

says that if A is obtained from hypotheses that can be used as many times as one wants, 
then A itself can be used as many times as one wants. 

A good way to understand the context constraint of this rule is to look at cut elimination.

Cut-elimination steps for exponentials

Ex (Homework)

Ex. Pick and prove one equivalence in each of the 3 groups

1.

2.

3.

Homework: points 3 (only). 
Please use one-sided sequents, and atomic axioms: assume A is an atom.

Neutral Elements
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Consequences of Cut-elimination

On Proof Search

Reversing the Reversible Rules

Reversible Rules Reversible Rules
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Positive/negative connective Focalization

A consequence of reversibility is that, when searching for a proof of a sequent Γ, 
we can always start by decomposing negative formulas in Γ without losing provability. 

For instance: 

Focalization

Prop. (positive focus)
Let ⊢ Γ be a sequent containing only positive formulas (and possibly atoms).
If ⊢ Γ is provable then there exists a formula P in Γ such that ⊢ Γ is provable by a
derivation that ends with the rules for introducing the positive layer of P
 (the proof is then said to be focused).

Focalization

Summing-Up:
Inference rules for

Linear Logic Sequent Calculus

LL formulas and Linear negation

Grammar of LL formulas:
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