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Remember that if u € RIZO and v € Réo, then u®v € RS is defined by (u®v); ; = u;v;. Remember
also that if u € P(X) then we set -

lull x = sup{(u, ) | v € P(X*)} < 1.
We also recall that the “technical condition”, satisfied by a PCS X, means that for all a € | X|:

e there is u € P(X) such that u, > 0, in other words, there is & € R>( such that @ > 0 and
ae, € P(X)

e and there is A € R>q such that for all v € P(X) one has u, < A.
1. (a) Let X and Y be PCS. Prove that X — Y satisfies the “technical condition”.

2. (a) Prove that for all u € P(X) and v/ € P(X™), one has (u,u’) < |lul y ||| x--
(b) Let t € Pcoh(X,Y). Prove that [[t|x .y = sup,ep(x)|lt - uly. Prove also that Yu €
POX) it ully < [ty llulx-
(c) Given v/ € P(X*) and v € P(Y), prove that v’ ® v € P(X — Y).
(d) Let u € P(X) and v € P(Y), prove that [|u @ v| x ey = [[ullx [[v]ly-
3. We define a pre-cone as a set C' equipped with
e a commutative monoid structure (neutral element 0 € C and operation + : C? — C called
addition) which is cancellative, that is u+v=u"+v = u=1u.
e a scalar multiplication R>¢ x C'— C mapping (A, u) to Au satsfying the usual module laws:
— Mu+v) = Au+ Av (which implies A0 = 0 by cancellativity upon taking u = v = 0)
— (A + p)u = Au+ pu (which implies Ou = 0 by cancellativity upon taking A = u = 0)
— lu=wand (Ap)u = A(pu).
e and a norm ||_|| : C — Rx( subject to:
—|lu|=0=u=0
— VYA € Rxo ||Au|| = A|u|| (which implies ||0]| = 0 by taking © = 0 and A = 0)
= Nlu+oll < fJull + o]
= Jlull < flu+ ol
for all u,v € C.
(a) Using the norm, prove that a pre-cone is positive, that is u+v =0 = u = 0.

(b) We equipe each pre-cone C' with a binary relation < defined by v < v if Jw € C u+ w = v.
Prove that < is an order relation on C. Notice that by cancellativity, if there is w such that
u + w = v, this w is unique, so it makes sense to introduce a notation for it: we set w = v — u,
but be careful that v — u makes sense only if we already know that u < v!



(©)

Prove some basic properties of this order relation, in particular:
o if Ay < Xy in Rx¢ and u € P(X) then Aju < Au and Aou — Aju = (A2 — A)u
o u; <wup = up +v<wus+wv, and then (us +v) — (ug +v) = us —ug
o u; <wus = Aug < Aug, and then Aug — Aup = A(us — uyq)
o v <u <uy=u —v < uy—v,and then (ug —v) — (ug —v) = ug — Uy
e vy <wvy<u=u—vy<u—wvp,and then (u—v1) — (u—v2) = vy — vy
o uy Sug = [lun] < fluz.

4. In this exercise, we complete the definition of cones, by introducing an order-theoretic completeness
condition. We say that a subset A of a cone C' is bounded if there is a A € R>( such that Vu €
A ul| < A

(a)

Let C be a pre-cone and let A C C. Assume that A has a least upper bound (lub) ug in C.
Given v € C and X € R>q, prove that the sets A+v={u+v|u € A} and NA = { u|u e A}
have a lub in C, which are respectively u 4+ v (under the proviso that A # ()) and Aw.

A cone is a pre-cone C which is (w-)complete in the following sense: each increasing sequence (up )nen
of elements of C such that Vn € N |lu,|| <1 has a least upper bound u, and u satisfies |ju| < 1. In
the next questions we assume that C is a cone.

(b)

Let A € R>¢ and (uy)nen be an increasing sequence of elements of C' such that Vn € N [ju,, || < A.
Prove that (un)nen has a least upper bound u in C' and that ||u| < A.

Given v € C and an increasing sequence (u,)nen Which is bounded (remember that this means
that the |lu,|s are bounded in Rx(), prove that sup,cn(un + v) = (Sup,eytn) + v. Given
A € R>q, we know that sup, cy Aun = Asup,,cy un by one of the questions above.

Let (un)neny be an increasing sequence and let u € C be such that Vn € N u,, < u and
lim,, o0 ||u — uy|| = 0. Prove that u = sup,, ¢y Un.

Let u € C and let \,, be an increasing sequence in R> such that sup,,cy An = 1. Prove that
SUP, ey Antt = u. More generally let (A, )nen be an increasing and bounded sequence in Rxg.
Prove that sup,,cy Aptt = (Sup,,cn An)u.

Let (un)neny and (vy)nen be two increasing and bounded sequences in C, and assume that
(Un + Vn)nen is also increasing. Prove that sup,,cy(un + vpn) = sUp, ey Un + SUP,, ey Un-

Let (uy)nen and (v,,)nen be two increasing sequences in C' such that (v, )nen is bounded, ¥n €
N u,, < v, and (vp —Up)nen is increasing. Prove that sup,en(vn —Un) = SUP,en Un —SUP, e Un-
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5. Let X be a PCS, we set P(X) = {u € RSy | 3N € Ryg u € AP(X)} = Ujyep., AP(X) C Rlz)f)‘.

(a)

(b)

()

Prove that, equipped with the map || || : P(X) — Rxq defined by ||u|| = inf{\ € Rsq | u €
AP(X)} that you will prove to be a norm, P(X) is a cone (algebraic operations being defined
in the obvious pointwise way). Prove also that, in this cone, u < v holds iff Va € |X| u, < v,.
You can use, without giving the proof, some results on PCSs which have been presented during
the lectures.

Consider the PCS B = &7, . 1, that is, up to trivial iso: |B| =N and P(B) = {u € RY | Vn €
N u, < 1}. Prove that P(B) is the set of all u € RY, such that (u;);en is bounded and that
lull 5 = sup;en .

Exhibit an increasing sequence (u,, € P(B))nen and an element u € P(B) such that sup,,cy t, =
wand Yn € N |lu — u,|| = 1. Comment.



