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Abstract. In 1969, Tarski asked whether the arithmetic identities taught in high
school are complete for showing all arithmetic equations valid for the natural
numbers. We know the answer to this question for various subsystems obtained by
restricting in different ways the language of arithmetic expressions, yet, up to now
we knew nothing of the original system that Tarski considered when he started all
this research, namely the theory of integers under sum, product, exponentiation
with two constants for zero and one.

This paper closes this long standing open problem, by providing an elementary
proof, relying on previous work of R. Guréyiof the fact that Tarski's original
system is decidable, yet not finitely aximatisable.

We also show some consequences of this result for the theory of isomorphisms
of types.

1 Introduction

Over forty years ago, Tarski asked whether the arithmetic identities taught in high
school are complete for showing all arithmetic equations valid for the natural num-
bers. The answer to this question has occupied many prestigious mathematicians over
half a century, that gave the answer for various subsystems, the most intriguing one
being the one involving a constant for the number one and the operations of product
and exponentiation, for which a complete equational theory exists and also character-
izes isomorphism in the typed lambda calculus and in Cartesian Closed Categories,
thus exposing interesting connections between number theory, category theory, lambda
calculus and type theory.

Yet, up to now we knew nothing of the original system that Tarski considered when
he started all this research, namely the equational theory of integers under sum, product,
exponentiation and with the two constants for zero and one.

We provide here an elementary proof, relying on previous work of R. Gtyrefi
the fact that the equational theory of the arithmetical system with constants 0 and 1 is
decidable, but not finitely axiomatisable. By “elementary”, we do not mean “simple”,
but we do want to stress the fact that we proceed by a set of transformations of deriva-
tions and formal systems that are well in the tradition of logic and theoretical computer
science.



As a first consequence of this result, we can conclude that the theory of isomor-
phisms of types for bicartesian closed categories is undecidable, a question left open in
[BDCF02].

The paper is organized as follows: subsection 1.1 gives a rather comprehensive
overview of Tarski's High School Algebra Problem, and subsection 1.2 pinpoints its
interest in computer science; section 2 provides a few basic definitions and notations;
section 3 provides a proof that the equational theorfhdb), 1, +, x, ) can be reduced
to the equational theory diN, 1, +, x, 7), modulo the equations and the conditional
equation involving zero that we are taught in high school (figure 2), which in turn gives
a decision procedure for the system; section 4 shows that the the@y®f1, +, x, 1)
is not finitely axiomatisable, and section 5 concludes.

1.1 Tarski's high school algebra problem.

In 1969, Tarski [DT69] asked if the equational thed@ryof the usual arithmetic iden-
tities of figure 1 that are taught in high school are complete for the standard model
(N, 1,4+, x, 1) of positive natural numbers; i.e. , if they are enough to prove all the
arithmetic identities (he considered zero fundamental too, but, probably due to the pres-
ence of one conditional equation, he left for further investigation the case of the other
equations of figure 2, that we are also taught in high school).
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Fig. 1. Equations without zero

(Z1)0xz=0 (Z2)04+z==x (23) z° =1

(24) 0° =0 (z > 0)

Fig. 2. Equations and conditional equation for zero

He conjectured that they wékébut was not able to prove the result. Martin [Mar72]
showed that the identit{€) is complete for the standard mod®&, 1) of positive nat-

! Actually, he conjectured something stronger, namely &histcomplete foN, Ack(n, _, )),
the natural numbers equipped with a family of generalised binary operatdis:, _, ) that



ural numbers with exponentiation, and that the identit&s, (£3), (&), and(&;) are
complete for the standard mod@, x, 1) of positive natural numbers with multiplica-
tion and exponentiation. Further, he exhibited the identity

(xu _|_xu)v X (yv +yv)u — (x’lj _"_x’U)’IJ, X (yu _|_yu)v

that in the language without the constdnis not provable in€. 2 The question was

not completely settled by this counterexample, because it is was only a counterexample
in the language without a constant forthat Tarski clearly considered necessary in

his paper, as well as the constant fpreven if he did not explicitly mention it in his
conjecture. In the presence of a constgrihe following new equations come into play,

and allow us to easily prove Martin’s equality.

la=a a'=a 1*°=1

This problem attracted the interest of many other mathematicians, like Leon Henkin,
who focused on the equalities valid {i¥, 0, +), and showed the completeness of the
usual known axioms (commutativity, associativity of the sum and the zero axiom), and
gives a very nice presentation of the topic in [Hen77].

Wilkie [Wil81] was the first to establish Tarski’s conjecture in the negative. Indeed,
by a proof-theoretic analysis, he showed that the identity

(A" + B*)Y x (C¥ 4+ D¥)* = (AY 4+ BY)* x (C* + D*)V

whereA =1+2,B=1+x2+2?>,C=1+2%,D =1+ 2%+ z* is not provable
in €.

Gurevit later gave an argument by an ad hoc counter-model [Gur85] and, more
importantly, showed that there is no finite axiomatization for the valid equations in the
standard mode(N, 1, +, x, 1) of positive natural numbers with one, multiplication,
exponentiation, and addition [Gur90]. He did this by producing an infinite family of
equations such that for every sound finite set of axioms one of the equations can be
shown not to follow. Gurew's identities, which generalize Wilkie's identities, are the
following

oz

(a8 x (@ 40 = (4 +5) (e 02

where
A=1+=z
Bp=1+z+ -+t =Y lai
C,=1+2"
Dp=1+22 4 422001 = S04 5%
n >3 isodd

extend the usual sunmt, product x and exponentiatiorf operators. In Tarski's definition,
Ack(0,_,_) is the sumAck(1,_,_) is multiplication, Ack(2, _, ) is exponentiation (for the
other cases see for example [Rog88]).

2 He also showed that there are no nontrivial equationgMordck(n, _, 1)) if n > 2.



Nonetheless, equality in all these structures, even if not finitely axiomatisable, was
shown to be decidable [Mac81,Gur85].

As often happens in number theory, these last results use far more complex tools
than simple arithmetic reasoning, as in the case of [HR84], where Nevanlinna theory is
used to identify a subclass of numerical expressions for which the usual axioms for
x, 7 andl are complete.

1.2 Connections with type isomorphisms and applications in library search

Two typesA and B in a given language are callé&sbmorphicif there exist conversion
functionsf : A — B andg : B — A which are mutual inverses [DC95].

From a practical perspective, type isomorphisms are used as a basis for library
search tools of various kind, and one is interested in knowing whether type isomor-
phisms in the presence of sums are finitely axiomatisable, and whether an efficient
decision procedure exists, to incorporate it in library search tools like those described
in [Rit90,DC95].

There is a connection between the characterization of type isomorphisms in typed
lambda calculi and Tarski’'s high school algebra problem: for types built out of type
constructors chosen amongst the unit, product, and arrow, two types are isomorphic if
and only if their associated arithmetic expressions (obtained by interpreting the unit
by the number one, product by multiplication, and arrow by exponentiation) are equal
in the standard model of natural numbers. In this case, type isomorphism (and numer-
ical equality) is finitely axiomatisable and decidable; hence so is the equational the-
ory of isomorphisms in cartesian closed categories. Zibin, Gil and Considine [ZGCO03]
provide very efficientO(nlogn) decision procedures for this system. In the same
vein, Soloviev [Sol93], gave a complete axiomatization of isomorphisms in symmet-
ric monoidal closed categories, and Dosen and Petric [DP97] provided the arithmetic
structure that exactly corresponds to these isomorphisms.

Balat, Fiore and the first author investigated the question as to whether such cor-
respondence was limited to the case of the well-behaved unit, product, and arrow type
constructors and, in particular, if it could be extended to more problematic types in-
volving the empty type and the sum type constructor [BDCF02,BDCF04], with the
following fundamental result:

Gurevi's identities are indeed type isomorphisms, and one can then show that
the theory of type isomorphisms in the presence of the product, arrow, and sum
type constructors is not finitely axiomatisable.

Since nothing was known for arithmetic equality in the presence of zero, one could
not conclude the non finite axiomatizability of type isomorphisms in the presence of
the empty type: it could be the case that, with the zero added, the Gariggntities
collapse into a finite set of equations.

3 For the interested reader, here is how the decision procedure works: from the size of the equa-
tion that has to be verified, it is possible to derive an upper bound; if the two sides coincide for
all values of the variables up to this upper bound, then they coincide everywhere.



Worse than that: even if every isomorphism does produce a numerical etjuality
when the zero constant is added, there is a numerical equality which is not an iso-
morphism, hence type isomorphism and arithmetic equality no longer coincide in the
presence of zero.

With the results of this paper, we can conclude that the family of Géisaidentities
does not collapse in the presence of zero, and hence, even with the empty set, type
isomorphisms are not finitely axiomatisable.

2 Definitions and notations

Definition 1. The terms in(N,0,1,+, x, 1) aret == z|0|1|t + ¢[¢t x t|t’, and
the terms in(N, 1, +, x, 1) aret == x| 1|t + |t x ¢|¢', wherex is a metavariable
denoting a countably infinite set of variabl@s= {x,y, z, ... }. We will use the letters
t,s,u,... forthe terms ofN, 0,1, +, x, 7).

Definition 2. Lett be a term of(N, 0, 1, +, x, 1), we write Var(¢) for the set of its
variables.

Definition 3 (Context). A context— written I, A, ... — is a formula of the proposi-
tional logic with the operators-, v, A, in which the atomic formulas are the:*= 0",
for x € V. We also includél™ (true), and_L (false).

Definition 4 (Exhaustive context).Given A, B C V two finite sets, we I€t4, B] be
the following context:

[A,B] = /\sz/\ /\ -z =0

z€EA z€B\A

A contextl” will be said to beexhaustive fort (a term) if there exist two finite sets
A and B D Var(t) such thatl" is equivalent — as a logical proposition — d, B].

Definition 5 (Syntactically positive terms).A termt in (N,0,1,+, x, 1) is said to
be syntactically positive in context” whenI" is exhaustive fot andVx € Var(¢),
I'= —-x=0.

Definition 6. Lety be a valuation{ : V — N). We write[t], the interpretation ot
relative to this valuation.

Definition 7. Let I" be a context ang a valuation, we write[I], the logical value
defined as follows:
_ [ Tife(z)=0
[» = 0], = {J_ifgo(x) £
[ A A]]w = [F]]w A [[A]]w [V Aﬂsa = [[Fﬂsa v [[Aﬂw [[_‘F]]cp = _‘[[F]]v'
A valuationy will be said tosatisfya contextl” if [I'], = T.

4 A type isomorphism can be turned into a bijection of finite sets, and hence into an equation
between cardinalities, expressed using the arithmetic languages; hence all isomorphisms are
arithmetical equalities.



3 (N,0,1,4, X, T) as an extension ofN, 1, +, X, T)

Introduction In this section we create a formal system (cali#e) that produces “con-
ditional equations” of terms iKN, 0, 1, 4, x, T). That system starts with the equalities
in (N, 1,4+, x, 1) and builds on them. The semantics of this system will be proved to
relate to equality iKN,0,1,+, x, 1) in a fashion that allows us to deduce, first the
relationship between equality N, 0, 1,4+, x, 1) and in(N, 1,4+, x, 1), second that
equality in(N, 0,1, +, x, 1) is decidable.

Definition 8 (The ZP formal system).We define a formal system, which we will call
ZP. It contains two statementsi™ - ¢t = s” and “ I" - ¢ positive”, which are inferred
as described in figure 3.

RemarkInformally, these statements mean: IIfholds, thent ands are equal (respectively:
is positive)”. Proving this is actually the point of proposition 2.

Proposition 1. Lett be a term, and” a context which is exhaustive farThere are a
term¢’ and a derivation that provef' + ¢ = ¢/, where one of the following conditions
holds:

1.¢=0
2. t’ is syntactically positive in context.

PROOF The proof is essentially a reduction by inductiontoand can be seen in ap-
pendix A.1. O

Lemma 1. Lett be a term which is syntactically positive term in contExThere exists
a derivation of the statemeifit I- ¢ positive.

PROOF. With the fact that being syntactically positive extends to sub-terms, plus rules
NO, N1, N3-N5, we have an obvious proof by structural induction. O

Proposition 2 (Semantics of the statements gfP). The following statements hold:
I'Ft = s & Vo satisfyingl™ [t], = [s], @)
I' - t positives Vo satisfyingI” [t], # 0 (2

PROOF The left-to-right implications in (1) and (2) will be proved simultaneously by
structural induction on the derivation of the statement. This is shown in appendix A.2.
In order to prove the right-to-left implication in (1), we will begin by stating that it
is enough to prove it under the following stronger hypotheses:
ForallA C B = Var(t + s),

Vi satisfying[A, B] [t]y = [s]y = [4,B]Ft=s

This is supported by the four quite simple facts about contexts and valuations that
can be found in appendix A.3.



m If condition () holds

(1) : t ands are syntactically positive in context, andt = s in (N, 1, 4, x, ).

szl—xiO

Tl—t—s—()ﬁt E2 THEO+t=1

Ti—txoio E3 THOXt=0
Fl—tposmve

B4zt TrO =0

I'Ht=s
E6| 7=y fa=T

I'Ft=s AkFt=s
I'VArFt=s

-z = 0 F z positive T F 1 positive

' tpositive I'Ft=s I' - t positive
I' s positive I' -t + s positive

I' + t positive I F s positive I' -t positive '+ s positive
I' -t x s positive I' F t° positive

1"+t positive
A+ t positive A =T
I' + t positive A F t positive

I' v At positive

I'Ft=s I'Ft=s I'Fs=u
REAL =y BSMipry=p  IRANS|—y—y,

I'Ft=s .
CONT TrCM =] C|[-] denotes a context with only one placeholder

Fig. 3. Rules of inference of the statemeniS - t = s” and “I" |- t positive” (ZP)

Let us now prove this restricted propertj, B] is exhaustive fot ands so propo-
sition 1 stipulates that there exist some terfremds’, which are both 0 or syntactically

5 Sincet andss are syntactically positive, they contain fipso it is meaningful to ask whether
they are equal as terms @f, 1, +, x, 7).



positive in contex{A, B], such thafA, B] + t = ¢’ and[A,B] F s = s’. Then let
¥ be a valuation that satisfidsl, B], we have[t], = [t'], and[s]y = [s']y, SO
[ty = [s']w-

With what we proved earlier in this proposition (namely the left-to-right implica-
tions), we can state that either:

— t' =0ands’ =0, and[4, B] - t' = ¢ is derived with REFL, or

— t’ ands’ are both syntactically positive. Letbe a valuation with values IN \ {0},
there exists a valuation satisfying[A, B] such thatt'], = [t'],, and[s'], =
[s'],8. Hencet’ is equal tos’ in (N, 1,+, x,T), and we have a derivation of
[A, B] ¢’ = &' with rule EO.

Finally, to prove the right-to-left implication in (2), let us notice that it also suffices,
reasoning like we just did, to prove this whéns exhaustive fot. In that case, propo-
sition 1 implies that there is a terthsuch that” - ¢ = ¢’ andt’ is syntactically positive
in contextI'’, so lemma 1 gives us a derivation Bf- ¢’ positive, and with rule N2 a
derivation of[" I- ¢ positive. O

Corollary 2. Equality in(N, 0,1, +, x, 1) is decidable.

PROOE lItis a known fact that equality iKN, 1, +, x, T) is decidable.
Let ¢ ands be two terms of(N, 0,1, +, x, 7). Let alsoC be the following set of
contexts:
C={[X,Var(t+ )] | X C Var(t + s)}

We contend thatl -t = sifandonlyifVi'e @ I' H t = s. This is a direct
consequence of proposition 2.

By using proposition 1, we get two new terrtisand s’ such thatl” - ¢ = s is
equivalent tol' + t' = s’. Since these new terms are eitleor syntactically posi-
tive in contextl”, the new equality is either obviously true or false, or an equality in
(N, 1,4+, %, 7). We have reduced deciding an equality¥, 0, 1, +, x, T) to deciding
a finite number of equalities ifN, 1, +, x, 1), therefore equality ifN, 0, 1, +, x, 1) is
decidable. O

Conclusion Eventually, we have displayed a formal system whose derivations prove
the equalities ofN, 0, 1, +, x, 1), which are represented by the statemérit ¢ = s.

This statement calls upon equality(N, 1, +, x, ) plus rules depicting the equations:
t+0=t1tx0=0,t"=1and0* =0if t # 0.

4 Axioms of equality in (N, 0, 1, +, X, T)

Introduction Throughout this section (until just before theorem 7, actually) we will
make the assumption that equality (N, 0, 1, +, x, T) has a finite system of axioms,
our goal being to prove the contrary.

8 This is due to the fact that the variablesdncan no longer occur iff or s’, since these terms
are syntactically positive in contgx, B].
" Obviouslyt’ cannot be 0, because of (1).



We first need to modify the formal systefi®, replacing the equality imported from
(N, 1,4+, x, 1) (which appeared in rule EO) with a finite set of axioms. We Z&ll this
new system, which is equivalent € under our finite axioms hypothesis.

We will then use our previous results, along with a few new notations, to prove that
the axioms of equality ifN, 0, 1, +, x, 1), once reasonably “projected” {&¥, 1, +, x, |
), form a finite system of axioms for equality {f¥, 1, +, x, 1), which is known to be
impossible.

In order to realize this projection, we will evolve the syst&im,, gradually, so that
the derivations inZP,, will come to be transformed (also gradually) into derivations in
<N7 ]-a +7 Xa T>

Definition 9 (The ZP, formal system). The formal system we callP,, includes the
same rules agP, except that:

— Afinite set of axiomgl,, ..., A, is added. These axioms are:

— RuleEOis withdrawn.

Definition 10 (Partial evaluation in a given context).Given a contexi’, we define a
partial function’(¢) for the termg for which I" is exhaustive.
It is defined by structural induction on the termas shown in figure 4.

0ifI'=2=0
zif I'=-2x=0

I(t) if I'(s)=0
F(t+S)I{F(5) if I'(t)=0

I'(t) + I'(s) otherwise

r)=0 (=1 I(z)= {

(0 if I'(t) = 0 or I'(s) = 0
I(txs) = {F(t) x I'(s) otherwise

1 if I'(s)=0
rey =40 if I'(t) — 0 andI*(s) # 0
I'(t)F'® otherwise

Fig. 4. Partial evaulation of terms in a contekt

Proposition 3. Let I" be a context and a term such thaf(¢) is defined. We contend
the following properties hold:



agrwdhE

I'(t) is either0, or a syntactically positive term (in contek;
If t is syntactically positive in context thenI'(t) = ¢;

If I'(t) # 0 thenI" I ¢ positive can be derived i#P;

I' - I'(t) =t can be derived irZP withoutEQ;

The converse of 3. holds.

PrROOE

1.
2.
3.

4,

5.

This is trivially proved by structural induction.

Idem, recalling that being syntactically positive extends to sub-terms.

If I"(t) # 0 thenI'(t) is syntactically positive in context, so that the statement
I'  t positive can be derived thanks to lemma 1.

This goes by structural induction onLet us examine further a single case.
Suppose that = s 4+ u, with I'(s) # 0 andI'(v) = 0. By induction there is a
derivationD of I" - I'(s) = s, and a derivatiorD’ of I" - 0 = w.

We build the following derivation:

(D) €20,
I'tI(s)=s I'-0=u
I'FI(s)+0=s40 'Fs+0=s+u
I'-I's)+0=s+u
I'kI(s)=s+u

The last step is actually a contraction of E2 and TRANS, written so for improved
readability. Sincel’(¢t) = I'(s), this is the derivation we wanted. Other cases are
similarly treated (let us notice, although, that wher- s* with I'(s) = 0 and
I'(u) # 0, we need to summon point 3. to get a derivatiod df « positive).

This is a consequence of point 4. and proposition 2.

RemarkThis shows that partial evaluation is actually an implementation of the existential result
in proposition 1.

Definition 11 (The ZP, formal system).The formal system calledP;}, is the system

7Py to which we add the following new axiomy, . .., A}
+ = . .
A Tp, &= Ta, (i) = La, (r4) wherel’y, = (&, Var(l; + )]

RemarkThe “axioms”A;" can actually be derived in the systeff,,, as proposition 3
implies thatl 4, - I'4,(l;) = I; can be derived ilZP, (mutatis mutandis;).

Definition 12 (Local equality statements).The statemenf” - ¢t = s is said to be
localif I" is exhaustive fot + s.

Definition 13. We define two particular sets of rules:

Go = {EL E2 E2',E3 E3’, E4, REFL}

G =GoU{A,..., Ay}



Definition 14 (“L” property). A derivationD in ZP,x will be said to have the property
“L” (or to be an L-derivation), if the following properties hold:

L1 The conclusion oD is A + ¢ = s, and this statement is local.

L2 Any statement' + ¢’ = s’ occurring in D has one of the following qualities:
— I' =T or I = (z = 0) and this statement follows immediately a rulednor
— I' = A (asinLl), and this statement is local.

L3 NoruleE7occursinD.

L4 RuleE6only occurs inD where it follows immediately a rulg € G.

ConditionsL2 to L4 are lifted for any part of the derivation “above” an occurrence of
rule ES5.

Remark The caution of this last sentence is justified by the possibility of equality statements
to appear above an E5, because of rule N2. Practically, in the following proofs by structural
induction on derivations, we will never use induction hypotheses when said derivation ends with
an E5.

Definition 15 (“EL” property). LetG’ = Go U {Af,..., A} }. A derivation inZP;
will be said to have the propertyEL" (or to be an EL-derivation) if it has the proper-
tiesL1 to L4, whereG is replaced withG’ in L2 and L4, and the following two extra
properties :

EL1 No original axiomA; occurs inD.
EL2 For any statemenf’ - ¢ = sin D such thatl"(¢) andI'(s) are defined[(t) = ¢
andI'(s) = s.

We now contend that certain derivations (namely those made in contexts where all
variables are positive) can be transformed intderivations, and then intéL -deriva-
tions, which is the topic of the three next lemmas.

The first of this three lemmas is a plain technicality pertaining-erivations.

Lemma 3. Let D be anL-derivation ofA - ¢t = s. Let alsoA and B be two finite sets
of variables that do not occur id. There exists ah-derivation of AA[A, B] F ¢ = s.

PROOF This is actually quite obvious. All that is needed is to replataevith A A
[A, B] everywher&. It will also be necessary to insert an N6 between the premise and
conclusion of any E5. Also, in the (supposedly rare) situation wheee T, it will be
necessary to insert an E6 after any rillec G. O

Lemma 4. Let D be a derivation of" - ¢t = s in ZP,; and A a context that is
exhaustive for ands, and such thatA = I" holds.

There exists a context’ = [, A] (where the variables i do not occur inA)
and anL-derivation of A A A’ -t = s.

8 Again, this need not apply to any part of the derivation above an ES5.



Remark Since no hypothesis but finiteness is made abowe can safely ignore the case
A = T, thanks to lemma 3.

PrROOF. We proceed by structural induction dn, and distinguish cases according to
the last rule used in this derivation. See appendix A.4. O

Lemma 5. If [&, Var(t + s)] - t = s can be derived irZP,, and if no0 appears in
eithert or s, there exists a finite set of variables (whose elements do not occur in
t + s) and anEL-derivation of A’ = A'(t) = A'(s) in ZP;,, whereA’ = (&, Var(t +
s)| A [, Al.

PROOF. Proposition 4 yields us an-derivation, call itD, of the statement\’ |- ¢ = s.
The EL-derivation will be built by structural induction fromy. Again we distinguish
cases according to the last rule usedinkeeping in mind some structural properties
aboutL -derivations. This is done in appendix A.5. O

We will now introduce a last evolution of our formal system before actually going
to equality in(N, 1, +, x, ).

Definition 16 (The Pu formal system). P is @ sub-system ofP;; which includes
the following rules :

— the axiomsA [, ... A},
— REFL, SYM, TRANS, CONT
— EG6.

RemarqueClearly any statement which can be derivedAy can also be derived in
ZPax.

Corollary 6. With the same hypotheses and notations as in lemma 5, there is a deriva-
tion of [@, Var(t + s)] A [@, A] F t = s in Pa. Moreover, nd) occurs in the terms of
this derivation at all.

PrRooF Clearly theEL -derivation granted by lemma 5 is actually a derivatiorPiq.
The terms of its conclusion have no zeros, and we will prove that if a rule ElLade-
rivation has nd in its conclusion, it can have none in its premise(s).

Af, REFL Those rules have no premises.

SYM, CONT, E6 The terms in the premise are the same as (or subterms of) those in
the conclusion.

TRANS A new term can appear in the premise, but since it is partially evaluated it is
either syntactically positive dr. But since it is derived to be equal to the terms of
the conclusion, and since these are syntactically positive, the “new” term must also
be syntactically positive. O

Theorem 7. The equational therory ofN, 0, 1, +, x, 1) cannot derive from a finite set
of axioms.



PrROOF As we said before, we reas@u absurdumLet us then assume that such a
finite set of axiomgA; }icy1,... ) EXiSts.

Let us also considefh the equational theory ofN, 1, +, x, T) with the axioms
{Aj}ie{l ,,,,, ny (as defined previously). Since these axioms are truéfg (which is
by hypothesis equivalent t6P), they are true ifN, 1, +, x, T) (see proposition 2). So
Th only proves equalities that are true(lN, 1, +, X, 7).

Let nowt and s be two terms that are equal iiN, 1, +, x, ). They support the
hypotheses of lemma 5, sinpe, Var(t + s)] - ¢t = s can be derived iZP (using EO),
thus in ZPgy.

Corollary 6 then yields a derivation af - ¢ = s in Pay, which contains n@ in its
terms.

If contexts are removed from this derivation, the E6 rules can be stripped as well
(they become empty transitions), and we get a derivation in a formal system with
{‘A?_}ie{l,...,n} as axioms, and the usual transitivity, symmetry, reflexivity and context
rules, which is equivalent toh

Therefore any equality ifN, 1, +, x, T) can be derived ifTh. Since it is known
that equality in(N, 1, +, x, 1) cannot derive from any finite set of axioms, we have a
contradiction. O

5 Conclusions

We have proved thafN, 0,1, +, x, T) has a decidable, but not finitely axiomatisable,
equational theory, and clearly shown that the only difference betéégh 1, +, x, 1)
and(N, 1, +, x, 1) is given by the systerfi in figure 2.

As a consequence, the family of Gur&siequalities does not collapse, and we also
obtain the following additional result

Theorem 8. The theory of type isomorphisms in Bi-Cartesian Closed Categories is not
finitely axiomatisable

that closes the long standing open problem of the finite axiomatisability of type iso-
morphisms for the lambda calculus with sums and the empty types.

By using the decidability result fofN, 0, 1, +, x, 1) and the fact that all isomor-
phisms are equalities, we can reject all non-isomorphisms that are also non-arithmetical
identities, but, due to the fact that some arithmetic identities are not isomorphisms of
BiCCCs, itis left open whether such isomorphisms are indeed decidable.

Acknowledgement$he first author would like to thank Claude Kirchner, Vincent Balat
and Christophe Calves for interesting discussions on these subjects.
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A Appendix

A.1 Proof of proposition 1

Let H(t) = #o(t) + 2 X 32, ) p o #a(t), Where#,(¢) is the number of times
occurs int. We proceed by induction in lexicographical order @f(¢), H(t)) where
S(t) is the size of®.

If H(t) =0ort =0, takingt’ = tis OK.

Otherwise, i.e. it £ 0 andH (¢) > 0, t matches one of the following patterns:

® This is the size in the usual meaning: the number of nodes in the syntax tree of



agrLONE
QA QAQ
V)

(C[-] denotes a context with only one placeholder.)

1. The induction hypothesis yields a derivatibnof I = C[0] = ¢’ wheret’ is 0 or
syntactically positive, hence the following derivation:

ThEsx0=0

I'Fsx0=0 (D)

I'kt=Cl0] recpo)=¢
r'et=+

We proceed similarly wheti= C[0 x s], using the rule E3’ instead of E3.
2. The induction hypothesis again yields a derivatiowf I" - C[s] = ¢’ wheret' is
0 or syntactically positive, and we build the following derivation.

TFst0=s

TFst0=s (D)

TFt=Cls] TFCE[=¢
TFi=¢

We proceed similarly wheti= C[0 + s], using the rule E2’ instead of E2.
3. By induction there is a derivatioP of I - C[1] = t’ with a suitablet’, and we

derive:
TES =1

TFT =1 (D)
TFt=C] TFC[ =V

rrt=t

4. By induction there is a derivatioP of I" = C[0] = ¢’ with a suitablet’, and we
derive:

r=0Fx=0

I'Fx=0 (D)

I'tt=C[0] r=cpoj=t¢
I'Ht=+¢t

5. By induction there is a derivatioP of I" = C[0] = t' with a suitablet’, and we
derive:

€20
I' F s positive
I'-0°=0 (D)
I'kt=Cl0] reco)=¢

ret=t¢

Here, we will need the lemma 1 pertaining to the relationship betweenithe “
t positive” statement and being syntactically positive, in order to provide the deriva-
tion D’.



A.2  Proof of proposition 2 (1)
Depending on the last rule used in this derivation, we have:

REFL, E1 to E4 These are trivial cases.

SYM, TRANS, CONT, E5 These are also obvious, using the induction hypothesis.

EO Thanks to thef() condition,V¢ such thawz p(z) # 0, [t], = [s],-
Let ) be a valuation satisfying’; sincet ands are syntactically positive in context
I', necessarily/z € Var(t + s) ¥ (z) # 0, and there exists a valuatignas above
such thaft], = [t]y, and[s], = [s],. Thus[t], = [s], holds.

E6 By induction :Vy satisfyingl’, [t], = [s],. SinceA = I'itis clear that any
valuationy satisfyingA also satisfied”, hencevyp satisfyingA, [t], = [s],.

E7 As well as with E6, any valuatiog satisfyingl” v A satisfies eitherl” or A.

NO and N1 Are also trivial cases.

N2 to N5 The induction hypothesis obviously allows to conclude.

N6 This case is treated like EG6.

N7 Like E7.

A.3 Proof of proposition 2 (2)
We letI” be such that'y satisfyingl’, [t], = [s],-

Fact 1 I" has a logically equivalent form that is written

([A1, BN A V-V ([An, Bl A Ay)

where
— B = Var(t + s),
- Vi Az C B,

— Vi A, is an-formula in which no variable iVar (¢ 4 s) appears.

To draft a proof, let us say that one needs to ptih a normal disjunctive form, call if”,
which is in turn equivalent td” A A, ¢y, (¢45)(# = 0V =z = 0). What remains to be done is
distributing this expression, taking out the antilogic conjunctive clauses, and grouping the atoms
in each clause.

Fact 2 Vv satisfying[A;, B], there is ap satisfying[A;, B] A A; (thus satisfyingl"),
such thaft], = [t],, and[s]y = [s],.

All that is needed is to “change the valuesyofo that it satisfieg\;”, which can assuredly
be done without modifying the value @f(x) for anyz € Var(t + s).

Fact 3 (Vo satisfyingI” [t], = [s],) = Vi (V¢ satisfying[A;, B] [t]y = [s]y)
This is obvious thanks to fact 2.

Fact4 (Vi[A;,BlFt=s)=TFt=s.
One needs only use rules E6 (to bring in thes) and E7.



A.4 Proof of lemma 4

R € G Follow with an E6, withA as new context.
E5 Insert an N6 withA as new context between the premise and conclusion of this E5.
E6 D has the following form :

(D)
I"Ft=s
I'+t=s

wherel” = I'". ThusA = I"” and the induction hypothesis applies to the deriva-
tion of I'" - ¢t = s, yielding the wanted. -derivation.
E7 D has the following form :

(D) (D)
I"'Ft=s I'"+t=s
I'vI"+-t=s

SinceA is exhaustive fot ands, it is aA-formula and eithetd = I or A = I
holds. If for example A = I holds, the induction hypothesis can be applied to
the derivation off” - ¢t = s, yielding the wanted. -derivation.

SYM, CONT Trivial.

TRANS By induction hypothesis we haue-derivations ofA A Ay F ¢ = s and
AN AL s = u Byletting A’ = Ag A A1, and summoning lemma 3 we get
L-derivations ofA A A’ -t = sandA A A’ + s = u. All that is left is to apply
TRANS again.

A.5 Proof of lemma5s

A; followed by E6 UseA;, then E6.

R € G followed by E6 For any rule inGy, when its conclusion is writtel' - | = r
we haveA’ = I' (seelL2, L4), andA’(l) = A’(r) (checking this is easy). The
EL -derivation we want is a suitable use of REFL followed by E6.

E5 Idem.

SYM Immediate induction step.

CONT In this case, th& -derivation(D) looks like this:

(D)
A'Ft=s
A Clt] = Cls]

By induction we have akL -derivation of A’ - A’(t) = A’(s), and one of two
things happens:

— Either A’(t) = A’(s) = 0, and A’ (C[t]) = A'(C[s]) — both areA’(C10]),
which can be derived by REFL + EG6.

— Or A’(t) and A’(s) are syntactically positive in context’, and A’ (C[t]) =
A'(C[D[A(t)] (mutatis mutandis). So we just have to apply CONT again,
with contextA’(C]), to get the desirelL -derivation.

TRANS As SYM, relying onL2 to summon the induction hypothesis.

Propertied_1 to L4 are clearly preservediLO clearly holds, andEL1 as well since
I'(I'(t)) = I'(t) whenever (t) is defined.



