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1. Let A be a set which has at least two elements. We use A<¢ for the set of all finite sequences of
elements of A and A% for the set of all infinite sequences. We use (aq,...,a,) for the element of
A< given explicitly as a sequence of n elements of A, the empty sequence is (). We use simple
juxtaposition for the concatenation of sequences. If s,t € A<“ then s < ¢t means that s is a prefix of
t, that is, there is s’ € A< such that ss’ = ¢. Similarly if s € A<“ and a € A“, then s < @ means
that s is a prefix of a. If s € A<“ weset ts={t€ A< |s<t}andt¥s={a € A¥|s<a}. If
o is a finite or infinite sequence and i € N, we use (i) for its ith element (when defined). Notice
that the first element of a sequence is indexed by 1 (not by 0). If C is a subset of A<“ or A“, and
if s€ A<, we set sC = {so | o € C}.

An antichain is a subset B of A<“ such that Vs,t € B s <t = s=1.

A bar is a subset B of A< such that Vo € A%3s € B s < a.

A tree is a non-empty subset T of A<“ such that Vs,t € A< (s<tandteT)=scT.

An infinite branche of a tree T is an o € A such that Vs € A<¥ s<a=seT.

A tree T is finitely branching is for all s € A<%, the set {a € A | s{a) € T'} is finite.

(a) Prove Konig’s lemma: if T is inifinite (as a set) and finitely branching, then 7" has an infinite
branche.

(b) Let s,t € A<¥. Prove that 1* s Cf¥t < ¢ < s.

(c) We say that a subset U of A“ is open if for all @ € U there is s € A<“ such that s < a and
1% s C U. Prove that we have defined a topology: open subsets of A“ are closed under arbitrary
unions and finite intersections. We use O(A®“) for the set of all open sets of A%.

(d) Onme say that F' C A¥ is closed if A¥ \ F is open. Prove that for each s € A<“, the set 1“ s is
open and closed. Prove that for each o € A%, the set {a} is closed but not open.

(e) Let U C A“ be open. Prove that there is an antichain B of A< such that U = (J,.51“ s.
Exhibit such antichains for the open set A“ \ {a} (for some v € A%), 1¥ s and A“ \ 1 s (for
some s € A<Y¥).

We set 1 B = (J,c5 T s.
From now on, we assume that A is finite.

(f) Prove that if B C A<“ is an antichain and a bar then B is finite.



If I and J are sets and J C I, we use & for the element of RL ; such that (e;); = 1if j € Jand (e,); =

0 otherwise. One defines a PCS S by setting | S| = A< and P(S) = {e | B C |S| and B is an antichain}"
(the technical condition trivially holds, you are not asked to check this fact). In other words, u € R‘f(‘)

is in P(S) iff for all antichain B of A<“, one has ) _pus < 1. -

We define 0 € R‘ZSAX'S' by

085/ =

)

1 if s=s'a for someac A
0 otherwise.

(g) Prove that # € Pcoh(S,S).

Let M = {u € P(S) | 0-u = u}. In other words, u € M if u € P(S) and, for all s € |S|, one has

Us = D qen Usla)-

(h) Let w € M and let B be an antichain which is a bar. Prove that, for all s € A<“ one has
> tep Ust = Us. [ Hint: Use the fact that B is finite and prove the result by induction on #5. |

Let B,C C |S| be antichains such that 1 B =1« C.
(i) Given s € B let Bt(s) = {s' € A<% | ss’ € C and s’ # ()}. Given t € C, define similarly
Ct(t)={t' € A<V | tt’ € B and ¢’ # ()}. Prove that if BT (s) # () then BT (s) is a bar.
(j) Prove that if s ¢ BN C and B*(s) = (), then there is ¢t € C such that s € tCT(t).
Deduce from this fact that B is the disjoint unions for the following sets:
e BNC,
e the set of all s € B such that BT (s) # 0;
e and, for each ¢ € C such that C*(t) # 0, the set tC*(t).

Explain why these sets are indeed disjoint.
(k) Let u € M. Prove that ) pus = ,cc Ut

So, given u € M, we can define a map p, : O(A¥) — [0,1] by pu,(U) = > .5 us where B is an
antichain such that 7 B = U: we have proven that this value does not depend on the choice of B.
Continuing on this line it is possible to prove that M can be identified with the set of all subprobability
measures on the topological space A“, equipped with its Borel o-algebra.

(1) Prove that if w € M then |lullg = w(y. [Hint: Given a non-empty and finite antichain B,
define the weight w(B) of B as the sum of the lengths of its elements, which is in N. Prove
by induction on w(B) that ) __pus < u(y. For this purpose observe that if w(B) > 0 then
B has an element s whose length is maximal and > 0 so that s = t(a) for some t € A<“ and
a € A. Prove that B’ = (B \ {t(b) | b € A}) U {t} is an antichain (which is obviously finite and
non-empty) with w(B’) < w(B) and that ), pus <> cp U]

Let C be a cone (see TD2). We say that p € C is an atom if p # 0 and, whenever uy, us € C satisfy
p < uj + ug, there is € € Ry such that ep < u; for i =1 or i = 2.

(m) Prove that if p is an atom of C and A € R, then Ap is an atom.

(n) Let X be a PCS; prove that in the cone P(X), if u € P(X) and u # 0, there is an atom p such
that p < u.

Let M = {u € P(S) | #-u=u} = {\u | u € M}, which is obviously a cone (for the same cone
operations as those of P(S), in particular the norm of M is defined exactly as in P(S5)).

(o) Given o € A¥, we define (a) € R‘f(l) by §(a)s = 11is s < a and 6(a)s = 0 otherwise. Prove
that é(a) € M. B



(p) Prove that if p € M is an atom, then p = A§(a) for some A € Ryg and o € A“. | Hint: Let
A = p(y. Prove first that the set D = {s € A< | p; = A} is totally ordered by the prefix order
and Vs,t € |S| s <te€ D = s € D. If D is finite, derive a contradiction. ].

(q) Let u € RLS(I) be defined by u, = k~'*"(®) where k = #A. Prove that u € M and that there is

not atom p in M such that p < u. Comment!



