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Abstract

We present a probabilistic version of PCF, a well-known simply typed
universal functional language. The type hierarchy is based on a single
ground type of natural numbers. Even if the language is globally call-by-
name, we allow a call-by-value evaluation for ground type arguments in
order to provide the language with a suitable algorithmic expressiveness.
We describe a denotational semantics based on probabilistic coherence
spaces, a model of classical Linear Logic developed in previous works. We
prove an adequacy and an equational full abstraction theorem showing
that equality in the model coincides with a natural notion of observational
equivalence.

Introduction

PCF is a paradigmatic functional programming language introduced by Dana
Scott in 1969 and further studied by many authors, see in particular [Plo77].

The denotational semantics of PCF and of its extensions by various kinds
of effects is one of the major research topics in the semantics of programming
languages because of the relative simplicity of the language combined with its
computational expressiveness and because of its extremely clean and canonical
mathematical semantics. The development of major functional programming
languages such as Ocaml, Haskell or F# benefited from these theoretical studies.

As far as purely functional features of these languages are considered, the
standard setting of cartesian closed categories with a distinguished object for
interpreting natural numbers and fix-point operators are sufficient. Most con-
sidered such categories have complete partially ordered sets as objects and all
Scott continuous functions as morphisms. Extending such models with a prob-
abilistic effect in order to build a model of a probabilistic functional language
is a notoriously difficult problem, especially if we insist on objects to contain
a reasonably “small” dense subsetﬂ see in particular [JT98|. More precisely, it
seems very difficult to find cartesian closed categories of continuous domains
equipped with a probabilistic powerdomain monad.

There is however another approach to the denotational semantics of proba-
bilistic functional languages. Initiated in [Gir04] (based on earlier quantitative

1By this we mean that all objects of the sought category should contain a dense subset
whose cardinality is less than a fixed cardinal. This is necessary in particular if we want the
category to host models of the pure lambda-calculus.



ideas coming from [Gir88| [Gir99l [Ehr02]), this theory of probabilistic coherence
spaces was further developed in [DE11] where it has been shown to provide a
model of classical Linear Logic allowing also to interpret arbitrary fix-points of
types, and hence to host many models of the pure lambda-calculus. We further
studied this semantics in [EPT1I] where we proved an adequacy theorem in
a pure lambda-calculus model, and in [ETP14] we also proved a full abstrac-
tion theorem for a probabilistic version of PCF, interpreted in the probabilistic
coherence space model.

The goal of the present paper is to provide a more detailed presentation of
this full abstraction result, recording also the proof of adequacy. With respect
to [ETP14], our new presentation provides a major improvement concerning the
syntax of the programming language under consideration.

Indeed, in this previous work we considered a fully call-by-name (CBN)
version of probabilistic PCF. In this language, a closed term of type ¢ (the type
of natural numbers) determines a sub-probability distribution on the natural
numbers (with n we associate the probability that M reduces to the constant n
of the language). A closed term P of type ¢ = ¢ which receives M as argument
will reduce M each time it needs its value (because the language is fully CBN)
and will get different results each time unless the sub-probability distribution
defined by M is concentrated on a single natural number. There are clearly
cases where this is not a desirable behavior: sometimes we need to flip a coin
and to use the result several times!

As an example, consider the problem of writing a program which takes an
array f of integers of length n and returns an index i such that f(i) = 0; we
want to apply a “Las Vegas” random algorithm consisting in choosing ¢ randomly
(with a uniform probability on {0, ...,n—1}) repeatedly until we find an i such
that f(i¢) = 0. This is implemented by means of a while loop (or, more precisely,
of a recursively defined function since we are in a functional setting) where at
each step we choose i randomly, test the value of f(i) (first use of ¢) and return
i (second use) if f(i) = 0. It is intuitively clear that this basic algorithm cannot
be implemented with the usual conditional of PCF (it might be interesting and
challenging to prove it).

To be able to write such an algorithm, we need to modify PCF a bit, al-
lowing to use ground terms in a call-by-value (CBV) fashion (to simplify the
presentation we use ¢ as single ground type).

Our choice has been to modify the conditional construct. The usual condi-
tional construct if (M, P, Q) of PCF is operationally interpreted as follows: one
first reduces M until one gets an integer n (or, more precisely, the corresponding
term n). If n = 0, one evaluates P and otherwise, one evaluates @, in the cur-
rent context of course. Again, the trouble is that, in the second case, the value
obtained for M, namely n, is lost, whereas ) might need it. This problem can
be easily solved by using M within @ each time this value is needed. Although
clearly inefficient, this solution is perfectly correct in the usual deterministic
version of PCF. It is absolutely inadequate in our probabilistic setting since M
should be considered as a probabilistic process whose reduction, or execution,
will produce integer values with a sub-probability distribution depending on it.
There is no reason for M to produce, within (), the same result n that it reduced
to during its first evaluation.

For these reasons, when M reduces to n + 1, our conditional construction
if (M, P, z-Q) allows to feed Q with n through the variable z (this has the positive




side effect of making the predecessor function definable); in other words we have
the reduction rules

if(0,P,z-Q) = P if(n+1,P,z-Q) — Q[n/z]

M — M’
if(M,P,z-Q) = if(M',P,z-Q)

This means that our conditional construct allows to use a CBV reduction strat-
egy, limited to the ground type of natural numbers.

From the point of view of Linear Logic and of its denotational models, this
feature is completely justified by the fact that the object interpreting the type
of natural numbers has a canonical structure of coalgebra for the ! exponential
functor. Intuitively, this means that evaluated natural numbers can be freely
discarded and duplicated. Pushing this idea further leads to consider a cal-
culus [Ehrl5a] close to Levy’s Call-By-Push-Value [Lev06] whose probabilistic
version will be considered in a forthcoming paper.

Contents. We present the syntax of Probabilistic PCF (pPCF) and its weak-
reduction relation, that we formalize as an infinite dimensional stochastic matrix
(indexed by pPCF terms). Based on this operational semantics, we define a
notion of observational equivalence. Two terms of type ¢ in a typing context I'
are equivalent if, for any context CT"7 of type ¢ in context I' (with holes of type
o), the probability that C[M] reduces to 0 (say) is equal to the probability that
C[M'] reduces to 0.

Then we give various examples of programs written in this language, some
of them will be essential in the proof of the Full Abstraction Theorem. In
particular we implement the above mentioned simple Las Vegas algorithm.

Next, we introduce the model of Probabilistic Coherence Spaces (PCS), pre-
sented as a model of classical Linear Logic. We describe the interpretation of
pPCF terms, presenting the semantics of terms as functions (this is possible be-
cause the Kleisli category of the !-comonad of this model is well-pointed). We
prove an Adequacy Theorem which states that, for any closed term M of ground
type ¢ and any n € N, the probability that M reduces to n is equal to the prob-
ability of n in the sub-probability distribution on N which is the semantics of
M in the PCS model. This implies that any two closed terms of type ¢ which
have the same interpretation in PCS are observationally equivalent.

Last we prove the converse implication showing that PCS is a Fully Abstract
model of pPCF. The proof uses strongly the fact that, in our model, morphisms
are analytic functions (with real non-negative coefficients) and that the coef-
ficients of the entire series of two such functions are the same if the functions
coincide on an open subset of their domain. Section []is devoted to this theorem
and to its detailed proof; it starts with a more accurate description of our proof
method.

1 Probabilistic PCF

There is only one ground type ¢, types are defined by

O,y :=L]|o=>T



The terms of pPCF are defined as follows:

M,N,...:=n|x| succ(M) | if(M,P,z-R) | \a® M | (M)N
| coin(p) | fix(M)

where n € N, p € [0,1] N Q is a probability and x, y... are variables.

A typing context is a sequence I' = (21 : 01,...,2, : 0,) where the x;’s
are pairwise distinct variables. A typing judgment is an expression I' - M : o
where I' is a typing context, M is a term and o is a type. The typing rules are
as follows:

'-M:.
Fkn:e Lx:oba:o I succ(M) : ¢

'tM:. I'-P:o I'z:tFR:0o
PHif(M,P,z-R):0

Fx:oFM:71 I'-M:0=71 I'-N:o I'-M:0=0
X eM:o=>71 '(M)N:r THfix(M):o
PE0,1]NQ
I'F coin(p) : ¢

Proposition 1 Let M be a term and I' be a typing context. There is at most
one type o such that ' M : o.

The proof is a simple inspection of the typing rules.
Given terms M and N and given a variable z, we use M [N/z] for the term
M where z is substituted with V.

Lemma 2 IfTz:0cFM:7 andTH N :0, then ' M [N/x] : 7.

The proof us a simple induction on the structure of M.

1.1 Reduction rules

Given two terms M, M’ and a real number p € [0,1], we define M 5 M,
meaning that M reduces in one step to M’ with probability p, by the following
deduction system.

We define first a deterministic reduction relation —4 as follows.

(Ax? M) N —4 M [N/z] fix(M) —4 (M) fix(M)

succ(n) =g n+1 if(0,P,z- R) —4 P if(n+1,P,z-R) —4 R[n/z]

Then we define the probabilistic reduction by the following rules.

M —y M’
YN, coin(p) 0 coin(p) = 1
M5 M M5 M

(M)N & (M')N succ(M) B succ(M')



M5 M
if(M,P,z-R) 5 if(M', P,z R)

This reduction can be called weak-head reduction (or simply weak reduction)
since it always reduces the leftmost outermost redex and never reduces redexes
under abstractions. We say that M is weak-normal if there is no reduction
M5 M.

1.2 Observational equivalence

Using this simple probabilistic reduction relation, we want now to define a notion
of observational equivalence. For this purpose, we need first to describe as
simply as possible the “transitive closure” of the probabilistic reduction relation
defined in Section We represent this relation as a matrix Red indexed by
terms, the number Redas ;s being the probability of M to reduce to M’ in
one step. We add also that Redy; pr = 1 if M is weak-normal for the weak-
reduction (that is, no reduction is possible from M); in all other cases we have
Redys,ar = 0. In other words, we consider the reduction as a discrete time
Markov chain whose states are terms, stationary states are weak-normal terms
and whose associated stochastic matrix is Red. Saying that Red is stochastic
means that the coefficients of Red belong to [0, 1] and that, for any given term

M, one has ZM, Redarar = 1 (actually there are at most two terms M’ such
k

——
that Redysar # 0). Then if M’ is normal, Red}; ,;, (where Red” = Red - - - Red
is the kth power of Red for the matricial product) represents the probability
of M to reduce to M’ in at most k steps and we obtain the probability of M
to reduce to M’ by taking the lub of these numbers; to obtain this effect our
assumption that M’ is a stationary state is crucial. We explain this in more
details now, considering first the case of a general stochastic matrix S indexed
by a countable set I of states.

1.2.1 Probability of convergence to a stationary state. Let I be a
countable set and let S € [0,1]7*/ to be understood as a matrix with I-indexed
rows and columns. One says that S is stochasticif Vi € I 37, S;; = 1. Given
two such matrices S and T, their product ST is given by V(i, j) € I? (ST);; =
Zkel Sk Tk ; and is also a stochastic matrix.

Let I be the set of stationary states, I¥ = {i € I | S;; = 1} (so that if
i€ Iy and S;; # 0 then i = j). Let (i,j) € I x I{. Then the n-indexed
sequence (S™); ; € [0,1] is monotone. Indeed, for all n we have

(5" )i =D (S™)ikSk;

kel
> (8"),5S5,5 = (8")ij

So we can define a matrix > € [0, 1]*7 as follows

oo sup,en(S™)i; if (i,7) € I x I{
(5%)i; = _
0 otherwise.



The matrix S is a sub-stochastic matrix because, given i € I
D (5®)iy = sup(S)i
jerl jGIIS neN

= sug Z (S™);,; by the monotone convergence theorem
ne

jery
< sup Z(S")” =1
nENjGI
Let i,j € I. A path from i to j is a sequence w = (i1, ...,%) of elements of I

(with k& > 1) such that 41 =4, i, = j and 4y # 4 for all I € {1,...,k — 1}. The
weight of w is p(w) = ;:11 Sivirs1- The length of wis k — 1. We use R(i, j) to
denote the set of all paths from i to j.

Lemma 3 Let (i,5) € I x I{. One has

Sp= > pw).

weR(7,5)

The proof is easy. In order to obtain this property, it is important in the
definition of paths that the last element does not occur earlier.

1.2.2 The stochastic matrix of terms. Let I" be a typing context and o
be a type. Let A be the set of all terms M such that I' - M : o. In the case
where I' is empty, and so the elements of A{ are closed, we use A§ to denote
that set.

Let Red(T, o) € [0, 1]A7*A? be the matrix (indexed by terms typable of type
o in context I') given by

p it M5 M
Red(T, o) ar,mr = < 1 if M is weak-normal and M’ = M

0 otherwise.

This is a stochastic matrix. We also use the notation Red(c) for the matrix
Red(T, o) when the typing context is empty.

When M’ is weak-normal, the number p = Red(I", 0)37 5, is the probability
that M reduces to M’ after a finite number of steps by Lemma We write
M [P M"if M’ is weak-normal and p = Red(I', )37 5/

1.2.3 Observation contexts. We define a syntax for observation contexts
with several typed holes, all holes having the same type. They are defined
exactly as terms, adding a new “constant symbol” [ ]'" where T is a typing
context and o is a type, which represents a hole which can be filled with a term
M such that I' = M : o. Such an observation context will be denoted with
letters C, D..., adding I' o as superscript for making explicit the typing
judgment of the terms to be inserted in the hole of the context. So if C is
an observation context with holes [ ]I, this context will often be written
C'" and the context where all holes have been filled with the term M will be
denoted C[M]: this is just an ordinary pPCF term. Notice that, in C[M], some



(possibly all) free variables of M can be bound by \’s of C. For instance, if
C =Xz |*°"9 then C[z] = \z° z.
More formally, we give now the typing rules for observation contexts.

AR ]A’_T:T

I'-CA7 oy
AT . . AbFT .
I'Hn ) z:obzx ro FFSUCC(C)AH-ZL

I'ECAT I'FDA . ¢ Iz:tFEAT o
[ Fif(C,D,z-E)A'7 . g

I x:oFCA .1
IF\7C)A %0 =1

LFCA Y .01 L'k DA ¢ TFCA .g=0
'+ (C)DA% . 1 I fix(C)27 o
p€0,1]NQ

'k coin(p)®7 11

Lemma 4 IfT'FCA™ 0 and A+ M : 7, then T+ C[M] : 0.

The proof is a trivial induction on C.

1.2.4 Observational equivalence. Let M, M’ € A% (that is, both terms
have type o in the typing context I'). We say that M and M’ are observationally
equivalent (notation M ~ M) if, for all observation contexts C'" such that
F CT 7 : 4, one has

Red(L)OCrO[M] ,0 - Red(L)%O[M/])Q

Remark: The choice of testing the probability of reducing to 0 in the definition
above of observational equivalence is arbitrary. For instance, we would obtain
the same notion of equivalence by stipulating that two terms M and M’ typable
of type o in typing context I' are observationally equivalent if, for all observation
context CT77, one has

Z Red (1) a0 = Z Red (1) a1 m

neN neN

that is, the two closed terms C[M] and C[M’] have the same probability of
convergence to some value. This is due to the universal quantification on C.

1.3 Basic examples

We give a series of terms written in pPCF which implement natural simple algo-
rithms to illustrate the expressive power of the language. We explain intuitively
the behavior of these programs, and one can also have a look at where
the denotational interpretations of these terms in PCS are given, presented as
functions.

Given a type o, we set Q, = fix(A\z? z) so that F €, : o, which is the
ever-looping term of type o.



1.3.1 Arithmetics. The predecessor function, which is usually a basic con-
struction of PCF, is now definable as:

pred = Az if (z,0, z - 2)

it is clear then that (pred)0 —4* 0 and that (pred)n + 1 —4* n.
The addition function can be defined as:

add = \z* fix(\a"=* My if (y, =, 2 - succ((a) 2)))
and it is easily checked that Fadd:: =t = 1. Given k € N we set
shifty = (add) k&

so that F shifty : ¢ = t.
The exponential function can be defined as:

expy = fix(Ae' =" Azt if (z, 1,2 - (add) (e) z (e) 2))

and satisfies (expy)n —¢™ 2.
In the same line, one defines a comparison function cmp

cmp = fix(Ac= = At Myt if (2,0, 2 - if (y, 1,2 - (¢) 22")))
such that (cmp)nm reduces to 0 if n < m and to 1 otherwise.

1.3.2 More tests. By induction on k, we define a family of terms prob,,
such that F prob, : ¢ =1

proby = Az“if(z,0,z - Q,)
proby | = Az"if(z,€,, z - (proby) 2)

For M such that F M : ¢, the term (prob;) M reduces to 0 with a probability
which is equal to the probability of M to reduce to k.
Similarly, we also define prod, such that F prod,, : /¥ =

prod, =0
prod, ., = Az"if(x,prod,, 2z - Qi) .

Given closed terms My, ..., M such that + M; : ¢, the term (prod;) My - -+ My,
reduces to 0 with probability Hle p; where p; is the probability of M; to reduce
to 0.

Given a type o and k € N, we also define a term choose; such that
choosey, 1t = oF = o

chooseg = A& Q)
chooser1 = A" Az - - Axf if(§, 21, - (choosey) (g - -+ Tpq1) .
Given a closed term M such that F M : ¢ and terms Ni,..., Ny such that

'+ N; : o for each i, the term (choose;) M Ny --- Nj, reduces to N; with the
probability that M reduces to i.



1.3.3 The let construction. This version of PCF, which is globally CBN,
offers however the possibility of handling integers in a CBV way. For instance,
we can set

let  be M in N =if(M,N[0/z],z- N [succ(z)/x])

and this construction can be typed as:

I'-M:. I'z:tFN:o
I'Fletxbe MinN:o
One can also check that the following reduction inference holds

M5 M
let  be M in N % let 2 be M’ in N
whereas it is no true that

M5 M
N [M/z] & N [M'/z]
(consider cases where x does not occur in N, or occurs twice...). We have of
course

let z be nin N —4 N [0(n)/z]

where 6(0) = 0 and §(n + 1) = succ(n) (which reduces to n + 1 in one deter-
ministic step) by definition of this construction.

1.3.4 Random generators. Using these constructions, we can define a
closed term unifs of type ¢ = ¢ which, given an integer n, yields a uniform
probability distribution on the integers 0,...,2" — 1:

unify = fix(Au'=* Az* if (2,0, 2 - if (coin(1/2), (u) 2, 2’ - (add) (exps) z (u) 2))) .

Observe that, when evaluating (unify) M (where + M : ), the term M is
evaluated only once thanks to the CBV feature of the conditional construct.
Indeed, we do not want the upper bound of the interval on which we produce a
probability distribution to change during the computation (the result would be
unpredictable!).

Using this construction, one can define a function unif which, given an integer
n, yields a uniform probability distribution on the integers 0, ..., n:

unif = Az*let y be z in fix(Au®let z be (unife)y in if((cmp) zy, z,w - (u) y))

One checks easily that F unif : ¢ = ¢. Given n € N, this function applies
iteratively unify until the result is < n. It is not hard to check that the resulting
distribution is uniform (with probability n%rl for each possible result).

Last, let n € N and let p = (po,...,pn) be such that p; € [0,1] N Q and
po+-+-+pn < 1. Then one defines a closed term ran(p) which reduces to i with
probability p; for each i € {0,...,n}. The definition is by induction on n.

0 if po = 1 whatever be the value of n
ran(po, ..., pn) = { if(coin(pp),0,2- Q") ifn=0

if(coin(po), 0, z - succ(ran({2-, ..., £2-)))  otherwise
Observe indeed that in the first case we must have p; =--- =p, = 0.



1.3.5 A simple Las Vegas program. Given a function f : N — N and
n €N, find a k € {0,...,n} such that f(k) = 0. This can be done by iterating
random choices of k until we get a value such that f(k) = 0: this is probably
the simplest example of a Las Vegas algorithm. The following function does the
job:

M = M= Azt fix(Ar' let y be (unif) z in if ((f) y,y,2- 7))

with = M : (1 = 1) = ¢ = 1. Our CBV integers are crucial here since without
our version of the conditional, it would not be possible to get a random integer
and use this value y both as an argument for f and as a result if the expected
condition holds.

We develop now a denotational semantics for this language.

2 Probabilistic coherence spaces

We present shortly a model of probabilistic PCF which is actually a model
of classical Linear Logic. For a longer and more detailed account, we refer
to [DELI].

Let I be a countable set. Given u,u’ € (RT)!, we set

(u,uy = ZUN; € Rt U {0}.
icl
Let X C (R)!, we set
Xt ={u e RN |Vue X (u,u/) <1}.

We have as usual

s XCY=ytcat

o X C XLt
and it follows that X+++ = A+,

2.1 Definition and basic properties of probabilistic coher-
ence spaces

A probabilistic coherence space (PCS) is a pair X = (|X|,PX) where | X]| is a
countable set and PX C (R1)I¥X! satisfies

e PX'1 = PX (equivalently, PX++ C PX),
e for each a € |X| there exists u € PX such that u, > 0,
e for each a € | X]| there exists A > 0 such that Yu € PX v, < A.

If only the first of these conditions holds, we say that X is a pre-probabilistic
coherence space (pre-PCS).

The purpose of the second and third conditions is to prevent infinite coef-
ficients to appear in the semantics. This property in turn will be essential for
guaranteeing the morphisms interpreting proofs to be analytic functions, which
will be the key property to prove full abstraction. So these conditions, though
cosmetics at first sight, are important for our ultimate goal.

10



Lemma 5 Let X be a pre-PCS. The following conditions are equivalent:
e X isa PCS,

e Va € |X|JuePX3uePXt u, >0 and v, >0,
e Vac |X|3A>0VuecPXVu € PXt u, < A and v/, < A.

The proof is straightforward.

We equip PX with the most obvious partial order relation: u < v if Va €
|X| uq < v, (using the usual order relation on R).

Given u € (RT)XI and T C |X| we use u|; for the element v of (R*)IXI such
that v, = u, if @ € T and v, = 0 otherwise. Of course u € PX = u|; € PX.

Theorem 6 PX is an w-continuous domain. Given u,v € PX and o, 3 € RT
such that a + 5 < 1, one has au+ fv € PX.

Proof. Let us first prove that PX is complete. Let D be a directed subset of
PX. For any a € | X|, the set {u, | u € D} is bounded; let v, € R* be the lub
of that set. In that way we define v = (v,)qe x| € (RT)/X1.

We prove that v € PX. Let u/ € PX*, we must prove that (v,u/) < 1. We
know that {(u,u') | w € D} C [0,1] and therefore this set has a lub A € [0, 1].
Let € > 0, we can find u € D such that (u,u’) > A — ¢ and since this holds for
all ¢, we have (v,u') > A. Let again ¢ > 0. We can find a finite set I C |X| such
that (v|7,u’) > (v,u’) — §. Since I is finite we have (v|7,u) = sup,cp{ulr, u’)
(it is here that we use our hypothesis that D is directed) and hence we can
find w € D such that (u|;,u’) > (v[r,v') — 5 and hence (u,u’) > (u|r,u’) >
(lr,u') = 5§ > (v,u') —e. It follows that A = sup,cp(u,u') > (v,u'). So
(v,u’) € ]0,1] and hence v € PX.

It is clear that v is the lub of D in PX since the order relation is defined
pointwise. Therefore PX is a cpo, which has 0 as least element. Let R be the
set of all the elements of PX which have a finite domain and take only rational
values. Then it is clear that for each u € PX, the elements w of R which are
way below u (in the present setting, this simply means that w, > 0 = w, < u,)
form a directed subset of PX whose lub is u. Therefore PX is an w-continuous
domain.

The last statement results from the linearity of the operation u — {(u,u’).

O

As a consequence, given a family (u(i));en of elements of PX and a family
(ei)ien of elements of R™ such that ),y a; <1, one has ), au(i) € PX.

2.2 Morphisms of PCSs

Let X and Y be PCSs. Let t € (RT)IXIXIVl (to be understood as a matrix).
Given u € PX, we define tu € R+ by (tu)y = > ,c x| tapUa (application of
the matrix ¢ to the vector u)ﬂ We say that ¢ is a (linear) morphism from X to
Y if Vu € PX tu € PY, that is

Vu € PX Vo' € PY* > tapuavy <1,
(aD)elX|x|Y|

2This is an unordered sum, which is infinite in general. It makes sense because all its terms
are > 0.

11



The diagonal matrix Id € (R*)IXI*IX| given by Id,, = 1 if a = b and Id,;, = 0
otherwise is a morphism. In that way we have defined a category Pcoh whose
objects are the PCSs and whose morphisms have just been defined. Composition
of morphisms is defined as matrix multiplication: let s € Pcoh(X,Y) and
t € Peoh(Y, Z), we define ts € (RT)IXI*1Z] by

(t S)a,c = Z Sa,blb,c

belY|

and a simple computation shows that ¢t s € Pcoh(X, Z). More precisely, we use
the fact that, given u € PX, one has (ts)u = t(su). Associativity of com-
position holds because matrix multiplication is associative. Idx is the identity
morphism at X.

2.3 The norm

Given u € PX, we define ||u||x = sup{(u,u) | v/ € PX1}. By definition, we
have |lu|x € [0,1].

2.4 Multiplicative constructs

We start the description of the category Pcoh as a model of Linear Logic. For
this purpose, we use Bierman’s notion of Linear Category [Bie95|, as presented
in [Mel09] which is our main reference for this topic.

One sets X+ = (|X|,PX"). It results straightforwardly from the definition
of PCSs that X+ is a PCS. Given t € Pcoh(X,Y), one hast+ € Pcoh(Y+, X1)
if t* is the transpose of t, that is (tl)b,a =tqb-

One defines X @ Y by | X @ Y| = |X| x |Y] and

PX®Y)={u®v|ucPX and v € PY}*++

where (v ®v), ;) = Uavs- Then X ® Y is a pre-PCS.
We have

PX®YH' ={u®v |uecPX and v' € PY*+}+ = Pcoh(X,Y).

It follows that X — Y = (X ® Y1)+ is a pre-PCS. Let (a,b) € |X| x |Y].
Since X and Y1 are PCSs, there is A > 0 such that u,vj < A for all u € PX
and v’ € PY*. Let t € (RT)IX=YI be such that tar by = 0 for (a’, V') # (a,b)
and t(, 3 = 1/A, we have t € P(X —Y). This shows that 3t € P(X —Y)
such that ¢, > 0. Similarly we can find v € PX and v' € PY L such that
€ = uquy, > 0. It follows that Vt € P(X — Y') one has t(, ;) < 1/e. We conclude
that X — Y is a PCS, and therefore X ® Y is also a PCS.

Lemma 7 Let X and Y be PCSs. One has P(X —Y) = Pcoh(X,Y). That
is, given t € (RY)IXIXIYI one has t € P(X — Y) iff for all u € PX, one has
tu e PY.

This results immediately from the definition above of X — Y.

Lemma 8 Let X1, Xo and Y be PCSs. Let t € (RT)IX1@X2=Y One has t €
Pcoh(X; ® X5, Y) iff for all uy € PXy and uy € PX5 one has t (uy ® uz) € PY.
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Proof. The condition stated by the lemma is clearly necessary. Let us prove
that it is sufficient: under this condition, it suffices to prove that

t+ € Peoh(Y1, (X1 ® Xo)1).

Let v € PY', it suffices to prove that t+ v’ € P(X; ® X5)*. So let u; €
PX; and us € PXy, it suffices to prove that (t+ o' u; ® up) < 1, that is
(t (u1 ® ug),v"y < 1, which follows from our assumption. O

Let s; € Pcoh(X;,Y;) for i = 1,2. Then one defines
$51® 89 € (R+)\X1®X2%Y1®Y2|
by (81 X 32>((a1,a2),(b1,b2)) = (81)((117171)(82)(,12’52) and one must check that s; ®

s2 € Peoh(X; ® X5,Y; ® Y3). This follows directly from Lemma Let 1
({*},]0,1]). There are obvious choices of natural isomorphisms

Ax € Pecoh(1® X, X)
px € Pcoh(X ® 1, X)

(X1 0 X2) ® X3, X7 ® (X2 ® X3))
YX1,X2 € Pcoh(X; ® X5, X2 ® X7)

X, Xy, X3 € Pcoh

which satisfy the standard coherence properties. This shows that the structure
(Pcoh, 1, A\, p, a,y) is a symmetric monoidal category.

2.4.1 Internal linear hom. Given PCSs X and Y, let us define ev €
(R+)|(X40Y)®X40Y| by

1 if (a,b) = (o, 1)

EV(((a’,b'),a),b) = {0 otherwise.

Then it is easy to see that (X —o Y ev) is an internal linear hom object in
Pcoh, showing that this SMCC is closed. If ¢ € Pcoh(Z ® X,Y’), the corre-
sponding linearly curryfied morphism cur(t) € Pcoh(Z,X — Y) is given by
cur(t)e,(a.0)) = t(ca).b)-

2.4.2 *-autonomy. Take L = 1, then one checks readily that the structure
(Pcoh, 1, A\, p,,, 1) is a *-autonomous category. The duality functor X —

(X — 1) can be identified with the strictly involutive contravariant functor
X Xt

2.5 Additives

Let (X;)icr be a countable family of PCSs. We define a PCS &;er X; by
|&ier Xil = Ui} x |Xi| and u € P(&er Xy) if, for all 4 € I, the family
u(i) € (RNl defined by u(i), = U(i,q) belongs to PX;.

Lemma 9 Let v € (R‘*‘)‘&iGIX”. One has v’ € P(&ier Xi)* iff
o VieIu(i)ePX;-

e and Zie[ Hu’(’)HxL <1
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The proof is quite easy. It follows that &;c; X; is a PCS. Moreover we can
define 7; € PCOh(&jeI Xj7Xi) by

e [T i=iada=d
i)(j,a),a’ = 0 otherwise.

Then (&icr Xi, (mi)icr) is the cartesian product of the family (X;);c; in the
category Pcoh. The coproduct (®;cr X;, (7;)icr) is the dual operation, so that

@ Xi| = [J{i} > | X3l
iel )
el
and u € P(®ier X;) if Vi € T u(i) € PX; and ), |lu(i)||x, < 1. The injections
7; € Pcoh(X;, ®;cr X;) are given by

() 1 ifj=ianda=4d
Ti)a’,(j,a) = .
a/,(3:0) 0 otherwise.

We define in particular N = @;ey 1, that is [N| = N and u € (R1)Y belongs
to PNif > yun < 1.

2.6 Exponentials

Given a set I, a finite multiset of elements of I is a function p : I — N whose
support supp(p) = {a € I | u(a) # 0} is finite. We use Mg, (1) for the set of
all finite multisets of elements of 1. Given a finite family a4, ..., a, of elements
of I, we use [ay,...,ay] for the multiset p such that p(a) = #{i | a; = a}. We
use additive notations for multiset unions: Zle 1; is the multiset p such that
wula) = Zle wi(a). The empty multiset is denoted as 0 or []. If k € N, the
multiset ku maps a to ku(a).

Let X be a PCS. Given v € PX and p € Mg, (|X]), we define vt =

[ae x| ut € R*. Then we set u' = (u") pe Mg (x| and finally

'X = (Mﬁn(|X|)7{u! | u € PX}LJ—)

which is a pre-PCS.

We check quickly that !X so defined is a PCS. Let u = [a1,...,a,] €
Min(|X]). Because X is a PCS, and by Theorem [6] for each i = 1,...,n
there is u(i) € PX such that u(i),, > 0. Let (a;)!; be a family of strictly
positive real numbers such that Y. ;a; < 1. Then u = Y | aju(i) € PX
satisfies u,, > 0 for each i = 1,...,n. Therefore uL = u* > 0. This shows that
there is U € P(!X) such that U, > 0.

Let now A € Rt be such that Vu € PXVi € {1,...,n} u,, < A. For all
u € PX we have u#* < A™. We have

(POXD: = {u' [ue PX} " = {u' |uePX}t.
Let ¢t € (RT)'X| be defined by t, = 0 if v # p and t, = A™" > 0; we have

t € (P(1X))+. We have exhibited an element ¢ of (P(!X))* such that ¢, > 0.
By Lemma [5]it follows that !X is a PCS.
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2.6.1 Kleisli morphisms as functions. Let s € (RT)'"X=Y| We define a

~ =Y .
function s: PX — R+| | as follows. Given u € PX, we set

S(u) = su' = Z Sy pu

HEIX] be|Y|

Proposition 10 One has s € P(!X — Y) iff, for all u € PX, one has s5(u) €
PY.

Proof. By Lemma [7] the condition is necessary since v € PX = u' € P(!X),
let us prove that it is sufficient. Given v/ € PY™, it suffices to prove that
st/ € P(IX)™", that is (st ¢/,u') < 1 for all u € PX. This results from the
assumption because (st v’ u') = (5(u),v’). O

Theorem 11 Let s € Pcoh(!X,Y). The function s is Scott-continuous. More-
over, given s,s' € Pcoh(!X,Y), one has s = s’ (as matrices) iff s = s’ (as
functions PX — PY).

Proof. Let us first prove that § is Scott continuous. It is clear that this
function is monotone. Let D be a directed subset of PX and let w be its
lub, we must prove that s(w) = sup,ecpS(u). Let b € |Y|. Since multipli-
cation is a Scott-continuous function from [0,1]? to [0,1], we have 5(w), =
ZMG\!XI Sup,cp Sppu*. The announced property follows by the monotone con-
vergence theorem. R

Let now s,s" € Pcoh(!X,Y) be such that s(u) = s'(u) for all u € PX. Let
p € |'X| and b € [Y], we prove that s, = s}, ,. Let I = supp(u). Given
u € (RT)! let n(u) € (RT)XI be defined by n(u), = 0 for a ¢ u and n(u), = uq
for a € I. Let A > 0 be such that 1([0, A]Y) € PX (such an A exists because
I is finite and by our definition of PCS). Let 7, : PY — R be defined by
m(v) = vp. Let f =my050n:[0,4 - Rand f/ =7, o s o 7. Then we have
f = f’ by our assumption on s and s’. But f and f’ are entire functions and
we have f(u) = >, ety (r) Svib [laer w2 and similarly for f' and s'. Since
[0, A]Y contains a non-empty open subset of RZ, it follows that s, = s,,p for all

v € Mgn(I). In particular, s, = Siub' .

So we can consider the elements of Pcoh(X,Y) (the morphisms of the
Kleisli category of the comonad ! on the category Pcoh) as particular Scott
continuous functions PX — PY. Of course, not all Scott continuous function
are morphisms in Pcoh;.

Example. Take X =Y = 1. A morphism in Pcoh,(1,1) can be seen as a
function f : [0,1] — [0,1] such that f(u) = > .7, s,u™ where the s,’s are
> 0 and satisfy Y7 s, < 1. Of course, not all Scott continuous function
[0,1] — [0,1] are of that particular shape! Take for instance the function f :
[0,1] — [0,1] defined by f(u) = 0if u < § and f(u) = 2u — 1 if u > 3; this
function f is Scott continuous but has no derivative at u = % and therefore

cannot be expressed as a power series.

15



Proposition 12 Let s,s' € Pcoh(X,Y) be such that s < s (as elements
of P(IX —Y)). Then Vu € PX 3(u) < §'(u). Let (s(i))ien be a monotone
sequence of elements of Pcoh|(X,Y) and let s = sup;cys(i). Then Yu €
PX 5(u) = sup;c; Si(uw).

Proof. The first statement is obvious. The second one results from the mono-
tone convergence Theorem. O

Remark: We can have s, s' € Pcohy(X,Y) such that Vu € PX 5(u) < §'(u) but
without having that s < s’. Take for instance X =Y = 1. As in the example
above we can see § and s’ as functions [0, 1] — [0, 1] given by S(u) = Y, s,u”
and '(u) = 32°° s/ u™, and s < s’ means that Vn € N s, < s/,. Then let s be

n=0°“n

defined by s, =1 if n =2 and s, = 0 otherwise, and s’ be defined by s/, = 1 if
n =1 and s, = 0 otherwise. We have 5(u) = u? < s'(u) = u for all u € [0,1]
whereas s and s’ are not comparable in P(!1 — 1).

Given a multiset u € Mg, (I), we define its factorial p! = [];c; pu(4)! and
its multinomial coefficient mn(p) = (#p)!/u! € N* where #p = 37, p(i) is
the cardinality of p. Remember that, given an I-indexed family a = (a;);er of
elements of a commutative semi-ring, one has the multinomial formula

(L)'= 3 mie
i€l HEM,, (1)

where M, (I) = {p € Man(I) | #p = n}.
Given p € |'X| and v € |IY| we define L(p,v) as the set of all multisets p in
Mign(|X| x |Y]) such that

Va € | X| Z pla,b) = p(a) and Vb e |Y] Z pla,b) =v(b).
belY| ag|X|

Let t € Pcoh(X,Y), we define !t € (RT)'X—"Y by

W= 3 L.

!
pel(um) P

Observe that the coefficients in this sum are all non-negative integers.
Lemma 13 For all u € PX one has 'tu' = (tu)'.

Proof. Indeed, given v € |!Y|, one has

(=TT (3 tasua) ™

belY| a€|X]|
- 11 ( > mawu ] t’;ffb“))
bEIY] \ pe|lx| a€|X]|
#u=v(b)
= Z uzb5m9(b)( H mn(G(b)))( H tZEZ)(a)>
oe)x 1Y belY | a€|X|
Vb #0(b)=v(b) belY|
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TT o ola. b)!
pENX|  pEL(p,v) sey Llaeix| P(a;0)!

= > (Wuu

RENX]

since there is a bijective correspondence between the 8 € |!X|Y'! such that
Vb € [Y| #6(b) = v(b) and the p € [, ¢ x| L(1, v) (observe that this union of
sets is actually a disjoint union): this bijection maps € to the multiset p defined
by pla,b) = 0(b)(a). 0

Proposition 14 For all t € Pcoh(X,Y) one has It € Pcoh(!X,!Y) and the
operation t — !t is functorial.

Proof. Immediate consequences of Lemma [13] and Theorem O

2.6.2 Description of the exponential comonad. We equip now this
functor with a structure of comonad: let dery € (RT)'"X—X| be given by
(derx)u.a = 6ja),u (the value of the Kronecker symbol d;; is 1 if 7 = j and 0
otherwise) and digy € (RT)"X—"XI be given by (digx ) (u1,...0n] = () ST
Then we have derx € Pcoh(!X, X) and digy € Pcoh(!X,!!X) simply because

— —

derx(u) =u and digy(u) = (u")'

for all u € PX, as easily checked. Using these equations, one also checks easily
the naturality of these morphisms, and the fact that (!_, der, dig) is a comonad.

As to the monoidality of this comonad, we introduce p° € (RT)1—'Tl by
Ng,[] = 1land p%y € (RF)IHXEY=HXEN] by (1%,y)xps = Op1a+2,, where
i [ar,...,an] = [(i,a1),...,(i,a,)]. It is easily checked that the required com-
mutations hold (again, we refer to [Mel09]).

It follows that we can define a lax symmetric monoidal structure for the
functor ! from the symmetric monoidal category (Pcoh,®) to itself, that is,
for each n € N, a natural morphism

m{ ¢, €Pcoh(IX1® @ 1X,, (X1 ® - © X,,))

satisfying some coherence conditions.

Given f € Pcoh(lX; ® --- ®1X,,,Y), we define the promotion morphism
f' € Pcoh(IX; ® --- ®!X,,,!Y) as the following composition of morphisms in
Pcoh

X @ 01X, Y
digx, ® -+ ®@digx,, i m® T!f (1)
X, ®@---@lX, ——" S (X, @ - ®1X,)

2.6.3 Cartesian closeness of the Kleisli category. The Kleisli category
Pcoh,; of the comonad ! has the same objects as Pcoh, and Pcoh(X,Y) =
Pcoh(!X,Y). The identity morphism at object X is derx and given f €
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Pcoh(X,Y) and g € Pcoh,(Y, Z) the composition of f and g in Pcoh,, denoted
as g o f, is given by

gof=gf.

This category is cartesian closed: the terminal object is T, the cartesian
product of two objects X and Y is X & Y (with projections defined in the obvi-
ous way, using derxgy and the projections of the cartesian product in Pcoh),
their internal hom object is X = Y =X — Y. The corresponding evaluation
morphism Ev € Pcoh((X = Y) & X,Y) is defined as the following composi-
tion of morphisms in Pcoh

(M2)71 der ® | X

(X=Y)&X) — (X =Y)®!X X=Y)e!Xx Sy

The curryfied version of a morphism ¢ € Pcoh(Z & X,Y) is the morphism
Cur(t) € Pcohy(Z, X = Y) defined as Cur(t) = cur(t u?).

2.7 Least fix-point operator in the Kleisli category.

Let X be an object of Pcoh. Let F € Pcohy((X = X) = X, (X = X) = X)
be F = Cur(Fp) where Fy € Pecohy(((X = X) = X) & (X = X),X) is the
following composition of morphisms in Pcoh,

(X=X)=X)& (X = X) X
i(m,ﬂ'l,rm) TEV
(X = X)& (X = X) = X) & (X = X) B0 mml vy e x

Then, given F € P((X = X) = X), that is F' € Pcoh(X = X, X), one has
F(F) = Ev o (ldx—x,F) € Pcoh(X = X,X). Since F is a morphism in
Pcoh, the function F is Scott continuous and therefore has a least fix-point
Y € Pcoh(X = X, X), namely Y = sup,, oy F"(0) (the sequence (F™(0))nen is
monotone in the cpo P((X = X) = X) because F is monotone).

If we set Y, = F"(0) € Pcoh(X = X, X), we have Yo = 0 and Y, =
Ev o (ld,Y,) so that, given f € Pcoh(X, X), we have ?;(f) = f"(O) and
Y(f) = SUDP, ey 7™(0). So that Y is the usual least fix-point operator, and this
operation turns out to be a morphism in Pcohy, namely Y € Pcoh|(X = X, X).
This means that this standard least fix-point operator can be described as a
power series, which is not completely obvious at first sight.

2.8 Coalgebras

By definition, a coalgebra of the ! comonad is a pair (X, h) where X is a PCS
and h € Pcoh(X,!X) satisfies the following commutations

X —lx X —lx
\ lderx hl l!h
Idx

X IX —— X
digx
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A morphism from a coalgebra (Xi,h;) to a coalgebra (Xa,hs) is an f €
Pcoh(X;, X3) such that the following diagram commutes

X14f>X2

| |1

'Xl ? 'XQ

Observe that 1 has a natural structure of l-coalgebra v € Pcoh(1,!1) which
is obtained as the following composition of morphisms

10 digr _ '(u”)7"

1 T nT 1

Checking that (1,v) is indeed a !-coalgebra boils down to a simple diagrammatic
computation using the general axioms satisfied by the comonadic and monoidal
structure of the ! functor.

A simple computation shows that v, , = 1 for all n € |!1| (remember that
['1] = N).

Let (X, hi)icr be a countable family of coalgebras. Then we can endow
X = @, Xi with a structure of coalgebra h € Pcoh(X,!X). By the universal
property of the coproduct, it suffices to define for each ¢ € I a morphism A/ :
X; — 1X. We set h} = IT; h; where we record that 7; : X; — X is the ith
canonical injection into the coproduct. It is then quite easy to check that (X, h)
so defined is a coalgebra using the fact that each (Xj, h;) is a coalgebra.

2.8.1 Natural numbers. Consider the case where I = N, X; = 1 and
h; = v for each ¢ € N. Then we use N to denote the corresponding object X
and hy for the corresponding coalgebra structure, hy € Pcoh(N,IN). We use
7 € Pcoh(1,N) for the nth injection that we consider also as the element of PN
defined by my = 5n,k-

An easy computation shows that

1 if g = k[n] for some k € N
(hN)n,u = .
0 otherwise.

Let ¢ € Pcohi(N, X) for some object X of Pcoh. Then t hy € Pcoh(N, X)
isa linearizedﬂ version of t. Given u € PN, an easy computation shows that

thyu = Z k(7).
n=0

The objects N and 1 & N are obviously isomorphic, through the morphisms
p € Pcoh(N,1 @ N) and s € Pcoh(1 @ N, N) given by

Pny(1,5) = 5(1,%),n = On,0 a0d Dy (2.n7) = S2,n/)n = Onyn/+1

We set suc = s72 € Pcoh(N,N), so that Suc,,, = dn41, represents the
successor function.

3This is not at all the same kind of linearization as the one introduced by Differential
Linear Logic [Ehrl5b].

19



2.9 Conditional

Given an object X of Pcoh, we define a morphism
if € Pcoh(N® !X @ I(IN — X), X).

For this, we define first ify € Pcoh(1 ® !X ® !(IN — X), X) as the following
composition of morphisms (without mentioning the isomorphisms associated
with the monoidality of ®)

X @ 1IN —o X) 22% ¢ &,y

and next if; € Pcoh(N ® !X @ |(IN — X), X) (with the same conventions as
above)

hny ® w ® der
_—

N®!X ®!(IN— X) !N@(!N_OX)‘L”X

where 7y is the isomorphism associated with the symmetry of the functor ®, see
Section 2.4

The universal property of @ and the fact that _ ®Y is a left adjoint for each
object Y allows therefore to define if € Pcoh((1® N) ® X @ I(IN — X), X).
Finally our conditional morphism is if = i (pR'!'X ®@!(IN — X)) € Pcoh(N ®
IX®!(IN — X), X). The isomorphism p € Pcoh(N,1® N) is defined at the end
of Section 2.8

It is important to notice that the two following diagrams commute

0®Id

18 !X ®!(IN — X) N® !X ®!(IN — X)

|7
der @ w

X

11X ®!(IN - X) “T2E Ne 1X @ 1IN — X)

ol E

!N®(!N—0X) X

This second commutation boils down to the following simple property: Vn €
N hy7 = 7. Observe that it is not true however that Vu € PN hyu = v'. This
means that hy allows to duplicate and erase “true” natural numbers 7 but not
general elements of PN which can be considered as “computations” and not as
“values”.

2.10 Interpreting terms

Given a type o, we define an object [o] of Pcoh as follows: [:] = N and
[o = 7] =[o] = [7]-
Given a context I' = (z1 : o01,...,2% : 0%), a type o and a term M

such that I' H M : o, we define a morphism [M]r € Pcoh([I'],[o]) where
[T] = [o1] & -+ & [ox]. Equivalently, we can see [M]r as a morphism in
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Pcoh([I']", [¢]) where [I]' = ![o1] ® - - ® '[[Ukﬂ By Theorem (11} this mor-
phism can be fully described as a function [[M]]p : H 1 Plos] — P[[a]] The
definition is by induction on the typing derivation of I' l— M : o, or, equiva-
lently, on M. -

If M = x;, then [M]r = m;, that is [M]r(u1,...,ux) = u;.

If M = n, then [M]r =7 o 7 where 7 is the unique morphism in Pcoh,([I'], T).
That is m(ﬁ) =

If M = coin(p) for some p € [0,1] N Q then [M]r = p0 + (1 — p)1.

If M = succ(P) with ' = P : +, we have [P]r € Pcoh([I']',N) and we set
[M]r = suc [P]r, which is characterized by m(ﬂ) = Zfzo(ﬂ(ﬁ))nm.

IftM=if(P,Q,z-R),TFP:,,T'FQ:0and T',z:t F R : o then by
inductive hypothesis we have [P]r € Pcoh([I]',N), [Q]r € Pcoh([L']", [¢])
and [R]r.... € Pcoh([T]' ® IN, [¢]). We have cur([R]r ...) € Pcoh([T]',!N —o
[c]) and hence we define [M]r as the following composition of morphisms in
Pcoh

[r1 [o]

lcontrp WT
1 !

[M]r ® [Plp ® cur([R]r,z2:.)’
[[F]]!®[[Fﬂ!®[[F]]! N® ![o] @ /(!N — [o])

where contrr is an obvious composition of contraction morphisms and associa-
tivity and symmetry isomorphisms associated with the ® functor (we also use
promotion ) Seen as a function, this morphism is completely characterized
by

[MIr (i) = ([PIr(@))o[QIr (i +Z[[P]]F Vst [Rlr.2 (i, 7).

fM=(P)QwithT'FP:o0=7and ' - Q : o then we have [P]r €
Pcoh([I']",![e] — [7]) and [Q]r € Pcoh([T']', [¢]) and we define [M]r as
the following composition of morphisms

o =% iy o o 2 (1] — D) @ o] 5 [7]

so that [M]r is characterized by M( L) = [[P]]p( )([[Q]]F( i)).

If M = Xz° P with ',z :0 F P : 7 then we have [P]r 4., € Pcoh([T]' ®
I[e], [7]) and we set [M]r = cur([P]r«.s) € Peoh([T]',![o] — [7]) so that,
given @ € Hle Plo:] (remember that I' = (21 : 01,...,2 : 0)), the semantics
[M]r (@) of M is the element of P(![o] — [7]) which, as a function P[o]] — P[],
is characterized by [M]r(%@)(u) = [P]r.z:0 (4, w).

If M = fix(P) with T - P : 0 = o then we have [P]r € Pcoh([I']',![o] —
[o]) and we set [M]r = Y [P]%. This means that [M]r(@) = sup,cy f(0)

where f € Peohy([o], [o]) is given by f(u) = [P]r(@)(w).

Lemma 15 (Substitution) Assume that U,z : 0+ M : 7 and that T+ P : 0.
Then [M [P/z]]r = [M]r 2.0 © (Idfry, [P]r) in Pcoh,. In other words, for any

it € P[I'], we have [M [P/2]]r (&) = [M]r. o0 (@, [PIr(i0)).
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The proof is a simple induction on M, the simplest way to write it is to use the
functional characterization of the semantics.

For the notations AZ and A§ used below, we refer to We formulate
the invariance of the interpretation of terms under weak-reduction, using the
stochastic reduction matrix introduced in §1.2.2]

Theorem 16 Assume that ' M : 0. One has

[M]r = Z Red(T, o) v, m0 [M' 1
M/GAG

Proof. Simple case analysis, on the shape of M, and using the Substitution
Lemma. O

As a corollary we get the following inequality.
Theorem 17 Let M be such that = M :v. Then for all n € N we have
Red(L)j\“j[@ < [M],,

Proof. Tterating Theorem [16] we get, for all k¥ € N:

[M] = 3 Red(0)§yan[M]

M’eAy

Therefore, for all k € N we have [M],, > Red(¢)§; , and the result follows, since
n is weak-normal. O

2.10.1 Examples. We refer to the various terms introduced in Section
and describe as functions the interpretation of some of them.
We have F pred : ¢ = ¢ so [pred] € P(N = N), and one checks easily that

[pred] (u) = (uo + u1)0 + 3207 Uny17.
Similarly, we have

Tadd] (u) Z (an 7

n=0 =0

[[epr}] Z Up 2"

[[shlftk]] Z unk +n
[[cmp]] (Zu v]) (Zu vj>

i<j i>7

[proby] (1) = ux0

[prod,J (', u*) = (f[ug)o

[chooser] (u)(w?, ..., w*) = 3 u;e'*!

i=0
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fonifl) = 32 725 (27) = 2 (757

n
[[ran(p()a v apn)]] = szg
=0

3 Adequacy

We want now to prove the converse inequality to that of Theorem
For any type o we define a binary relation R? C A x P[o] by induction on
types as follows:

o MR uif¥n € N u, <Red(1)57,,

o M R7=7 tif VP € A§Vu € Plo] P R® u = (M)P R #(u). Here we
have t € P[oc = 7] and hence t : P[o]] — P[]

So R is a logical relation.

Lemma 18 If M € AJ then M R° 0. If (u(i))ien is an increasing sequence in
Plo] such that Vi € N M R u(i), then M R sup;cp u(i).

Proof. Simple induction on types, using Proposition O

Lemma 19 Assume that W M : v, FP:o and z: 1+ Q : 0 where 0 = 01 =
-o-0k = t. Let Ny,..., Ny be terms such that - N; : 0; fori=1,... k.
Then, for any n € N, we have

Red(l’)?i?(]V[,P,z-Q))Nl'”Nkaﬂ

= Red(1)37 0Red (1) Py, v + O Red ()57 14 1Red (1) Bk /2 My - N
keN

This is a straightforward consequence of the definition of weak-reduction, and
of Lemma [3

Lemma 20 Let o be a type. Let M, M’ € A§ and let u € P[o]. Then

M' R? w= M R Red(c)n mu.

Proof. By induction on o. Assume first that o = .
Assume that M’ R* w. This means that, for all n € N, one has u, <
Red(:)37: .- Let n € N, we want to prove that

Red(L)O]\;ﬂ > Red(L)M’M/un

This results from the fact that Red(:)37, = ZMHE% Red(¢)ar v Red(4)370 5,

and from our hypothesis about M’.
Assume now that ¢ = 7 = ¢ and let f € P[o]. Assume that M’ R7=% f,
we want to prove that

M RT:MO Red(T = QD)M,M’f
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If M is weak-normal then either M’ = M and then Red(r = @)y = 1 and
we can directly apply our hypothesis that M’ R™=% f, or M’ # M and then
Red(T = ¢)a,m = 0, and we can apply Lemma So assume that M is not
weak-normal.

Let P € Al and u € P[7] be such that P R™ u. We need to prove that

(M) P R? Red(¢)p,mv f(u) .

This results from the inductive hypothesis and from the fact that, due to our
definition of weak-reduction, it holds that Red(7 = ), 7 = Red(9) (aryp,(vry P
because M is not weak-normal. O

Remark: From now on, and for the purpose of avoiding too heavy notations,
we often consider implicitly morphisms of Pcoh, as functions. Typically, if
f €Pcoh(X,Y) and u € PX, we write as above f(u) instead of f(u).

Theorem 21 Assume that ' M : o where ' = (x1 : 01,...,2; : 07). For all
families (P;)!_, and (u;)!_, one has

(VZ P; R ui) = M[Pl/JL‘l,...,Pl/l‘l] R? ﬂMﬂp(ul,...,ul)

Proof. By induction on the derivation of I' - M : o (that is, on M).
The cases M = x; and M = n are straightforward.

Assume that M = coin(p) where p € [0,1]NQ. Then o = v and [M]r(u1,...,w) =
p0 + (1 — p)1. On the other hand

P ifn=0
REd(L)M[pl/x17_“7pl/xl]7ﬂ =<¢1—p ifn=1
0 otherwise

and hence (Vi P; R% u;) = M [Py/x1,..., P /x)] R® [M]r(us,...,u) by defi-
nition of R*.

Assume that M = succ(N). Assume that Vi P, R% wu;. By inductive
hypothesis we have N [P /x1,..., P/z;]) R* [N]r(u1,...,w;). This means that,
for all n € N, one has

[[N]]F(uh s 7ul)n < Red(b)?Vo[Pl/zl,...,Pl/rl],Q

It follows that, for all n € N,

[succ(N)]r(u, - - w)n+1 < Red(t)Fce nyip, fas ..., Py fa] it L

,,,,,

that is

Vn €N HSUCC(N)]]F(UJ’ s 7ul)n < REd([’)sOL?cc(N)[Pl/;cl,.A.,Pl/a:l],ﬂ

since the inequality is obvious for n = 0.

Assume that M = if(P,Q,z-R) with T P:,TFQ:0candT,z:tFR: 0
with 0 = 7 = -+ -7, = . Assume that Vi P; R u;. By inductive hypothesis,
applying the definition of Red(t), we get

Vn € N Red(L)OPO[PI/II’_“JDI/‘m]’ﬂ > [Plr(us, ..., u)n (2)
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QIPi/x1,..., P /x] R? [Q]r(u1,...,u) (3)
VYneN RI[P/x1,...,P/z,n/z] R° [R]r 2. (u1,...,u,7) (4)

Observe that, in the last equation, we use the inductive hypothesis with [ 41
parameters, and we use the fact that, obviously, £k R* k. On the other hand, we
have

[[Mﬂp(ul, e ,ul) = [[P]]p(ul, I ,ul)o[[Q]]p(ul, e ,ul)

+ > [PIr(ur, s w)ir [Rlo e (un, -, )
k=0

and we must prove that M [Py/z1,...,P/x;] R® [M]r(u1,...,u). So, for
j=1,...,h,let R; and v; be such that + R; : 7;, v; € P[r;] and R; R™ v;. We
must prove that (M [Py/x1,...,P/zi]) R1 - R R* [M]r(u1,...,u)(v1) - (vp)-
Let n € N. By Lemma [I9) we have

Red(t)(hi(py jor s Py jwi]) R B

= Red(L)OPO[Pl/fl7---;Pl/$l]7QRed(L)?a[Pl/zl7--<7Pl/37l])R1"‘RhaL"

+ Z Red(L)?[Pl/ml,...,Pl/zl],@Red(L)?%[Pl/zl,...,Pl/xl,g/z])Rl---Rh,g
k=0

By (), (3) and (), and by definition of R, we have therefore

Red ()3 (py jzr . Py jai]) Re o Biom
> [Plr(ur, .- w)o[@QIr (u, - ., ur)(v1) - - (Vn)n

+ ) [PIe(ur, - w)ea [Re(un, -, k/2) (v1) -+ (o)
k=0

= [MTr () (or) - (on)a

that is (M [P1/z1,...,P/x)]) Ry -+ Ry R [M]r(u1,...,u;)(v1)--- (vp) as con-
tended.

Assume that M = (P)Q withI'F P:7=0cand '+ Q : 7. Let t =
[Plr(uq,...,u;). Assume that Vi P; R% u;. By inductive hypothesis we have

P[P1/$1, .. .,Pl/scl} R™=7¢
and Q[P1/z1,...,P/x;) R™ [Q]r(u1,...,u;). Hence we have
((P) Q) [Pl/xlv . "Pl/ml] RT ?(HQHF(UD s vul))

which is the required property since t([Q]r(u1, ..., w)) = [(P) Q]r(u1,. .., u;)
by definition of the interpretation of terms.

Assume that 0 = (71 = ¢), M = X" P with T,z : 7+ P : . Let t =
[Ax™ P]r(uq,...,u;). Assume also that Vi P, R%% u;. We must prove that

AT (PPy/xy,...,P/x]) RT79¢t.
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To this end, let @ be such that F @ : 7 and v € P[r] be such that Q@ R"™ v, we
have to make sure that

(™ (P[P /as, ..., P/a]) Q R T(v)

By Lemma it suffices to prove that P[P, /x1,..., P/x;,Q/x] R¥ t(v). This
results from the inductive hypothesis since we have t(v) = [P]r g7 (U1, . . ., Un, v)
by cartesian closeness.

Last assume that M = fix(P) with I' - P : 0 = 0. Assume also that
Vi P; R%" u;. We must prove that

fix(P [Py /x1,...,Pi/zi]) R [fix(P)]r(ui, ..., w) = supt*(0)
where t = [P]r(u1,...,u) € P([o] = [o]). By Lemma it suffices to prove
that
VkeN fix(P[P/x1,...,Pi/x]) R7 t*(0)

and we proceed by induction on k. The base case k£ = 0 results from Lemma
Assume now that, fix(P [Py /x1,..., P;/2;])) R t¥(0) and let us prove that

fix(P [Py /x1,..., Pi/z]) R *71(0).
By Lemma [20] it suffices to prove that
(P[Py/x1,..., P /x))fix(P[Py/xy,..., P /x]) RS °F1(0) = £(t*(0)).
which results from the “internal” inductive hypothesis
fix(P [Py /x4, ..., Pi/xi]) R t%(0)

and from the “external” inductive hypothesis

P[Py /x1,..., Pz RO7 t.

O

In particular, if = M : . we have Vn € N Red(¢)37,, > ([M])»- By Theo-
rem [17] we have therefore the following operational interpretation of the seman-
tics of ground type closed terms.

Theorem 22 If = M : . then, for all n € N we have Vn € N Red(L)ﬁn =
(IMD)n- -

As usual, the Adequacy Theorem follows straightforwardly. The observa-
tional equivalence relation on terms is defined in Section [T.2}

Lemma 23 Given an observation context CT™*, there is a function fc such
that, for any term M € AL, one has [C[M]]=fc([M]r).

The proof is a simple induction on C.

Theorem 24 (Adequacy) Let M, M’ € AL be terms of pPCF. If [M]r =
[M'r then M ~ M'.
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Proof. Assume that [M]r = [M']r. Let C'"7 be an observation context such
that - CT :,, we have

Red (L)%O[M] 0

[C[M]], by Theorem [22]
fe(IM]r)o by Lemma@
fo(IM'Tr)o
d

Re (L)%O[M/]’Q .

4 Full abstraction

We want now to prove the converse of Theorem [24] that is: given two terms M
and M’ such that T+ M :cand T+ M’ : o, if M ~ M’ then [M]r = [M']r.
This means that Pcoh provides an equationally fully abstract model of pPCF.

4.1 Intuition

Let us first convey some intuitions about our approach to Full Abstraction. The
first thing to say is that the usual method, which consists in proving that the
model contains a collection of definable elements which is “dense” in a topological
sense, does not apply here because definable elements are very sparse in Pcoh.
For instance, in P[. = (], there is an element ¢ which is characterized by #(u) =
dupu10. We have t € Pt = (] because, for any u € PN we have ug +u; < 1
and hence ugu; < ug(l — ug) < 1/4, and therefore t(u) € [0,1]. It is easy
to see that ¢ is not definable in pPCF. The “best” definable approximation of
t is obtained by means of the term Ax*if(z,if(z, Q% 2" - if (2/,0,2" - Q)), 2 - Q)
whose interpretation s satisfies $(u) = 2ugu;0.

Let M and M’ be terms (that we suppose closed for simplifying and without
loss of generality) such that + M : o and - M’ : 0. Assume that [M] # [M'],
we have to prove that M o M’'. Let a € |[o]| be such that [M], # [M'],. We
define a term F such that + F : o = ¢ and [(F)M], # [(F) M'],. Then we
use the observation context C'= (F)[ |77 to separate M and M’. For defining
F, independently of M and M', we associate with a a closed term a™~ such that
Fa~ : ¢ = 0 = ¢ and which has the following essential property:

There is an n € N — depending only on a — such that, given w,w’ €

Plo] such that w, # w,, there are rational numbers py,...,pn—1 €
[0,1] such that [a=](u)(w)e # [a~](u)(w")o where u = po0 + --- +
Pn—1n — L.

Applying this property to w = [M] and w’ = [M’], we obtain the required
term F' by setting F' = (a7 ) ran(po, - - ., Pn—1)-

In g@r to prove this crucial property of a~, we consider the map ¢, :
u — [a~](u)(w)g which is an entire function depending only on the n first
components ug, ..., u,—1 of v € PN (again, n is a non-negative integer which
depends only on a).
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In Lemma [26] we prove that the coefficient in ¢,, of the particular
monomial uguy ... Up_1 1S W,-

It follows that the functions ¢,, and ¢, are different, and therefore take
different values on an argument of shape ppO+ - - -+ p,_1n — 1 where all p;s are
rational, because ¢,, and ¢, are continuous functions.

4.2 Useful notions and constructs
We introduce some elementary material used in the proof.

e First, for a morphism ¢ € Pcohi(N, X), we explain what it means to
depend on finitely many parameters, considering t as a function from a
subset of (RT)N to PX.

e Then we give the construction of the term a~ (testing term) and of the aux-
iliary term a™. The interpretations of these terms are morphisms depend-
ing on a finite number of parameters; we define explicitly |a| ™, |a|T € N
which are the number of relevant parameters. We also give the interpre-
tation of these morphisms as functions in the category Pcoh,.

e We introduce next useful notations which will be used in the proof of the
main lemma.

4.2.1 Morphisms depending on a finite number of parameters. Let
k

—
keN. Let Ay =1®---®1 so that |Ag| = {0,...,k — 1} and PA, = {z €
(RY)* | 29+ -+ 211 < 1}. We have two morphisms 5T (k) € Pcoh(Ax, N)
and n~ (k) € Pcoh)(N, Ay) defined by

B 1 ifm=[j]and j <k
T K)my =0 (k)m,; =
0" g =0 k) {0 otherwise.
Given ¢t € Pcohy(N, X), the morphism s = ¢t o (k) o n~ (k) € Pcoh(N, X)
satisfies

S(U,) :t(uo,...7Uk,1,070,...)

if we consider PN as a subset of (RT)N. We say that t depends on at most
k parameters if t = t o n*(k) o n~(k), which simply means that, for any
(m,a) € IN — X| = Mg, (N) x| X|, if t,, o # 0 then m € Mg, ({0,...,k —1}).

If t € Pcoh(N, X), t is considered here as a function with infinitely many
real parameters. Given k € N and u € (RT)Y, we define u{k} € (RT)N by
u{k}, = uitx. Observe that s =t o [shifty] is characterized by s(u) = t(u{k}).

The term shifty, as well as the other terms used below, is defined in Sec-

tion L3l
4.2.2 Testing term associated with a point of the web. Given a type

o and an element a of |[o])|, we define two pPCF closed terms a* and a~ such
that

Fat:i=0 and Fa :t=>0=1.
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The definition is by mutual induction on o. We first associate with a two natural
numbers |a|T and |a|”.
If 0 =, and hence a = n € N, we set |a|T = |a|” = 0.
If o = (p = v) so that a = ([b1,...,bx],c) with b; € |[¢]| for each i =
.,k and c € |[¢]], we set

lal * = le[* + Z |bi|~

la|” = [e|” + &+ Z |bi]
=1

Assume that o = ¢, then a = n for some n € N. We set
at=nT =X¢'n and a =n" = A\ prob,
so that [nT](u) = n and [n~](u)(w) = w,0.
Assume that o = (¢ = ) so that a = ([b1,...,bg],¢) with b; € |[¢]]| for

each i =1,...,k and c € |[¢]|- Then we define a™ such that Fa® : 1= o =9
by

T =\ \x?if( (prody)

(blf) Ex
(b2™) (shiftpp,|-) &

(b (shiftjp )t 01 -) €2,
(") (shiftjpy |~ by -) &
[2]€2y )

Therefore we have, given u € PN and w € P[]

o) = (IS ) 1658

The term a~ is such that Fa™ : v = (¢ = 1) = ¢ and is defined by

a” =\ )\f%ﬂzﬂﬁ (Cf) (Shiftk+‘b1|++...+|bk\+)f
(f) (chooseg) &
(b1+) (shifty) &

(bk+) (Shiftkﬂbl|++»--+|bk,1|+) ¢.

Therefore we have, given v € PN and ¢t € P(¢p = )

[[of]](u)(t)=uc-]]<u{k+i|bj|+} (Zuz 11 {k+Z|b ).

29



Lemma 25 Let o be a type and a € |[o]|. Seen as an element of Pcoh|(N, [o])
(resp. of Pcohy(N, [0 = ])), [a™] (resp. [a~]) depends on at most |a|™ (resp. |a|™)
parameters.

The proof is a simple induction on o, based on an inspection of the expressions
above for [a*] and [a~].

4.2.3 More notations. Let I = {n; < --- < ng} be a finite subset of N, we
use o([) for the multiset [nq,...,n;] where each element of I appears exactly
once. Given p,q € N, we set

o(p,q) =o({p,p+1,...,.p+q—1})
Mn(p, @) = Man({p,p +1,...,p+q—1}).

These specific multisets, where each elements appears exactly once, play an
essential role in Lemma 26]

Given m € Mg, (N) and p and ¢ as above, we use the notation W(m, p, q)
for the element m' of Mg, (N) defined by

() — {m(i—i—p) if0<i<q-1
0 otherwise

and the notation S(m,p) for the element m’ of Mg, (N) defined by m/(i) =
m(i + p) for each i € N.

So W(m, p,q) is obtained by selecting in m a “window” starting at index p
and ending at index p + ¢ — 1 and by shifting this window by p to the left.
Similarly S(m,p) is obtained by shifting m by p to the left.

Given a set I and an element i of I, we use e; for the element of (RT)!
defined by (ei)j = 5i,j-

4.2.4 Expression of the semantics of testing terms. We write now the
functions [a~] and [a*] in a form which makes explicit their dependency on
their first argument u € PN. This also allows to make explicit their dependency
on a finite number of parameters.

Let o be a type and let a € |[o]|. By Lemmal[25] for each m € Mg, (0, |a|™),
there are uniquely defined 7(a,m) € (R*)II?Il and p(a,m) € (RH)IUoI=L) such
that we can write

[ lw= > u"w(a,m) ()

mEMiin(0,]alt)

for all u € PN and, for each w € P[o],

[a™] (u)(w)o = > umu(a,m)(w) (6)

mEM;in(0,lal~)

for all u € PN.
Observe that, for any w € P[o], we have

pla,m)(w) = > pla,m)pow". (7)
he Mein(|[o])
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4.3 Proof of Full Abstraction

We can now state and prove the main lemma in the proof of full abstraction.
This lemma uses notations introduced in Section 2l

Lemma 26 Let o be a type and let a € |[o]]|. We have
71'(0,,0(0, |a|+)) = €q
pu(a,0(0, [al™)) = e(fal,)
that is, p(a,0(0,]a] ™)) (w) = w, for each w € P[o].
Proof. By induction on o. Assume that o = ¢ so that a = n € N and we have

In|T = |n|” = 0. We have [n*](u) = e, and [n~](u)(w) = w, as expected.
Assume now that o = ¢ = 9 so that a can be written

a=([by,...,bx],c)

for some by, ...,b; € |[¢]] and ¢ € |[¢]].
For each u € PN and w € P[¢], we have

[a*](u)(w) = H ([[b “I( {Z\b |_} ) Tet1( {Z\b |~ } see

1=

I % st S o)

=1 \meMen (24 161 1bi1-)

[

k
( Z umw(c,S(m,Z |bz|_))> see
mEMin(SF_, 16,1, le|) =1

i—1

k
= > (T W, 3 oyl il ) )

meEMiin (0,|alt) j=1
k
m, Z |bj|_ﬂ |C|+))
j=1

using the fact that |a|* = Z?Zl |b;|~ +|c|* and distributing products over sums.
We also use the fact that there is a bijection

k
Men (0, ]al*) — (HMﬁnDb 71017 ) % Min (3 Il Jel )

j=1
i—1 k
m= (Wm, Y (b7 bl 7)), W Z\b 17 lel™)

=1 =1

Again we refer to for the notations used in these expressions.
Therefore, given m € Mg, (0, |a|t) and w € P[y], the element 7(a, m)(w)
of R* satisfies

k

k
w(a,m)(w) = (T] ntvi, Wim Z|b|- Bl ) () ) (e, Wirm, S Ios1 ™ [ef*))
j=1

i=1
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In this expression, we take now m = o(0, |a|T). Since clearly W(m, p, q) = o(0, q)
for all p,q € N such that p + ¢ < |a|™, we get, by inductive hypothesis:

(@, 0(0 |a] *))(w) = (f[wbi)ec

and hence 7(a,0(0, |a|T)) = e, as contended.
Concerning a~, for each u € PN and ¢ € P[p = ], we have

[ J(w)(t)o = [ Ju{k + i |bi|+}><t(iumubﬁﬂ<u{k + Z Bl P)o
see §4.2.2]
k
=l ek + 2l )

k i—1
(> i > a0, Sk + Y (b)) o
i=1 rE€Miin (k+3052] b5 1% [b:]+) =1
see
k
- 3 ulp(e, Sk + > 1B ™) (h)
=1

LEMiin (k+325_ 1 16| lel7)
he Mein (|11

k
( Z tm’,c’ <Zui71
(m/, =1

c)elle=]|

i—1 ’ h
) urw (b, S(r k3 [b;[))) )
rEMein (k+32] [b51+,[b:[+) =1
by §4.2.4] @, and by definition of application in Pcoh
k
= Z ul,u(c75(l,k‘—|-Z|bi|+))(h,*) H A
i=1

ZEMfin(k+Z?:1 |bi‘+v‘c‘7) C’GHI#J]”
he Mein (|[11)

where, for each ¢’ € |[+/]|,

k
A(d) = Z T H (Z L1

m/'€Mein (|[¢]) be[fe]| =1
i—1 m/(b)
) wr(b, S(r k4 Y [bsl )
Terin(k‘f’Z;;i [bj]F,1b:]F) J=1

where we recall that [¢ — 1] is the multiset which has i —1 as unique element. We
can write A(c') = 3, c .. vy @ B(¢)r where u does not occur in the expression
B(c'),. For any ¢ € [[¢]|, all the r € Mg, (N) such that B(c’), # 0 satisfy r €
Mien (0, k + Zle |b;|T): this results from a simple inspection of the exponents
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of w in the expression A(c’). It follows that, for any h € Mg, (|[¢]]), we can
write

[T A = > W' D(r) (8)
cellyll TEMiin (0,k+3F_ | |bs|+)

where u does not occur in the expressions D(r),. With these notations, we have
therefore

k
la Jwto= > (e, Sk + D10 Ny [T Al
LEMin (k+305_ 1 [bs| T lel7) i=1 cel[¥]l
he Miin (|[¥11)
k k
— Z um,u(qS(m,k+Z|b¢|+))hD(W(m,O,k+Z\bi|+))h
MmEMiin (0,]al ™) i=1 i=1

heMin (I[¥1D)
In the second line, the u™ results from the product of the u! of the first line with

the u" arising from . Remember indeed that |a|” = &k + Zle [bi|T + ||~
We are interested in the coefficient

a = p(a,0(0,[a]7))(?) (9)

of ©°(®1al7) in the sum above. We have

k
a= > (eSO, faf7) k4 3 bl )

heMiin (I[4]1)

k
D(W(0(0, [a]7), 0,k + > [bi ")) -
i=1

But S(o(0, |a|7), k + Zle [6;]T) = 0(0, |c|~) and hence, applying the inductive
hypothesis to ¢, we get

k
a=D(0(0.k+ > [bi"))q-
i=1

Coming back to , we see that « is the coefficient of u°(O*+3i1 b:™) in A(c)
(indeed, in the present situation h = [c] and so the product which appears on
the left side of (8]) has only one factor, namely A(c)).

So we focus our attention on A(c), remember that

k
Ae) = Z b e H (Zu[zel]

m’ € Miin (|[#]]) bel[e]l =1
i—1 m’ (b)
S Wb Sk + Y b))
TEMein (k+3571 1651, 1bi| 1) =1
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Let

i—1
J= {(i,r) i€ {L,...,k} and 7 € Maa(k+ > |b]", |bz-|+)}.

Jj=1

Observe that, given (i,7), (i',7') € J, either (i,r) = (i',r), or i # i’ and r and
r’ have disjoint supports.
Given (i,7) € J, we set

i—1
0(i,r) = m(bs, S(r k + Y b)) (10)
j=1
so that 6(i,7) € (RT)II¥1l for each (i,7) € J. With these notations, we have

’

m’(b)
Ale) = Z b e H < Z “[i_1]+7'9(i,r)b>

m’€Miin (|[#]]) belle]l \ (i,r)ed
= Z b c H ( Z ua(p)mn(p)Oi’)
m’€Miin (|[#]]) bellell \ pEMiin(J)
#p=m’(b)

where we recall that mn(p) = (#p)!/ [I,¢ .7 P(b)! is the multinomial coefficient
associated with the finite multiset p by the multinomial formula. In this expres-
sion, for each b € [[¢]|, O is the J-indexed family of real numbers defined by
0p(i,7) = 0(i,7)p and o(p) € M4gn(N) is defined as

olp)= Y pli,r)-([i—1]+r). (11)
(i,r)ed
Distributing the product over the sum and rearranging the sums, we get

A(C) = Z tm/,c Z quel[[cp]H a(p(b)) H mn oﬂ(b)

m’'€Miin (|[¢]1) PEMiin (1) T bel[]l
Vb #p(b)=m’(b)

- Z u™ Z tor.c H mn( ep(b
MEMiin (0,k+35_ | |b;|T) PEMiin (1) T be|[¢]l
Zbg|[¢]| a(p(b))=m

where p; € Mgn(|[¢]]) is defined by

pr(b) = #p(b) = > p(b)(ir) (12)

(i,r)ed

for each p € My (J)IPN. For m € Mgy (0, k + 3% [bi|*), let

b
¢(m) = 3 tone ] mn(p(v)o;” (13)
pEMiin (1)1 be|[ell
>be|[eg) @ (P(B))=m

be the coefficient of u™ in A(c).
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Since we want to compute a = ((o(0,k + Zle |b;|T)) defined in @, we
consider the particular case where m = o(0, k + Zle |b;]*). The elements p of
M (NP1 which index the sum satisfy the condition } 5y 1. o (p(b)) =

o(0,k + Zle |b;|T), that is, coming back to the definition of o,

> p®)r) - ([i— 1] +7) = o(0, k+Z|b ). (14)
(i,r)eJ
be|[ell

Since o(0, k+2f:1 b/ T)=10,...,k+ Zl 1 16| T = 1] (see § ), condition

implies that, for each ¢ € {1,. k:} there is exactly one b, (i ) € |[[g0]]| and exactly
one 7,(i) € Mgn(k + 312} |bj|+, |bs]7) such that

p(bo(0) (@7, (8)) # 0,

and we know moreover that p(b,(i))(¢,7,(¢)) = 1 because ¢ — 1 occurs exactly
once in [i — 1]+7,(¢) (since the multisets [ — 1] and r,(7) have disjoint supports
for i =1,...,k). Moreover, since 7,(¢) and 7,(i") have disjoint supports when ¢
and 7’ are distinct elements of {1,...,k}, we must have

i—1
=o(k+ > Ib;|T, b:|) (15)
j=1

by again.

From the first part of these considerations (existence and uniqueness of b, (¢)
and r,(7)), it follows that if b € |[¢]| and (¢,7) € J are such that p(b)(i,r) # 0
then we have b = b,(i) and r = 7,(z), and hence p(b)(¢,7) = 1. In particular,
mn(p(b)) = 1 for each b. Tt follows that

H mn( Gp(b) H H 0(i,7r)p

bellell bellell | Gnet
=b, r,(i)=r

—1
m(bi,S(rp(i), k + > 517, i)

u::]:r

coming back to the definition of 6, see (10). Let H be the set of all p’s satisfying
(14), we have therefore

k
o0k + 316" ) =Dty [T mnlob))oy®
i=1

peH bel[ell
k i—1
=Y e [T (b SOrp(@) b+ Y 1051 )b, i)
peEH =1 j=1

by the observations above

k
= Z lp1,c Hﬂ—(bivo(ov |bi|+))bp(i) by -

pEH i=1
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By our inductive hypothesis about 7(b;,0(0, |b;|7)), all the terms of this sum
vanish, but the one corresponding to the unique element p of H such that
b,(i) = b; for i = 1,..., k. For this specific p, coming back to the definition ([12)
of p1, we have p; = [by,...,bg]. It follows that

k
= C(0(0,k+ > [bil ) = tp,...00.c
i=1
as contended, and this ends the proof of the lemma. O

4.3.1 Main statements. We first state a separation theorem which seems
interesting on its own right and expresses that our testing terms a~, when fed
with suitable rational probability distributions, are able to separate any two
distinct elements of the interpretation of a type.

Theorem 27 (Separation) Let o be a type and let a € |[o]|. Let w,w" € P[o]
be such that w, # w!,. Let n = |a|~. There is a sequence (q;)}—, of rational
numbers such that the element u = Z?;OI gie; of PN satisfies [a™ ] (u)(w) #

[~ ] () (w').

Proof. With the notations of the statement of the proposition, we consider
the functions ¢,¢’ : PN — RY defined by ¢(u) = [a~](u)(w)e and ¢'(u) =
[a~](u)(w')p. By Lemma the morphisms ¢ and ¢’ depend on at most
n = |a|” parameters. In other words, there are ¢,¢' € Pcohi(A,,, 1) such that

n—1 n—1
Yu € PN p(u) = t( ; uiei) and ¢ (u) = t’( ; uiei)

Coming back to (@, we see that the coefficient of ul®"=1] in the expression
of o(u) is u(a,[0,...,n —1])(w), whose value is w, by Lemma In other
words t[g, . n—1),« = W, and similarly t{07.__,n_1],* = w/,. From this, it results
that the functions ¢ and ¢’ from PA,, to R are distinct (because these are entire
functions with distinct power series, which are defined on the subset PA,, of
(RT)™, which contains a non-empty subset of R™ which is open for the usual
topology). Since these functions are continuous (again, for the usual topology),

there is an u € PA,, such that ug,...,u,—1 € Q and t(u) # t'(u). O

Theorem 28 (Full Abstraction) Let o be a type, I' be a typing context and
let M and M’ be terms such that ' =M : 0 and T+ M’ : 0. If M ~ M’ then
[M]r = [M']r.

Proof. Assume that [M]r # [M']r.
Let (21 : 01,..., 2 : 0%) be the typing context I'. Let N = Xa{" --- Aa7F M
and N' = Az7' --- Az7* M’ be closures of M and M’'. Let 7 =01 = --- 0}, = 0.
Let w = [N] and w’ = [N'], we have w # w’ so there is a € |[7]| such
that w, # w’,. By Theorem 27, we can find a sequence (qi)?z_ol of rational
numbers such that for all ¢+ € {0,...,n — 1} one has ¢; > 0 and Z?:_Ol ¢ <1,

and u = E?;Ol gie; € PN satisfies [a™ ] (u)(w)o # [a~ ] (w)(w)o.
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Observe that u = [ran(qo, ..., qn—1)]-
Let C be the following observation context:

crro — (af) ran(qo, .. .,qn_1) )\x‘lfl . )\x‘k{k [ ]Fko—

which satisfies = CT 1, [C[M]] = [a~](u)(w) and [C[M']] = [a~](u)(w’).
Applying Theorem 22] we get that

Red(b)OCO[M] 0 ;é Red(L)%O[M/])Q

which shows that M £ M’. O

4.3.2 Failure of inequational full abstraction. We can define an obser-
vational preorder on closed terms: given terms M and M’ such that + M : o and
F M’ : o, let us write M < M’ if, for all closed C such that + C : o = ¢, one
has Red(1)fg) 0 < Red()Gy a0 - Then it is easy to see that [M] < [M'] =
M < M’ (just as in the proof of Theorem .

The converse implication however is far from being true. A typical counter-
example (which is essentially the same as the example of the Remark following
Proposition is provided by the two terms

My = M\t if(z,0,2 - Q)
My = Mzt if (z,if(x,0,2" - Q), 2 - Q")

One has + M; : v = ¢ for ¢ = 1,2 and the functional behavior of the interpreta-
tions of these terms is given by
[Mi](u) = u
[M5] (u) =
for all w € PN so [M;] and [Ma] are not comparable in P[¢ = (] and never-

theless one can check that My < M;. The proof boils down to the observation
that, for each u € PN, one has [Ms](u) < [M1](u).

00
u20

Conclusion

We have studied an operationally meaningful probabilistic extension of PCF
and, in particular, we have proven a full abstraction result for the probabilistic
coherence spaces model of Linear Logic, with respect to a natural notion of
observational equivalence on the terms of this language.

This observational equivalence can be considered as too restrictive however
since it is based on a strict equality of probabilities of convergence. In the
present probabilistic setting, a suitable distance on terms could certainly be
more relevant, and provide more interesting information on the behavior of pro-
grams, than our observational equivalence relation. The study of such notions of
distance and of their connections with PCSs, based on earlier works by various
authors, will be the purpose of our next investigations. We also plan to extend
our adequacy and, if possible, full abstraction results to richer type structures,
in a call-by-push-value flavored setting.
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