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Curry-style system F, i.e. system F with no explicit types in terms, can be seen as a core
presentation of polymorphism from the point of view of programming languages.

This paper gives a characterisation of type isomorphisms for this language, by using a
game model whose intuitions comes both from the syntax and from the game semantics
universe. The model is composed of: an untyped part to interpret terms, a notion of arena
to interpret types, and a typed part to express the fact that an untyped strategy o plays on
an arena A.

By analysing isomorphisms in the model, we prove that the equational system
corresponding to type isomorphisms for Curry-style system F is the extension of the
equational system for Church-style isomorphisms with a new, non-trivial equation:
VX.A ~, A[VY.Y/X] if X appears only positively in A.

1. Introduction

Types isomorphisms. The problem of type isomorphisms is a purely syntactical ques-
tion: two types A and B are isomorphic if there exist two terms f : A - Band g: B — A
such that f o ¢ = idg and g o f = ida. This equivalence relation on data types allows to
translate a program from one type to the other without any change on the calculatory
meaning of the program. Thus, a search in a library up to type isomorphism will help
the programmer to find all the functions that can potentially serve his purpose, and to
reuse them in the new typing context (Rittri, 1991). This is particularly appealing with
functional languages, because in this case the type can really be seen as a partial specifi-
cation of the program: such a library search up to isomorphisms has been implemented
in particular for Caml Light by Jérome Vouillon. It can also be used in proof assistants
to help finding proofs in libraries and reusing them (Barthe and Pons, 2001) (for more
details on the use of type isomorphisms in computer science, see (Di Cosmo, 1995)).
From a more general point of view, type isomorphisms are the natural answer to the
question of equivalence between types in a programming language.

The question of characterising these type isomorphisms is then a very simple problem
to formulate, however its resolution is often non-trivial, especially when dealing with
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polymorphism like in system F (Girard, 1972; Reynolds, 1974). Roberto Di Cosmo has
solved syntactically this question for Church-style system F (i.e. system F where types
appear explicitly in the terms) by giving an equational system on types equivalent to
type isomorphisms (Di Cosmo, 1995). In a preceding work (de Lataillade, 2007), we
have given a new proof of this result by using a game semantics model of Church-style
system E. In this more geometrical approach, types were interpreted by an arborescent
structure, hyperforests: the natural equality for this structure happened to be exactly the
equality induced by type isomorphisms. The efficiency of game semantics in this context
was an incitement to go further and to explore the possibility of resolving this question
for other languages.

Curry-style system F.  In the present work, we deal with type isomorphisms for Curry-
style system F, i.e. system F where the terms grammar is simply the grammar of the
untyped A-calculus. Although this system appears to be less relevant than Church-style
system F in proof-theory (a term does not correspond exactly to one proof), it is actually
more accurate when we consider programming languages. Indeed, in Church-style
system F, a term ¢ of type YX.A will not have the type A[B/X]: only #{B} will be of this
type; whereas in Curry-style, a term t of type YX.A will have all the types A[B/X], which
is more the idea induced by the notion of polymorphism: the same function may be used
with different types. The typing rules and equalities of this language are presented on
figure 1, where X ¢ I' (resp. x ¢ t) means that the type variable X (resp. the variable x)
does not appear freely in I' (resp. in t).

Compared with this system, Church-style system F has a different grammar of terms:
o= | A () | B | () | o) | AXE] HA)

different typing rules for the quantification:

Frt:A . Frt:VXA
Tr axt vxa D EXel ey (F)
and two additional equalities:
(AXDiA} = HA/X] (B2)
AXHX) = ¢t if X ¢t n2)

As can be seen on the typing rules, a A-term t is of type A if there exists a term f of
Church-style system F such that ¢ is obtained from by erasing all the type indications
(for example, AX.Ax"¥Y AyY x{Y} becomes AxAy.x). In this case, we say that t is the erasure
of f.

The characterisation of type isomorphisms for Curry-style system F is not directly
reducible to corresponding question for the Church-style system F: indeed, types of the
form VX.A and A with X ¢ A are not equivalent in the Church-style setting, but they are
in the Curry-style one (where the isomorphism is realised by the identity). We prove in
this paper that the distinction between Church-style and Curry-style type isomorphisms
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Grammars:
A= X|A-A|IVXA|AXA|L
to= x| Axt | () [ {48 | m(t) | ()
Typing rules:
(ax)

X1 1A, Xy A XA

Ix:A+t:B

- I
I'rAxt:A—>B =0

I'tt:A—>B T'ru:A (= E)
I+ (tu):B

T'rt: A T'ru:B

T Axs D

'rt:AXB 'rt:AXB
— - (XE1 — - (XE2
Frm(): A (XE1) Trmy(t):B (XE2)
T'rt:A

Trrvxa (DifXel

T'rHt: VXA

Trt:AB/X] (VE)

Equalities:

(Ax.tyu
Ax.tx
m((u,0) =
({1, v))

(m1(u), 2 (u))

tu/x]

Il
-

ifxgt

=T Q< =

Type isomorphism:
Ft:A—B

(t,u)s.t. Fu:B— A
Ax.t(ux) = Ax.u(tx) = Ax.x

B)
m
(m1)
(m2)
(x)

Fig. 1. Curry-style system F

can be resumed in one new and non-trivial equation. To express it, one first has to recall

the definition of positive and negative type variables in a formula':

T All along this article we will identify the notions of type and formula (according to the Curry-Howard

correspondence).
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Definition 1. If A is a formula, its sets of positive variables Pos4 and negative variables
Neg , are defined by:

— Posx = {X}, Negy, =0

— Pos; =Neg, =0

— Posaxp = Posa U Posg , Neg . = Neg, U Negg

— Posa—p = Neg, U Posp , Neg,_,; = Posa U Negg

— Posyx.a = Posa \ {X}, Neg,x , = Neg, \ {X}

We also define FTV(A) = Poss U Neg,.
The new equation is then the following:
VXA~ AIVYY/X] if X ¢ Neg,

Itis true in Curry-style but false (in general) in Church-style system F. Note that, although
the isomorphism is realised by the identity, the Church-style terms t : YX.A — A[VY.Y/X]
and u : A[VY.Y/X] — VXA, from which we extract the identity by erasing explicit types,
are not trivial (they will be explicitly described in the proof of theorem 2 at the end of
the paper). This is a difference with Church-style system F, where type isomorphisms
were exactly the expected ones, even if proving that point was not an elementary task.

Type isomorphisms for Curry-style system F are finally characterised by the following
equational system:

AXB=~BxA
AX(BxC)= (AxB)xC
A—-B—-C) = (AxB)—C
A—->BXC)~(A—>B)xA—-0O
VXVYA =~ VYVXA

A — VXB =, VX.(A > B) if X ¢ FTV(A)
VX.(A X B) = VX.A X VX.B
VXA =, A[VY.Y/X] if X ¢ Neg,,

The purpose of this paper is to prove correctness and completeness of this characterisa-
tion by using a game model.

The model. Models of second order calculi do not come about easily due to impred-
icativity. Among the different possibilities, we choose models based on game semantics
because of their high degree of adequation with the syntax: indeed, game semantics
has been widely used to construct fully complete models for various calculi, such as
PCF (Abramsky et al., 2000; Hyland and Ong, 2000), uPCF (Laird, 1997), Idealized Al-
gol (Abramsky and McCusker, 1999), etc. This means that this semantics gives a very
faithful description of the behaviour of the syntax modulo reduction rules in the system.
And this is precisely what we need to deal semantically with type isomorphisms: a
model which is so precise that it contains no more isomorphisms than the syntax.

The present paper introduces a game model for Curry-style system F. This model
was largely inspired by two preceding game semantics works: the PhD thesis of Juliusz
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Chroboczek (Chroboczek, 2003), which presents among others a game semantics for
an untyped calculus that we reuse in this paper; and the game semantics model for
generic polymorphism by Samson Abramsky and Radha Jagadeesan (Abramsky and
Jagadeesan, 2003), from which we will extract many ideas in our context. Other game
semantics models had an influence on our work: Dominic Hughes gave the first game
models of Church-style system F (Hughes, 2000) and introduced the notion of hyperforests
that we reuse here; Andrzej Murawski and Luke Ong presented a simple and efficient
model for dealing with affine polymorphism (Murawski and Ong, 2001), and their
presentation of moves inspired ours.

It shall be noticed that the design of our Curry-style game model is actually very
connected to the concepts present in the syntax: the notion of erasure we introduce is of
course reminiscent of the erasure of types in a Church-like term to obtain a Curry-like
term. This is no surprise as we need a model describing very precisely the syntax (that
is why, in particular, one cannot be satisfied by an interpretation of the quantification as
an intersection or a greatest lower bound). The specificities of (HO-)game semantics, as
for example the arborescent structure that interprets types, are however decisive for our
demonstration.

Finally, the model we present in this paper is not a model for every equalities of
Curry-style system F: the n-rule and the subjective pairing are not preserved by the
interpretation. However, if they are oriented as reduction rules, they are interpreted by
an inclusion in the model. One part of the job is to prove that this modelisation is strong
enough to capture type isomorphisms.

2. Prolegomena on game semantics

Game semantics is the main technical tool used in this work. But as we will focus later
on very specific details related with the introduction of polymorphism, we present in
this section the basics on HO-style game semantics and its key ingredients*:

— arenas which interpret types geometrically

— strategies which interpret terms dynamically

— the property of innocence, a constraint on strategies which connects them stronger
with syntax

— the notion of interaction which determines the way that two strategies can combine
to generate a new one.

The definitions given below correspond to the standard presentation of games as a
modelisation of the language PCF or, more modestly, of the simply typed A-calculus.
As most of the notions will be redefined later in a polymorphic setting, we will refer to
these games as HO-games, and use the terminology HO-arenas, HO-strategies, etc.

¥ For a more complete description of these games, see (Hyland and Ong, 2000) or (Harmer, 1999).
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2.1. HO-Arenas

Game semantics is based on a conflict between two players, Player P and Opponent
O. Intuitively, the Player is the program in execution, whereas the Opponent is its
environment (e.g. the value of its parameters). The two players interact by playing
moves in an arena. More formally, if we note X the set of type variables:

Definition 2 (HO-arena). An HO-arena A = (Es, A, +, D) is a set E4 of moves together
with a function of polarity A : E4 — {O, P}, a partial function of decoration D : E4 — X
and a relation of justification  C E4 + (Ex X E4), with the following properties:

— thereisnocyclexFxq k- Fx, Fx

— if - x then A(x) = O

— if x F y then A(x) # A(y).

The polarity indicates by which player a move can be played. The relation of justifica-
tion says the following: if - m then m can be played by its player (necessarily O) without
restriction; if m + n then n can be played only if m has been played earlier (necessarily
by the other player). The decoration is not standard in HO-style games: it corresponds
to the indication of a type variable; for example, in the arena corresponding to X — Y
there will be two moves, one with the decoration X and the other with the decoration Y.

On a given HO-arena, we can define a set of initial moves I, C E4 by:
In={x€Eas|Fx}
and a partial order < by:
x<yedzi,...,zp, XbZ1 kb zZp b Y

We can recover the relation of justification if we know only I and <:

— rxiffxel
— xtyiffx<yandx<z<y= (z=xVz=y).

2.2. Constructions on arenas

In what follows, we note E + F the disjoint union between twosets Eand F.If f : E — G
and g: F — G are two partial functions then [f, ] : E + F — G is defined by:

f(x) ifx € Eand f(x) is defined

[f, glx) = {g (x) ifx € Fand g(x) is defined

The aromic HO-arenas are:
— T=(0,0,0,0)
— 1= ({.}/ L o O/ {.}/ 0)
— X =({e},0 1> O, {e}, 0 > X).

Given two HO-arenas A = (Ea, Aa,Fa,Da) and B = (Eg, Ag, +p, Dg),we define the
product HO-arena A X B = (Eaxg, Aaxs, Faxs, Daxg) and the arrow HO-arena A — B =
(Ea>B, Aa—B, Fa—s, Da—p)) by:
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— EAXB =EA+EB EA—>B =EL4+EB

— Aaxs = [A4, AB] Aasp = [Aa, Al

— FAxB = kA +FB Fasp = (Fa\la) + g + (Ip X [4)
— Daxp = [Da, D] Da—p = [Da, Dsl

O ifA(x)=P

where A(x) = {P A = 0

2.3. Plays and strategies

Definition 3 (HO-justified sequence, HO-play). An HO-justified sequence on an HO-
arena A = (Es, A, +, D) is given by a sequence s = m; ... m, of elements of E4 and a partial
function f : {1,...,n} — {1,...,n} such that: if f(7) is not defined then r my;, and if (i) = j
then j <iand m; + m; (we then say that m; justifies m, or that there is a pointer from m;
to m;).

An HO-play is a HO-justified sequence s = x1 ...x, such that: forevery 1 <i <mn,
— if A(x;) = P then A(xj41) = O
— if A(x;) = O then A(x;+1) = P and D(x;+1) = D(x;) (which also means that D(x;;1) is

undefined if D(x;) is undefined).

We note PHO (resp. EHC) the set of HO-plays (resp. the set of even-length HO-plays)

on A.

Let s and t be two HO-justified sequences on A, we write ¢ < s if t is a prefix of s.

Definition 4 (HO-strategy). An HO-strategy 0 onan HO-arena A = (E4, A, +, D)isanon-
empty set of even-length HO-plays on A, closed by even-length prefix and deterministic:
if sm and sn are two HO-plays of ¢ then sm = sn.

If 0 is an HO-strategy on A, we note ¢ : A.

An HO-strategy is simply the description of a behaviour of P: given a certain history
and a move of O, it gives a unique move played by P as a response. HO-style game
model interpret terms as strategies, thus confirming the above intuition of identifying P
with the program or, more precisely, with the behaviour of P.

Buy we do not have at this point a strict identification between terms of the syntax
and HO-strategies: there is still too much freedom in the behavior of P. The first thing
to add to constraint it is a property of innocence:

Definition 5 (view, innocence). Let s be an HO-play, its view "s™ is defined by:
— Te'=¢
— "sm="s"mif A(m) =P
— "smM'=mifrm
— Tsmtn™ = "s'mn if A(m) = O and m justifies n.
An HO-strategy o : A is called innocent if, for any HO-play sm of o, the move which
justifies m is in "s™, and if we have: for any smn € o, t € o, if tm is a play on A and
Tsm™ = "tm™ then tmn € o.
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According to that definition, what really matters in an innocent HO-strategy is its set of
views. However, considering all the HO-plays of an HO-strategy will become necessary
when dealing with composition.

HO-trategies that correspond to A-terms are winning HO-strategies:

Definition 6 (winning HO-strategy). An HO-strategy ¢ on the HO-arena A = (Ex, A, +

, D) is called winning if the following conditions are satisfied:

— 0 is innocent

— the set of views of ¢ is finite

— o is total on A: for every HO-play s € 0, if sm € P[0 then there exists a move 1 € Ex
such that smn € o.

It can then be proved (cf. (Hyland and Ong, 2000)) that, if an HO-arena A comes from
a type T, any winning strategy o on A is the interpretation of a simply typed A-term ¢
of type T. A similar result of completeness can be given for games interpreting Church-
style system F (see (Hughes, 2000)), but in the case of the present paper completeness is
not a necessary result.

2.4. Interaction

The central mechanism of game semantics is the notion of interaction: two HO-strategies
0:A — Band 7:B — C can interact to give rise to a new HO-strategy 0;7: A — C, the
composition of o and 7.

The intuitive idea is the following: as the polarity on B is reversed in B — C, the
HO-strategy t will play the role of the Opponent on this part, whereas ¢ will play the
role of Player: this generates a dialogue between the two players on the common part B.
Then, to obtain a strategy on A — C, it suffices to keep record of the dialogue on A and
C, and to forget the part of the dialogue played in B.

This dialogue interaction is the reason why we say that game semantics offers a
dynamical approach to cut-elimination; in fact, this dynamical process is a feature from
which we will take great advantage in the present work.

To express these ideas more formally, we begin with the restriction of an HO-justified
sequence to a part of its HO-arena:

Definition 7 (restriction). Let s be an HO-justified sequence on an HO-arena A =
(Ea, Aa,Fa,Da), and let B = (Eg, Ag, 5, Dp) an HO-arena such that Eg C E4, <p C <4 and
Aa (resp. D) coincides with Ag (resp. Dg) on Eg. Then the restriction of s to B, denoted
s, is the HO-justified subsequence of s obtained by keeping only the moves of Eg, with
the associated pointers as long as we stay in Ep.

Suppose now that there is another HO-arena C = (Ec, Ac, ¢, Dc) such that Ec C Eg,
<c € <c and A4 (resp. D) coincides with Ac (resp. D¢c) on Ec. Then the restriction of
s to B, C, denoted s [, is the HO-justified subsequence of s obtained by keeping only
the moves of Ep or Ec, with the associated pointers as long as we stay in Eg or in Ec,
and additionnal pointers from moves m; of Eg to moves m; of Ec if there exists a move
m3 € EA\(Ep U Ec) such that mj justifies m; and m; justifies ms3.
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We can now define composition:

Definition 8 (HO-interaction sequence, composition). An HO-interaction sequence
between A, B and C is an HO-justified sequence s on (A — B) — C such that s [4 3,
sg,c and s, c are HO-plays. The set of HO-interaction sequences between A, B and C
is denoted Int?°(A, B, C).

Let 0 and 7 be two strategies. We call composition of ¢ and 7 the set

o;t={ulaclue II‘ltHO(A, B,C), ulgcetandulap € o}

It can then be proved (cf. (Hyland and Ong, 2000; Harmer, 1999)) that o; 7 is a strategy.

2.5. Category of HO-games

To conclude this introductory section on game semantics, we present how to buil a
cartesian closed category of HO-games. The interpretation of the syntax is actually
given most of the time through this category.

The identity HO-strategy on the HO-arena A is

idf0 ={se &0, | Vte&l9,, t<s=tla=tla)

where A; (resp. Ap) is the left (resp. right) copy of A in the disjoint union A + A.

The category of (innocent) HO-games is defined as follows:

— objects are the HO-arenas

— a morhism between A and B is an innocent HO-strategy on A — B
— the identity on A is id"°

— the compositionof 6: A - Band7:B — Cisg;7: A — C.

This category is equipped with the following morphisms:

— trivial strategy:

MO =fe): AT
— projections:
0 = (s € &Yy p | VEEE g, t<s=tlp=1tp): AXB—B
nlgo ={se 8?&3—%2 | vte 8ES<B—>Az't <s = Ha=Hal AXB— A

— pairing:ifc: A - Bandt: A - C,

{(o,T) ={s € SES(BXQ | sfTasp€ocandsfascet):A— (BXC)
— evaluation :
HO _ HO HO
eval = [se St —BxAr—By | TEE€ EUpap

b<s=>tla=tla, ALl=t5) :(A>B) X A—>B

— abstraction : if 0 : A X B — C, A(0) is the HO-strategy on A — (B — C) whose
HO-plays are the same as those of ¢, but seen as HO-plays on A — (B — C)
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These morphisms make the category cartesian closed, as proved in (Harmer, 1999).
Note that if we forget the property of innocence, we loose the cartesian closed structure.

So, the somewhat sophisticated definitions of HO-style game semantics describe sim-
ple and efficient geometrical intuitions to modelise the syntax. This is the reason why
games are used in the present work as a semantic tool: the strong intuitions they give
can enlight even difficult syntactic questions.

3. General definitions

In this section we give general constructions that will apply on the different grammars
we use in the model. These constructions are derived from usual HO-games notions
given above.

3.1. Mowves

We consider the set of type variables X, Y, ... to be in bijection with IN\{0}, and we will
further write this set X = {X; | j > 0}.
All along this article, we define several grammars of the form:

wre=Tul lul aipl j (i€l jeN)

Let us write M for the set of words (often called moves) defined by this grammar.

Intuitively, the token T (resp. |) corresponds to the right side (resp. the left side) of
an arrow type, the a;’s are related to additional (covariant) connectors, the constants
j € IN\{0} correspond to free type variables X; and the constant 0 corresponds either to
bound type variables or to L.

On such a grammar, we define automatically a function A of polarity, with values in
{O, P}

— A()=0
— ATw) = Maip) = M)
— A(lp) = Aw)

where O =Pand P = O.
We also introduce an enabling relation - € M U (M x M):
— F ]
— if+ ythent aju, and + Tu
— if - yand F ' then Tp+ Ly’
— ifut+p thenaju b a;p’, Tur Ty and Ju Ly’
which induces a partial order < for this grammar by reflexive and transitive closure. If
F 1 we say that p is an initial move (in which case A(u) = O).

3.2. Substitution

As we want to deal with polymorphism, we need some operations acting directly on the
leafs j:
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— a function §f of leaf extracting:

- HG) =7
- H(Tw) = Bp) = Haip) = #w)
— an operation of substitution u[u’]:
- =y
= Tulwl =Tl dplw]l = Lulp']) and aipfp'] = ai(ulp'])
We say that uj is a prefix of py if there exists u’ € M such that p; = pi[p’]. This is
denoted 1 CF po.

3.3. Plays and strategies

Definition 9 (justified sequence, play). A justified sequence on a given grammar is a
sequence s = U1 ... U, of moves, together with a partial function f : {1,...,n} = {1,...,n}
such that: if f(i) is not defined then + u;, and if f(i) = j then j <iand y;  y;: in this case
we say that y; justifies y;, or that there is a pointer from y; to y;.

A play on a grammar is a justified sequence s = i ...y, on this grammar such that,
foreveryl<i<n-1:

— if A(y;) = P then A(uiz1) = O
— if A(u;) = O then A(ui1) = P and f(p:) = #(piv1)-

We note E the set of plays of even length. If s and t are two plays, we note t <sif tis
a prefix of s.

The definition of a play implies that if suv is an even-length play then #(u) = #(v). This
will be a very significant property in our model.

Definition 10 (strategy). A strategy o on a given grammar is a non-empty set of even-
length plays, which is closed under even-length prefix and deterministic: if sy and sv

are two plays of o then su = sv.

Definition 11 (view, innocence). Let s be a play on a grammar, we define its view "s™

by:

— Tel=¢

— Tsu="sTuit A(u) =P
— syl =pifrp

— Tsutv™ = Tsuv if A(v) = O and u justifies v

A strategy o is called innocent if, for every play sv of o, the justifier of visin "s™, and
if we have:ifsyv € g, t € g, tpisaplay and "su™ = "tu™ then tuv € o.

Definition 12 (bi-view). A bi-view on a given grammar is a justified sequence s =
Hi... Uy (With n > 1) such that any move is justified by its predecessor. The set of

bi-views is denoted BYV.
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3.4. Composition

Composition is usually defined between strategies on arenas of the form A — B and
B — C. We are going to define it in a context where arenas do not explicitly exist, but are
however represented by the tokens T and |.

Definition 13 (shape). LetC € ({T, l}U{ailier)*, amove p is said to be of shape Cif CO C p.
Let X be a finite set of elements ; € ({T, l} U {ai}ic1)". A justified sequence is said to be
of shape X if each of its moves is of shape (; for some j. A strategy is of shape L if each
of its plays is of shape X.
In the case where X = {T, ]}, we say that the justified sequence (or the strategy) is of
arrow shape.

Consider a justified sequence s = yj ... u,, we define the sequence s as the restriction
of s to the moves of shape C where the prefix C has been erased, and the pointers are given
as follows: if y; = Cu! is justified by u; = Cy; in s, then the corresponding occurrence of
w is justified by '

Suppose C, & € (T, 1,7, 1}*, and consider the restriction s’ of s to the moves of shape C,
and to the moves of shape & hereditarily justified by a move of shape C. The justified
sequence s[¢ ¢ is defined as the sequence s’ where each prefix C (resp. &) has been replaced
by T (resp. |), and where pointers are defined as follows:

— if w; = Cu! (resp. w; = &) is justified by y; = Cy; (resp. yj = Ey;) in s, then the
corresponding occurrence of Tu! (resp. [u}) in s« is justified by Ty; (resp. l,u;)

— if u; = &u; is hereditarily justified by p; = Cy; in s with + p/ and + y; ([u;. is then
necessarily unique), then the corresponding occurrence of |y is justified by the
corresponding occurrence of T [u;..

Definition 14 (interacting sequence, composition). Aninteractingsequences= ;... u,
is a justified sequence of shape {T, T, ll} such thats[1 1, s 1,1, and s[y | are plays. The
set of interacting sequences is denoted Int.
Suppose we have two strategies o and 7. We call composition of o and 7 the set of
plays
o;t={ulyyluelnt, uly 1€ tand ul ) € o)

0,7 is a strategy: this can be proven like in the standard HO-style game model.
Moreover if o and 7 are innocent then ¢; 7 is innocent.

Definition 15 (totality on a shape). Let o be a strategy and C € ({1, |} U {a;}ie1)*. We say
that o is total on the shape C if, for every play s € o of shape (, for every move u such
that su is a play of shape (, there exists a move v of shape C such that suv € ¢.

3.5. Presentation of the Curry-style model

Our model is defined through three grammars:

— Xiis the grammar of untyped moves which generate the untyped model to interpret
untyped lambda-terms
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General definitions ®p-10-12)

Grammar p == Tu | lp| aip] j
H() : leaf extraction (€ IN)

A(u) : polarity (€ {O, P})

+ : enabling relation

plu’] : substitution

Justified sequence, play, strategy

Arenas Pp-18-2D)
Hyperforests Pp-2629)
Interpretation of types or P
Grammara :=1a| la| ra| la| xa| j Arborescent representation of types
= occurrences A Hp = (Fa,Ra, Da)
Oy : set of occurrences ref,, : reference
L, : function of linkage A AAH'_)/E: fry - friends
paux , : auxiliary polarity
&
Typed model (Pp-21-25)
Untyped model ®Pp-1418)
niyped mode Interpretation of Church-style terms
Interpretati f A-t = B i
pretation o erms - erase = & 0 A Grammar m Tm| Im| rm| Im| ¥°m| j
Grammar x == Tx | [x| rx| Ix]| j = typed moves M
= untyped moves X Typed strategy & :: A
Untyped strategy o Symbolic strategy 6 : O plays X;
H if ity : unt d t i ity :
yperuniformity : untyped copyca realisation Uniformity : typed copycat

Level of B : move at which %8 is played first

Curry-style model (Pp- 25-26)

o:Aif
o 0 hyperuniform
e 15 :: A uniform realisation of ¢

Fig. 2. Summary of the model
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— A is the grammar of occurrences which are used for the interpretation of formulas
— M is the grammar of typed moves which generate an interpretation of the terms of
Church-style system F.

The interpretation of Curry-style system F in the model will be as follows:

— atype A will be interpreted as an arena (also denoted A), i.e. a specific structure based
on the grammar A

— a term ¢ of type A will be interpreted as a strategy o on the grammar X, with the
condition that this strategy has a realisation &, defined on the grammar M and
played on the arena A (this will be denoted & :: A)

— two additional properties are required: hyperuniformity which applies on o, and
uniformity which applies on &.

We have summarised on figure 2 the different parts that compose the model, with the
specific operations for each part that will be defined later. This diagram is intended to
serve as an index to locate in which context each of these operations is defined.

In what follows, we first define the untyped model to interpret untyped lambda-
terms, then we define arenas and typed strategies on arenas, and finally we introduce
the notion of erasure and set up our mmodelisation of Curry-style system F. Next we
prove, using this model, our result on type isomorphisms.

4. The untyped model

In this section we give a semantics for the untyped A-calculus with binary products,
i.e. for the calculus of figure 1 restricted to the language of terms with their reduction
rules. This model is largely inspired by the work of Juliusz Chroboczek in his PhD
thesis (Chroboczek, 2003).

Note however that we do not obtain a model in the usual sense: the equalities of
the syntax are not equalities in the interpretation. But we will show that, if we give an
orientation to the rules of the syntax, these oriented rules will correspond to an inclusion
in the interpretation: we can say then that we have a model of the reduction. We will
however make use of the word model for simplicity, keeping this restriction in mind.

4.1. A confluent calculus

On the Curry-style terms, we consider the rewriting system — defined by the following
rules:
Ax.tyu g tu/x]
Ax.tx >, t six ¢t
(), m(t))  —»x t
m(tu) Hn t
ot u)) >n, U
We know from (Klop, 1978) that this system is not confluent for the terms of A-calculus
with products. But we will show that, if we restrict ourselves to well-typed terms of the
Curry-style system F, then it is confluent.
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We first check that, in the Curry-style system F, if ' - (¢, u) : A then either A = Bx C
or A = VX.B. Similarly, if I' + Ax.t : A then either A = B — C or A = VX.B. This allows
to conclude that terms of the form m;(Ax.t), ma(Ax.t) or ({t, u))v are not well-typed in the
Curry-style system F.

The system —» is locally confluent: given the preceding remark, the only true critical
pairs are created by the following terms:

— (Ax.tx)u where x ¢ t
— Ax.(Ay.t)x where x ¢ ¢
— i ({ma(t), ma(t)))

— ma({mi(t), ma(t)))

and they can be closed trivially.
Lemma 1. The rewriting system —» terminates on well-typed Curry-style terms.

Proof. We note —»4, the union of the rules -, >, and —,, and -»,x the union of the
rules -, and —»«. We want to show that

-»" = —»;n—»:’X

It suffices to check that any rule —», or - used before a rule =g, >, ou —»r,
can be delayed after one or several rules of this kind, or even forgotten. Indeed,
11 ({1 (t), m2(t))) »x 11 (t) canbereplaced by 1 ({11 (t), 12(t))) =, m1(t), (Ax.(Ay.H)x)u -,
(Ay.t)u —»p tlu/x] with x ¢ t can be replaced by (Ax.(Ay.t)x)u —»p (Ay.t)u -4 tlu/x],
etc. The only cases that should be a problem are when we have terms of the form
(r1(Ax.t), m(Ax.t))u or 11 (Ax.(t, u)x), but as seen above such terms are not well-typed.

The rewriting system —» trivially terminates (the size of terms decreases). Concern-
ing —» gy, its termination is a well-known result (cf. (Girard, 1972)). [

Local confluence and termination allow to conclude :

Corollary 1. The rewriting system —» applied to Curry-style system F is confluent.

This result is essential for our work. Indeed, as we previously said, the interpretation
defined futher will be a model for the reduction, in the sense that any reduction in
the syntax will be interpreted by an inclusion. But an equality in the syntax will not
necessarily correspond to an equality in the model. When talking about isomorphismes,
we focus on an equality between two terms v = Ax.t(ux) and w = Ax.x. Fortunately, w is
anormal form for the system —». Then, confluence allows us to say that v can be reduced
into w, and its interpretation is included in the interpretation of w.

4.2. Untyped moves
The grammar of untyped moves is the following:
xu=Tx| x| rx| Ix| j (jeNN)

The set of untyped moves is denoted X.
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The justified sequences, plays and strategies induced by this grammar will be called
untyped justified sequences, plays and strategies.

4.3. Basic strategies

We define the following strategies:

— identity:
id ={s € [E| s of arrow shape and Vt € E, t <s = t[1=t[}
— projections:
i, ={s € E| sof shape {T,lr,ll}and Vt € E, t <5 = t1=t],}
m={s € E| sofshape (1,1, ll}and Vt € E, t <s = t[4=t}}
— evaluation:

eval = {s € E| sof shape {1, lIT, L], lr}and Vt € E, t <5 = t)= {0 Afl=1t1y)

We also define three basic operations on strategies:

— pairing without context: if ¢ and 7 are two strategies,
(0,7)a ={s € E| sof shape {r,]} and s[; € 0 and s, € 7}
— pairing with context: if o and 7 are two strategies of arrow shape,
(o,7)p ={s € E| sof shape {1, T],]l} and sy} € 0 and 5Ty} € T}

— abstraction: if ¢ is a strategy of shape {T, |7, LI}, A(0) is the strategy of shape {17, T, l}
which is deduced from o by replacing each move Tx by T7x, each move |rx by T]x
and each move |lx by |x.

4.4. Hyperuniformity

We have enough material to define our untyped model. However, our use of untyped
strategies in the Curry-style model forces us to impose new requirements: for example,
consider the formula X; — Xj. It would be reasonable to think that the innocent strategy
o whose set of views is {¢, T1- |1} has this type. However, because we deal with a Curry-
style model, any strategy of type X; — X should also have the type VX;.X; — X, and
thus A — A for any A, and should be able to do a copycat between the left and the right
side of the arrow.
This is the meaning of the notion of hyperuniformity defined below.

Definition 16 (copycat extension of an untyped play). Let s = x;...x, be an untyped
play, x; an O-move of s and v = y;... Yp € BYV. Suppose s = s1xixi+152. The copycat
extension of s at position i with parameter v is the untyped play s’ = cc*(i, v), defined by

— s =sixi[ylxialnlsa ifp =1
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— s = sixi{y1lxia[yilxia [y lxilyel - . xivalyplxilyy] if p even
— ¢ = sixi{yilxia[yilxia [y lxilye] - - xilyplxialyp] if p > 1 and p odd

Definition 17 (hyperuniform strategy). An untyped strategy o is called hyperuniform

if it is innocent and if, for any play s € 0, any copycat extension of s is in o.

Lemma 2. The identity strategy, the projections and the evaluation strategy are hyper-
uniform. If 0 and 7 are hyperuniform then (g, 7) and A(o) are hyperuniform.

The preceding lemma is straightforward. The interesting case is composition:
Lemma 3. If 0 and 7 are hyperuniform then o; 7 is hyperuniform.

Proof. Let us consider a play s = x1.. .Xp € 0;7, an O-move x; of s and a bi-view
v =Y1...Y;. We have to prove that s’ = cc*(i, v) belongs to o; 7.

There exists a justified sequence u such that u 1= s, u 1€ 0 and u [y 1€ 7. If
u = t1x;by ... byxi+1t2, we build a new justified sequence U depending on the value of p :

— ifp=1,U=txi[yilbilya]. .. bglyalxiva[yalta
— if peven,
U = tix{ylbilyal. .. bylyilxialyalxialy21bly2] - . . bily2lxily2]
...... Xir1[yplbglypl - - - balyplxilyy]
— ifpoddandp > 1,
U = tixi[yilbilyil.. . bylyilxiclyalxialy2lbgly2] . . bily2lxily2]
...... xilyplbilypl . . . bylyplxivily,]

We have U1, € 0 and U4, 1€ T by hyperuniformity of o and 7. So, U[y,=5" € 0; 7.
U

4.5. Interpretation of the untyped A-calculus with binary products

We now present the interpretation of the untyped calculus. Instead of directly interpret-
ing terms, we interpret sequents of the form I' ¢, where t is a term and I is simply a list
of variables that includes the free variables occurring in £.
The interpretation is as follows:
[[,x+x]=mn
[T,y+x] =m0+ x]
[T+ Ax.t] = A(IT, x + t]))
[T+ (tu)] = ([T + ¢, [T + w]l); eval
[T F <t wp] =<0T F £, 0T F ]
[T+ O] = [T+ ;7
[T+ (O] = [T + t1; 7,

From lemmas 2 and 3 we derive:
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Lemma 4. Let { be a term whose free variables are contained in the list I, then [[T" + ] is
a hyperuniform strategy.

What we have obtained up to now is not a model of system F. However we have a
characterisation of the reduction in our context:

Proposition 1. Let t and u be two terms whose free variables are contained in the list I'.
Ift »uthen [T+ t] [T+ u].

Proof. The relation o C 7 is reflexive and transitive, and it is a congruence for every
construction used in the interpretation: if ¢ C 7 then

— A(0) € A7)
— (0, p)x € (1, p) for any untyped strategy p
— 0;p € 1;pand p;0 C p; T for any strategy p.

If t »g uthen [T+ t] = [T + u]: indeed, in the cartesian closed category of HO-games
the partial order X is a reflexive object, which means that the f-equality is an equality in
the interpretation (see (Barendregt, 1984)).

If x ¢ t then [[T" + Ax.tx] is the restriction of [I + t] to the plays of shape {17, T, |}
If t = (m1(u), mo(u)) then [T + t] is the restriction of [I' + u] to the plays of shape
{17, 11, L}
Finally, if t =, uort ., uthen [+ ¢] = [T + u]. ]
Corollary 2. Let us consider the strategy
a={s€E| sofshape {Tr,l}and Vt € E, t <5 = t[},= t]}

If t = Ax.tg and u = Ax.ug are two closed terms such that Ax.t(ux) = Ax.x then «; [x +
uoll; a; [x + o]l C id.

Proof. We note 0 = a; [[x  uoll; a; [x + to]. It is easy to see (by induction on #j) that
a; [+ Ax.t(ux)] = 0. Moreover, and Ax.x is a normal form for the reduction system —», so
Ax.t(ux) - Ax.x by confluence of —-. Thus, as a; [ Ax.x] = id, we have ¢ C id. O]

5. Arenas
5.1. Interpretation of a formula

In this section we introduce the notion of arena, the structure that will interpret Curry-
style types. This structure is very similar to the one presented in (Abramsky and Ja-
gadeesan, 2003).

We define the following grammar of occurrences:
ax=Tal la| ral la| %a| j (jeNN)

The set of all occurrences is denoted A.
We define a translation & from A to X: &(a) is obtained by erasing all the tokens % in
a. Inductively:
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— &) =i
— &(xa) = E@)
— E(aa) =a&@)ifa e, |,11}.

The syntactic tree of a formula A is a tree with nodes labelled by type connectors
(=, %, V) or integers, edges labelled by the tokens T, |, #,1, %, and possibly some arrows
linking a leaf to a node. It is defined as follows:

— T, isreduced to a leaf 0

— T, is reduced to a leaf i

— Ta-p consists in a root — with the two trees T4 and T as sons; the edge between —
and T4 (resp. Tg) is labelled | (resp. T)

— Taxg consists in a root X with the two trees T4 and Ty as sons; the edge between x
and T4 (resp. Tp) is labelled [ (resp. r)

— Tvyx,.a consists in a root ¥ with the tree T as unique son, where T is deduced from T4
by linking each of its leafs labelled by i to its root, and relabelling these leafs by 0;
the edge between V¥ and T is labelled *.

A maximal branch in a syntactic tree is a path from the root to a leaf; it will be described
by the sequence of labels of its edges, with the index of the leaf at the end of the sequence.
Such a maximal branch is then an occurrence.

The set O4 of occurrences of a formula A is the set of maximal branches of T4. We
define a function of linkage L4 : Ox — A U {1} as follows: if the leaf reached by the
maximal branch 7 is linked to a node ¢, then L4(a) is the sequence of labels of the edges
we cross to reach c starting from the root, with a 0 at the end; otherwise, La(a) = t.

The structure (Oy4, L4) will be called an arena. It will also be denoted A, with no risk
of confusion.

Example: The type A = VX;.(X1 — ((VX2.X2) — (X3 X 1))) has the following syntactic
tree:

!

N

SN
v

Co 3

(7

0

v
*

\0
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Its set of occurrences is then:
Oa ={x10, xTL %0, *T7I3, x 1170}

And its function of linkage is given by:

La(x]10) = %0
LaxTL*x0) = *T|*0
Lua(xT113) = t
Lu(xT170) = t

Definition 18 (arena). An arena A is defined by a finite set Oy C A and a function of
linkage L4 : Ox — A U {1} satisfying the following conditions:

— Oy, is inhabited: da € Oy, +a

— Oy is non-ambiguous: Ya,a’ € Oy, if E(a) CF E(a’) thena = o’

— forevery a € Oy, either La(a) =+ or La(a) = a’[x0] CP a for some a’ € A

— foreverya € Oy, if #(a) # 0 then Ls(a) = +

The set of arenas is denoted G.

Note that O4 shall not be empty: this corresponds to the fact that the grammar of types
does not contain T.

Definition 19 (auxiliary polarity). Given an arena A, we define its auxiliary polarity as
a partial function paux, : 04 — {O, P} by: paux ,(c) = AM(La(c)) if La(c) # t, otherwise it
is undefined.

We also define FTV(A) = {X; € N | Ja € Oy, #(a) = i}.

5.2. Alternative, inductive interpretation of a formula

We define the following constructions on arenas:
(atoms) L = ({0},0— 1) Xi=({i},i— 1) fori>0.
(product) if A, B € G, we define A X B by:
— Ouxp={lal a€ 04} U{rb| beOp}
t if La(@) =1
— Laxp(la) = { 4la) Laxp(rb) = {

[La(a) otherwise

1 if Lg(b) =1
rLp(b) otherwise
(arrow) if A, B € G, we define A — B by:

— Oa—p={lal a€0a}U{Th| b€ Op}
+ if La(a) =1
—_ - = - b =
Lap(la) { LLa@) otherwise L4-(Th) {
(quantification) if A € G and i > 0, we define VX;.A by:

— Oux,a ={*xa| a€0aAli(a) # iU {*a[0] | a € Oa A Hi(a) =i}

t if Lp(b) =+
1Lp(b) otherwise
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" if La(a) =1
—_ ) = ) 0]) = %0
Lxa(xa) {*.EA (@) otherwise Lix.a(xal0]) =

This gives rise to an inductive interpretation of a formula, which coincides with the
one defined from the syntactic tree.

Finally, we define an operation of substitution on arenas:

Definition 20 (substitution). Let A, B € G. The substitution of B for X; in A is the arena
A[B/X;] defined by:

—_ OA[B/X,-] = {anA | ﬁ(ﬂ) * i}U {a[b]l anA /\ﬁ(a) = i/\bEOB}

+ if Lp(b) =1
Lap/xi(@) = La(a) and Lap/x;)(alb]) {a[ Lp(b)] otherwise

One can check that this coincides with the operation of substitution on formulas.

6. The typed model
6.1. Moves and strategies on an arena

We are now going to describe how we can play in an arena. We will take advantage of the
way we have defined arenas: whereas in many second order game models like (Hughes,
2000) or (de Lataillade, 2007) moves have a complex structure, here they will be easy to
derive from O4 and L.

As in (Abramsky and Jagadeesan, 2003), the intuition is that a move in A can either
be built directly from an occurrence of O, or it can be decomposed as m11[m1,], where 11,
is built from an occurrence of O4 and m, is a move in another arena B which substitutes
a quantifier.

Note that the moves and strategies defined this way do not constitute the morphisms
of our model, but they will be used as interpretations of Church-style terms.

We introduce the grammar of typed moves:
me=Tm| lm| rm| Im| x®m| j (Be@G,jeN)
These moves form the set M.
The operation of anonymity A : M — A erases the arena indication in a typed move:
— A@l)=ifori=0
— AG*m) = xA(m)
— A(am) = aA(m) fora € {r,1,T,1}.

Form € M and a € A, we define a partial operation of formula extraction * by:

*Bm — B
*0 B
. . . >* m T n
—_ lf —7: 1S defmed, >z (ii_a =% where a € { /l/ r, l}

Definition 21 (moves of an arena). Let A be an arena. Its set of moves M, C M is given
by defining the relation m € M, by induction on m:
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— if A(m) =a € Oy and L4(a) = t thenm € My
— if m = my[my], where A(my) = a € Oa, La(a) # t and my € Mg with B = ﬁgﬂ), then
me MA.

This definition is well-founded, because in the second case we necessarily have at
least one token *® in m1, so the size of m, is strictly smaller than the size of m;[m,]: that
is why we say that the definition is inductive.

Example: Letusrecall the type A = VX;.(X1 — ((VX2.X2) — (X3%x 1))) of the preceding
example. One possible way to “play a move” in this arena$ is to instantiate the variable
Xy with a type B (take B = 1L X X3 for example), then to go on the left side of the first
arrow and to play a move of B.

This corresponds to a move like m = %8 |73. One can check with the definition that
this move indeed belongs to Ma: m = my[my] with m; = %80 and m, = 3. A(my) =
*x |0 € Oy, La(*x]0) = %0 and %éo = B. Moreover, A(my) = r3 € Og and L(my) = 1 so
my € Mg (first case of the definition). So, m € Mp (second case of the definition).

Intuitively, we have the following:

— m is the part of the move played in A, and ¢ = A(m;) is the corresponding occurrence
— L,(c) indicates where the interesting quantifier has been instantiated

L’Z% 5 = Bindicates by which arena it has been instantiated
— m; is the part of the move played in B.

Definition 22 (justified sequence, play on an arena). Let A be an arena and s be a play
(resp. a justified sequence) on the grammar M. If every move of s belongs to M, then
we say that s is a play (resp. a justified sequence) on the arena A. The set of plays on the
arena A is denoted Py.

We note G(s) the set of arenas appearing ina play s, and FTV(s) = {FTV(A) | A € G(s)}.

Example: Letus consider the play s = 51113 x2|r3 with B = L x X;. This is of course
aplayin A =VXi.(X; = (VX2.Xp) = (X3 x 1)).

What is interesting to notice is that, if for example C = X3 x L, then the sequence
s’ = xC1113 - xB|r3 is not a play because it is not a justified sequence: indeed, one must
have B = C if we want my = 2|73 to be justified by m; = x“1113.

More generally, for any move m in a play s which contains the token x?, there is a
sequence of moves my, ..., m, that also contains the token x5 at the same place, with
my, = m and m; justifies m;;1 for 1 < i < n. If this sequence is chosen to be of maximal
length, then m; is the minimal hereditarily justifier of m which contains the token ?: it
is the first time that it appears (at the right place). We will say that B is played by A(m)
at the level of m;. Note that A(m) = paux ,(m).

One can formalise this definition:

§ This notion is related to the idea of evolving game introduced in (Murawski and Ong, 2001) and reused
in (de Lataillade, 2007).
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Definition 23 (level). If a move m in a play s € P4 contains the token *?, then it can be
written m = mp x® [m;]. We say that B is played (by A(mm)) at the level of m if m; does
not contain the token |.

Typed strategies are defined as expected:

Definition 24 (strategy on an arena). Let o be a strategy on the grammar IM, we say that
o is a strategy on A and we note ¢ : A if any play of o belongs to 4. We say that ¢ is a
typed strategy in this case.

Strategies on arenas have to be understood as interpretations? of Church-style system
F terms; they will be used in the Curry-style model because we have to express in
the model the fact that a well-typed Curry-style term is the erasure of a well-typed
Church-style term.

6.2. Uniformity

In (de Lataillade, 2007), we saw that strategies defined as generally as possible were
not able to capture exactly the type isomorphisms of the syntax, because they were
generating too many isomorphisms in the model. That is why we introduced a notion
of uniformity, which restrained the behaviour of strategies (in order to avoid confusion,
we will call weak uniformity the notion of uniformity defined in (de Lataillade, 2007); by
the way, weak uniformity plays no role in the present model).

The situation is similar here: we are not able to derive the characterisation of Curry-
style type isomorphisms if the well-typed Church-style terms are interpreted by the
(typed) strategies defined above. So we introduce a property of uniformity on these
strategies.

The intuition of this notion is the following: consider an 5-long, f-normal term ¢ of
the Church-style system F, and suppose I t : VX.A. The term t has the form t = AX.t’
with + #' : A: so it behaves like if it was instantiating the quantifier (VX) with a variable
(X). More generally, the terms of the Church-style system F should be interpreted by
strategies where, each time O has to play an arena, he gives a variable arena X;.

But these strategies (that we will call symbolic) do not compose: in the Church-style
syntax, this corresponds to the fact that the term + ¢ : VX.A can be instantiated at any
type B through the operation t — t{B}, and so the term t can be extended to any type
A[B/X]. In the interpretation, this means that the symbolic strategy interpreting t must
be extensible to a more complete strategy, where O can play any arena he wants. This
extension consists in playing copycat plays between the different occurrences of the
variables X (like in the syntax, the n-long f-normal form of ¢{B} is generated from ¢
through n-expansions), that is why it is called the copycat extension.

To sum up, a uniform strategy will be a symbolic strategy extended by copycat ex-
tension. This idea has to be related with the strategies of Dominic Hughes (Hughes,

T We chose not to explicit this interpretation because we do not need it; one could also prove that we have a
model of Church-style system F, but it is not an important question here.
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2000) and, above all, with Murawski’s notion of good strategies (Murawski and Ong,
2001). The notion of weak uniformity discussed above is an analogous, but less restric-
tive, condition: uniformity implies weak uniformity. Finally, uniformity has of course a
strong connection with hyperuniformity: the two notions express analogous ideas, but
hyperuniformity applies on untyped strategies, whereas uniformity is formulated in a
typed context, and then requires more cautiousness.

In the following definition, 8V(A) stands for the set of bi-views in an arena A, and
m[B/j] (resp. s[B/j]) is obtained from the move m (resp. the play s) by replacing each
token of the form x4 by *“[B/Xl. Note that s[B/j] is a play, but does not necessarily
belong to any M, for some A: actually, this play will only be used as an intermediate
construction.

Definition 25 (copycat extension of a typed play). Lets = m;...m, be a typed play on
the arena A, let B€ Gand j > 0.

We first define the flat extension of s: given a sequence of initial moves r = (r;)ien
in Mg, Pl;,B(r) is the play t[B/j] where t is obtained from s by replacing each sequence
mimi.1 such that §(m;) = jand A(m;) = O by m;[r;]Jmi[ri] and, if §(m,) = jand A(m,) = O,
by replacing m, by my[r,].

Let m; be an O-move of s such that #(m;) = j, suppose Fl;,B(r) = sym;[ri]m,,[ri]so with
m = m;[B/jland m] , = mi1[B/j],andletv = n;...n, € BV(B). The B-copycat extension
of sat positionialong theindex j (with parameters v, r) is the play s’ = CC;.,B(i, v, 1) defined
by:

— s=s51ifp=0(@{ev=¢)

— & =sym[m]m  [mls2if p =1
— " =symi[m]m,  [m]m, [n2]mi[na] .. .m!, [ny,]m![n,] if p even
— " =sym[m]m,  [m]m],  [n2]mi[na] . . .m[ny]m! ,[n,]if p > 1 and p odd

Finally, ifi = n, Fl;’B(r) = symy[ry] and v = ny ... 1, then

CCj‘B(n, v, 1) = {Sl ifp =0 '
’ symy[ny]  textotherwise

Definition 26 (copycat variable, symbolic strategy). Lets = s;m be a play on the arena
A with A(m) = O, and X; a variable arena played at the level of m. X; is called a copycat
variable of sif X; ¢ FTV("s1") N FTV(A).

A view s on the arena A is called symbolic if, for any move m of s such that A(m) = O,
the arenas played at the level of m are two by two distinct copycat variables X;,, ..., X;,.

A play (resp. a strategy) is called symbolic if all its views are symbolic.

Definition 27 (uniform strategy). Let ¢ be a strategy on the arena A. ¢ is said to be
uniform if there exists a symbolic innocent strategy & on A such that: ¢ is the smallest
innocent strategy containing ¢ which is stable by copycat extension along a copycat
variable.

Later we will say that s” is an extension of s if it is obtained from s by a sequence
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of copycat extensions along copycat variables. A uniform strategy is then stable by
extension.

Arenas and uniform straegies in fact give us a model of the Church-style system
F (see (de Lataillade, 2007)) Intuitively, the views of the symbolic strategy are the di-
rect representation of a term of the Church-style term, whereas the associated uniform
strategy is the extension of this strategy, designed to be able to compose with other
strategies:

Proposition 2. If 6 : A — B and 7 : B — C are two uniform strategies theng;7: A — C
is uniform.

The proof of this proposition can be found in appendix A.

7. Typing the untyped strategies

We are now ready to define our interpretation of the Curry-style system F: the key
ingredient will be to relate untyped strategies with typed strategies through a notion
of erasure. First we relate untyped moves with typed moves through the function
erase : M — X defined by:

erase = Eo A

The function erase can be extended to plays and strategies in the obvious way:

erase(my ...my) = erase(my) . . .erase(m,)

erase(o) = {erase(s) | s € o}

At present we have all the ingredients to define our category of games:

— objects are arenas
— amorphism between A and B is an untyped strategy ¢ such that:

— 0 is hyperuniform
— there exists a uniform typed strategy 6 : A — B such that erase(¢) C o.

In this case we note ¢ :: A — B. The strategy & will be called a realisation of o.

Lemma5s. If0:: A —>Band7::B— Ctheno;7: A — C.

Proof. 1f we note 6 and 7 two realizations of o and 7 respectively, we obtain a realization
of 0; 7 on A — C by taking the composite 5; 7 in the grammar M. Indeed, if s € §; 7 then
there exists a justified sequence u such that u [ ,€ &, u [1,1€ T and u 1= s. Then
U = erase(u)issuchthat U1 € 0, Ul 1€ Tand Uy, isaplay,soerase(s) = Uy € 0; 7.

Moreover, ¢ and 7 are uniform, so §; % is uniform by prop. 2; 0 and 7 are hyperuniform
so 0; T is hyperuniform by lemma 3. ]

Lemmaé. If0: I > Aand X; ¢ 'theno : I — ¥X;.A
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Proof. Let us consider & :: I' — A, a realization of 0 on I’ — A: if 5 is the copycat
extension of a symbolic strategy &, then we define the strategy 3’ as the strategy 6 where
each move written Tm in a play has been replaced by T x*i m. This strategy is symbolic on
I' > VX;.A, and its copycat extension &’ is a realization of o because of hyperuniformity
(indeed, the only difference between & and 6 is a copycat extension along X). 0

Lemma?7. Ifo:T — ¥X;.Aand Bis aarena theno : I' = A[B/X;].

Proof. If ¢ is a realization of 0 on I' — V¥X|.A, a realization 6’ on ' — A[B/X]] is
obtained by taking only plays where each initial move takes the form T *% m, and by
replacing each move T %8 m by Tm.

Let us now prove the uniformity of §: if 5 is the copycat extension of a symbolic
strategy G, we consider a view s of 5. Let X be the first copycat variable appearing in s,
and let us define E(s) as the smallest set of plays containing s and stable by B-copycat
extensions along j. The strategy 6’ will be the smallest innocent strategy containing all
the sets E(s), for s describing all the views of 6. Then one can check that &’ is the copycat
extension of ¢’. UJ

Lemma 8. The following holds:

—id:A—> A

— 7, I'xA—> A

— Ifo:T>Aand7:T - Bthen{(o,7):T — (A X B).
— eval : (A —>B)xXA—B

— Ifo: T XA —> Bthen A(o): T — (A — B).

These cases are trivial: for example, a realization of id on A — A is
p={s€Pasal| sof arrow shape and Vt € E, t <s = t=1]}
and it is uniform, with symbolic strategy p defined by:

p ={s € Pasa | sof arrow shape, s symbolic and Vt € E, t <s = 1= ]}

If I is a typing conlext of the form T = x; : A, x2 : Ay, ..., x, : A,, we define the
sequence of variablesI' = x1,xy,...,x, and the type [I'| = L X A1 X Ay X --- X A, (I = L
if I' is empty), and we have:

Proposition 3. If T+ : A then [T + ] : [T| — A.

As we did not have a model of the untyped calculus, we do not obtain a model of
the Curry-style system F either. But, fortunately, the relations we get from the untyped
interpretation, together with our notion of realisation, will be sufficiently efficient tools
to be able to characterise type isomorphisms in this language.

8. Hyperforests

In this section we introduce the notion of hyperforest, an arborescent structure built from
arenas. In (de Lataillade, 2007), following (Hughes, 2000), we interpreted second-order
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types directly as hyperforests (that we called polymorphic arenas). But the substitution

was difficult to define in this context, and moves had a complicated formulation; that is

why in this paper we introduce hyperforests only as an indirect interpretation of types.
Hyperforests will be the fundamental structure for our work on isomorphisms.

8.1. Forests and hyperforests

In what follows, the set of subsets of a set E will be denoted IP(E). We also make use of
the notion of multiset: we recall that a multiset of elements of E is a function f : E — N,
and we note e € f iff f(e) > 1. The set of multisets of E is denoted P, (E).

Definition 28 (forest). A forest is an ordered set (E, <) such that, for every y in E,
{x | x < y} is finite and totally ordered by <. The forest is finite if E is finite.

Definition 29 (hyperforest). An hyperforest H = (¥, R, D) is a finite forest ¥ together
with a multiset of hyperedges R € IP,,,,,(F X IP(¥)) and a partial function of decoration
D:F — X, where:

— forevery (t,S) € R, if s € S then t < s and D(s) is undefined
— forevery b, b’ e Rwithb = (t,S)and V' = (+,5'),SNS" #0=b="".

Wenote7H={teF | ASCF, (t,S)eRland SH ={se F | A(t,S) e R, s €S).
Definition 30 (reference, friends). Let H = (¥, R, D) be an hyperforest. For any s € ¥,
if s € S then there exists a unique (t,S) € R with s € S: the reference of s is defined

as r@"H(s) = t and the set of friends of s isfrH(s) = S\[s}. If s ¢ S, rejH andfrH are not
defined in s.

We are now going to exhibit the hyperforest structure associated with an arena A.

8.2. From partially ordered sets to forests

Let (E, <) be a partially ordered set. The relation + C E U (E X E) is given by:

Fe iffe’! <e= (e =e)
ere iffe<e AVf,e<f<e=(=fVve =)

One defines the set F of paths in (E, <), i.e. the set of sequences eje; ... e, of elements
of E such that + e; and e; F e;41 for 1 <i < n — 1. If we consider the prefix ordering <’ on
F, then (F, <’) is a forest.

We also define the operation or : F — E by or(f) = e, if f = e1...e, (or(f) is called the
origin of f).

8.3. From arenas to hyperforests

If Ais an arena, Oy is a finite partially ordered set, to which one can associate a forest 74
through the preceding construction. Extending + to 4 generates the enabling relation
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of the forest: this justifies a posteriori the definition of an enabling relation for arbitrary
moves given in section 3.

Furthermore, one deduces from £, the multiset R4 € IP,,,,;;(Fa X IP(F4)) as follows :
we set

L={a[*x0]€ A| Aa’ € O4,a[*x0]C* a’}
The value of R4 on (7, S) is equal to the number of occurrences y € L such that:

— y P or(t)
— foreveryt’ <t,if y CF or(t') thent’ =t
— S={seFal t<sALalor(s)) =y}

One also defines the partial function Dy : Fa4 — X by: Da(x) = X; iff #(or(x)) = i (i > 0).
Then we have:

Lemma 9. If A is an arena, then Hy = (¥4, Ra, D4) is an hyperforest.

Example: Consider the type A = VX1.((X1 X Xp) = (X1 X 1)). We have:
O4 = {x]10, %[ 7r2, xTI0, x Tr0}

and:
La(x[I0) = %0

La(xr2) = ¢
Lax10) = *0
La(xTr0) = ¢

The paths are:a = %710, b = *TI0 - %[I0, c = %TI0 - %[12, d = %710, e = *T+0 - %10 and
f =110 - %x|r2. Besides, L = {x0}.
Hence the hyperforest Hy is given by:

Fa=1a,b,cde, f}
Ra(r)=1ifr € {(a,{a,b}),d,{e})} Ra(r) = 0 otherwise
Dale) = Dal(f) = Xz

This can be resume in the following representation of H:

f ab Q.d\o
b c f
X2 e X2

One can extend the definition of polarity to the nodes of the hyperforest: if A is an arena
with associated hyperforest Ha = (¥4, Ra, Da), then fora € F4 we define A(a) = A(or(a)).
This coincides with an alternative definition of polarity, which is common in HO-style
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games: A(a) = O (resp. A(a) = P) if the set {a’ € ¥4 | a’ < a} has an odd cardinality (resp.
an even cardinality). Note also that paux , (or(a)) = A(ref ,(a)).
Finally, if A is an arena, we note:

fra=f" ref,=reft Spa=8" Tu=7"

Note that the nodes of the forest ¥4 contain more information than the occurrences
of O4. Indeed, given a node ¢ € 74, one is able to give the ordered list of its ancestors,
whereas for an occurrence we may have many ancestors that are not compatible one
with the order for the ordering. This idea will be used in the proof of theorem 1 to reason
about plays with nodes instead of occurrences.

9. Type isomorphisms
9.1. Isomorphisms in the model

If R € Py,E and f : E — F, we note f(R) the multiset defined by:
fR®=Y, Re)

ecRAf(e)=8
Definition 31 (Church-isomorphism). Let H = (F1,R1,D1) and Hy = (F2, Ra, D7) be
two hyperforests. We say that H; and H, are Church-isomorphic (H; =, Hy) if there
exists a bijection f : 1 — #> which preserves the hyperforest structure, i.e. such that:
— a<da iff f(a) < f(a')
— R =f(Ry)
_ Dz o f = 1)1

Definition 32 (Curry-isomorphism). Let H; = (¥1, Ry, D1) and H; = (2, Ra, D5) be two

hyperforests. We say that H; and H; are Curry-isomorphic (H; =~¢, H,) if there exists a

bijection f : ¥1 — 73 such that:

— a<a'iff f(a) < f(a')

— St = f(S)

— for every (t,S) € Ry (resp. (t,S) € Ry), if there exists s € S such that A(s) # A(t), then
(f(1), £(S)) € Ry (resp. (f71(t), FH(S)) € R1)

_— 1)2 o f = 1)1.

Definition 33 (game isomorphism). A game isomorphism between two arenas A and
B is a couple of untyped strategies 0 : A — Band 7 : B —» A such that ¢;7 C id and
7,0 Cid.

We say that this isomorphism is total if there exists a total realisation of ¢ and of T. We
note A ~, B if there is a total game isomorphism between A and B.

We are now able to formulate the key theorem of our paper. This theorem provides
a geometrical characterisation of isomorphisms in the model, which is the core of the
proof of equational characterisation for the syntax.
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Theorem 1. Let A, B € G. If there exists a total game isomorphism (o, 7) between A and
B (A ~¢ B) then their hyperforests are Curry-isomorphic (Ha ~c, Hp).

The proof of this theorem can be found in appendix B.

9.2. Characterisation of Curry-style type isomorphisms

Proving theorem 1 was the main step towards the characterisation of Curry-style iso-
morphisms: we are now able to establish our final result.

Let us recall the equational system =, which we claim to characterise Curry-style type
isomorphisms:

AXB=~BxA
AXBxC)= (AxB)xC
A->B—->C)=~(AxB)—->C
A—->BXxC)~(A—->B)xA—-0O
VXVYA =, VYVXA

A — VXB =, VX.(A > B) if X ¢ FTV(A)
VX.(A X B) = YX.A X VX.B
VXA =, A[VY.Y/X] if X ¢ Neg,,

Lemma 10. Let A and B be two types such that the hyperforests H4 and Hp are Curry-
isomorphic. Then A and B are equal up to the equational system =,.

Proof. Let A’ and B’ be the normal forms of A and B for the following rewriting system:
VX.C= C[VYY/X] ifX¢Neg-andC# X

If Dy = VX.C and D, = C[VY.Y/X] with X ¢ Neg., then Hp, =~c, Hp,: indeed, the
bijection f : ¥p, — Fp, which preserves the ordering and such that Sp, = f(Sp,) and
Dp, o f = D is easy to define (in fact Op, and Op, are already in bijection). The fact that
X & Neg - precisely implies that, for any (¢, S) € Rp, corresponding to the quantification
VX (i.e. such that Lyx a(or(s)) = %0 for every s € S), there is no s € S such that A(s) # A(t).
Reciprocally, if for any (f,S) € Rp, corresponding to a quantification VY.Y, S = {t} so
there is no s € S such that A(s) # A(). Any other hyperedge is preserved by f.

Moreover, being Curry-isomorphic is a congruence (i.e. it is preserved by context), so
Hp =c, Ha, Hp ~c, Hp, and hence Hy ~c, Hp. Hy» and Hp are such that for every
(t,S) € Ry (or (t,S) € Rp), either S = {t} or S contains a node s with A(t) # A(s). Because
of the definitions of ~¢, and ¢y, this implies Ha» =¢;, Hp.

It has already been proved in (de Lataillade, 2007)! that in this case A’ ~/ B’, where =~/
is the same equational system as =,, except that it does not make use of the last equation.
Hence, we have A ~, B. ]

I'n (de Lataillade, 2007) the interpretation of types was directly hyperforests.
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Theorem 2. Two types A and B are isomorphic in Curry-style system F if and only if
A=~ B.

Proof. For the implication, suppose that Ax.t and Ax.u is the couple of terms that realise
the type isomorphism. We know from corollary 2 that it implies: aflx + u]; aflx + t] € id
and a; [x + u]]; afx + t] € id. And we also have a;[[x - t] : A > Band a;[[x + u]| : B — A.

Furthermore, one can prove that there exists a total realisation of o1 = [x F ¢]] and
02 = [[x + u]: indeed, consider #, the fr-normal form of ¢, we know that [x + '] = o7.
We choose the realisation of [[x + ] obtained by applying the constructions given in
the proofs of section 7. The strategy o is the interpretation of a normal form, where
applications are necessarily of the form yT where y is a variable and T is a term. Then
the associated realisation is total on A — B: indeed, the projections are total, and the
constructions used the interpret (— I), (xI), (XE1), (XE), (¥I), (VE) and the application
of a variables y to a term T preserve totality.

So, we have a total game isomorphism between A and B. From theorem 1 and lemma 10
we deduce A ~, B.

For the reciprocal, we already know from (Di Cosmo, 1995) the existence in the Church-
style system F of the isomorphisms corresponding to each equation of =, except the
last one (YX.A ~, A[VY.Y/X]if X ¢ Neg ,). This implies their existence in the Curry-style
system F.

Hence, we need, given a type A such that X ¢ Neg,, to find two Curry-style terms
t: VXA — A[VYY/X] and u : A[YY.Y/X] — YX.A which compose in both ways to give
the identity. We suppose Y does not appear at all in A, even as a bound variable.

We take t = Ax.x: indeed, the identity can be shown to be of type YX.A — A[VY.Y/X]
through the following type derivation:

X:VXAFx:YXA
XIVXAFx: AIVY.Y/X]

F Axx: VXA — A[VY.Y/X]

To build a term of type A[VY.Y/X] — VX A in the Curry-style system F, we will make
use of the associated Church-style term.

Consider the term P of the Church-style system F which corresponds to the nx-long
form of the identity on A. This term has the form P = Ax*.P’. We then build the term Q ob-
tained from P’ by replacing each variable y appearing in the scope of a binder AyXby y{X},
and each binder Az such that X € Posp by AzPI"YY/X1. We finally set N = AxA"YY/XIAX. Q.
For example, if A = (X — 1) — L, then N = Ax{("*N=D=L AX AyX=L x(Az77Y y(z{X})).

The fact that X ¢ Neg, ensures that N is of type A[VY.Y/X] — VX.A in the Church-style
system F. We note u the untyped A-term obtained by erasing the type indications in N
(otherwise said, u is the erasure of N). Going from P to N, we have only modified the
type indications appearing in the terms, so u is simply an nx-expansion of the identity
Ax.x

Finally, t and u are both equal to the identity through the equalities of the Curry-style
system F, so they compose in both ways to give the identity. U
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10. Conclusion

We have proved that type isomorphisms in Curry-style system F can be characterised
by adding to the equational system of Church-style system F isomorphisms a new,
non-trivial equation: VX.A ~, A[VY.Y/X] if X ¢ Neg,. Otherwise said, this equation
characterises all the new type equivalences one can generate by erasing type indications
in Church-style terms.

We used a game semantics model in order to take advantage of its dynamical and
geometrical properties. The main features of the model were however often inspired
by a precise analysis of the syntax: indeed, an interpretation of the quantifier as an
intersection (or a lower bound like in (Chroboczek, 2003)) was not precise enough to be
able to characterise type isomorphisms.

One can notice that our type system does not contain the type T; correspondingly,
our model has no empty arena. This is because the rule generally associated to T takes
the form: t = x if I' v ¢ : T. This rule is of course difficult to insert in a Curry-style
setting, where terms are not typed a priori, and we have no clue whether such a rule can
be adapted to this context. Anyway, the introduction of an empty arena in the model
would break the proof and, more interestingly, give raise to new isomorphisms like
VX.(X — 1) =, L. The characterisation of isomorphisms in this model, and the possible
connection with an actual syntax, have to be explored.

But the main trail of future exploration concerns parametric polymorphism. The no-
tion of relational parametricity, introduced by Reynolds (Reynolds, 1983), comes histor-
ically from the idea that a second-order function shall not depend on the type at which
it is instantiated. This has led first to a semantic definition of parametricity, then to a
syntactic formalisation of this notion, first by Abadi, Cardelli and Curien (Abadi et al.,
1993) and then by Plotkin and Abadi (Plotkin and Abadi, 1993). Dunphy (Dunphy, 2002)
recently gave a categorical characterisation of parametric polymorphism.

The great advantage of parametric models is that second-order enjoys nice and natural
properties in these models. For example:

— VX.X — X is a terminal object

— VX(A = B — X) = Xisaproduct of A and B

— VX.Xis an initial object

— VX.(A - X) = (B — X) — Xis a coproduct of A and B.

All these properties are of course wrong in the model described in the present paper.

Trying to build a parametric game model is a highly appealing challenge: one would
be glad to extend the concrete notions and flexible features of games into a context
where parametricity is understood. Studying isomorphisms in this context would be a
natural question, considering the particularly powerful ones corresponding to the above
properties.

Longo, Milsted and Soloviev introduced two properties related to the study of para-
metricity: genericity and the axiom (C) (Longo et al., 1993). The study of these properties
in our game semantics context could be done probably more easily, as a first step, than
the study of parametricity itself. For instance, the game model given by Abramsky and
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Jagadeesan in (Abramsky and Jagadeesan, 2003) was designed in such a way that most
types are generic.

Finally, relational parametricity seems to be related to Curry-style system F, if we
believe in a conjecture of Abadi-Cardelli-Curien which says the following: suppose you
have two terms of type A whose type erasures are the same. Then they are parametrically
equal (the converse is false). This means that the parametric equality is (strictly) stronger
than the Curry-style equality: the study on both Curry-style system F and parametricity
in the context of games may help to explore this question.
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Appendix A. Uniform strategies compose

Proposition 2. If 0 :: A - Band 7 :: B — C are two uniform strategies theno;7:: A — C
is uniform.

Proof. Consider the following strategy
p={ulpyl uelntAulyp €0 Aulpp€ T Aulyy symbolic play)

It is an innocent strategy on A — C (because it is a restriction of ; 7, which is innocent
like in HO models), and it is of course symbolic. We call p its copycat extension, and we
want to prove that p = g; 7.

We first prove that p C 0; 7, which means thato; 7 contains all copycat extensions of
s € p along a copycat variable X;.

Let us consider the play s’ = Fl;,D(r) fors = my...m, € p, D € G and r sequence
of initial moves in Mp. There exists a justified sequence u and two plays s; € o and
Sp € T such that u [y ;= 51, u M 0= s2 and u [1;= s. 51 (resp. s) is not necessarily
symbolic, but its views are copycat extensions of symbolic plays, and furthermore O
plays symbolically for moves of shape || (resp. T).

Let Uy be be the justified sequence obtained from u by replacing each sequence of
moves m;b; ...bym; with #(m;) = j by mi[ri]bi[ri]. - bylrilmisa[ri], and let us set U =
Uo[D/j]. Then UT 1,1 = s] € o because all the views of s are copycat extensions of views
of 51 along copycat variables. Similarly U4, 1€ 7,50 Ul =5" € 0;7.

Let us now consider a move m; of s such that §(m;) = j, and a bi-view v = n;...n, in
the arena D, and let us set S = CCSD(l,U ). I U = Uym[ri]bi[ri] ... by[rilm l+1[r,]ll2 with
m; = mi[D/j] et m},; = mi1[D/ ]], we build another ]ustlfled sequence U’, defined as
follows

— ifp =1, U = Um[m]bi[m]...0;[m]Im; [m]U
— if peven,

u = Wmmlbilm]...bylmlm,, [mlm]  [n2]bgn2]. . . bi[na]m][no]
...... m!,[nplbg[ny] ... ba[nylm[n,]

— ifpoddandp > 1,

U = UWmimlhlml...bglmIm;  [m]m; [n2]bglna] . .. br[nalmi[n:]
...... m[n,)b1[ny] . .. by[np]m.,  [ny]

U’ I1,1y is a copycat extension of s1 (s] was the flat extension) so U’ ['1,1,€ 0, and
similarly U’ [1,11€ 7. U’ 11,1y isa playso U'I1,1,= S € 0; 7.

The last thing to prove is that o;7 € p. We suppose that o and 7 are the copycat
extensions of the symbolic strategies 6 and 7 respectively. Consider a view s € o; 7, there
exists a justified sequence U for which U =51 € 0, Ul 1=52 € T and U ;= s.
We allow ourselves to identify a move of U with its projection along {T, 1}, {T, 1T} or

{r L

Our goalis to prove that s is obtained from p by a certain number of copycat extensions.
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We will build, move after move, a justified sequence u such that s is an extension of
ulpL€p.

Let u be a justified sequence, prefix of U, we will define by induction a justified
sequence u such that:

ul4,1, symbolic play

"ulysp,y, " extension of "u g "
Tuly 1" extension of "u My 17
ulq,, extension of uly ;.

Ifu=¢ wesetu=ec.

If u = upm, as the interaction mechanism is the same as in HO-games, we can reuse
the results on state automata (cf (Harmer, 1999)). So we have three cases:

Case #1: ug 1,11, 4o 1,41 and ug I'1,); are of even length. Then m is of shape T or ||.
In the case where m is of shape T, we have "ug ', ;1 'mn € 7 for some 7, and as 7 is
uniform there exists a symbolic play sy for which "ug 'y 1 'mn is an extension. As
we also have by induction a play "ug '1,;1 " for which "ug [1,1 " is an extension, this
means that "ug [y 17 is an extension of s,. Applying to s, all the copycat extensions
that necessary to transform s, into "ug '} |1, we obtain the play "y [ 1 m’, we set
u = upom’ and we can check that u satisfies all the required properties. The case where
m is of shape || is similar.

Case #2: ug '1,1 is of even length, ug 1,1, and ug [y, are of odd length. Then m is
of shape |7 or ||. In both cases, we have 1y = u1n with u; [, nm € o for some n,
and we set "uy 1,1 1 = son. As o is uniform there exists a symbolic play si7 for
which sonm is an extension. As we also have by induction a play "ug 1, " for which
son is an extension, this means that " [1,;; " is an extension of s;. Applying to s;7
all the copycat extensions necessary to transform s; into "ug [, ", we obtain the
play "ug Iyp,4,'m’, we set u = ugm’ and we can check that u satisfies all the required
properties.

Case #3: ug 1,1, is of even length, ug [1,11 and ug [, are of odd length. Then m is
of shape T or |T. In both cases, we have uy = uin with u; [y nm € t for some #,
and we set "ug [y n7 = son. As t is uniform there exists a symbolic play s;17 for
which spnm is an extension. As we also have by induction a play "ug 1,1 for which
son is an extension, this means that "1 ['1,;1 " is an extension of s;. Applying to s;7
all the copycat extensions necessary to transform s; into "ug [4,11", we obtain the
play "ug 1,17 'm’, we set u = ugm’ and we can check that u satisfies all the required
properties.

O
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Appendix B. Proof of A ~; B= Hy ~c, Hp

For the sake of simplicity, we will from now on identify the occurrences of O, (resp. of
Og) with the corresponding occurrences of Oap or Opa.
Before proving the implication A =~ ¢ B> Ha ~c, Hp we need a first lemma:

Lemma 11. Lets; € Pp_4 and 5, € Pa_p be two even-length plays such that:
— 57 and s, are zig-zag, which means:
- each Player move following an Opponent move of shape T (resp. |) is of shape |
(resp. T)
- each Player move following an initial Opponent move is justified by it
- s and sy have the same pointers

— erase(s 1) = erase(s2 [ )
— the arenas played by O in 51 (resp. dans s,) at the level of a move of shape T (resp. |)
are copycat variables.

Then there exists a justified sequence u such that: u [, flat extension of s, u 'y |1 flat
extension of s, and u [ ) is a play.

Proof. We build the sequence u by induction on n where 27 is the length of the play s;.
Ifn=0u=e.

If n = p + 1 with p even, we have s, = Symon, and sy = Sinymy. We already have by
induction a sequence ug such that S} = ug [y, flat extension of S; and S/, = ug 17 flat
extension of S;. We can write ny = ng[M] and ny = ng[M’] with ¢ = A(no) = A(nj) € Op.

If paux,_z(c) = O, we have M = i for some i. By applying to s; the extensions that
transform S into S}, we obtain a flat extension $;NYM®. By applying the extensions that
transform n into 19 we obtain a new flat extension S]N;1M;. Then we apply to s; the flat
extensions that transform S, into S’ and those which transform i into M’, and we obtain
a flat extension S;M;N7. We then set u = uoMN1M;.

If paux,_ ,(c) = P, we have M’ = i for some i. By applying to s, the extensions which
transform S, into S/, we obtain a flat extension S;M>N». Then we apply to s; the flat
extensions which transform S; into S/, those who transform 7, into 19 and those which
transform i into M, and we obtain a flat extension S]NoM;. We then set u = uoMNoM;.

Finally, if paux,_ ;(c) is not defined, we have M’ = M = i. We apply to s; the flat
extensions which transform S; into S7, we obtain S;M,N»; we apply to s; the extensions
that transform S; into S| and those which transform n; into 19, we obtain S]N>M;. We
then set u = ugMN,M;j.

If n = p +1 with p odd, we have s; = Symin; and s, = Synomy. We already have by
induction a sequence uo such that S| = ug [y, flat extension of S; and S/, = ug 17 flat
extension of S;. We can write n1 = ng[M] and ny = ng[M’] with ¢ = A(no) = A(n}) € Op.

If paux,_ ;(c) = O, we have M’ = i for some i. By applying to s; the extensions which
transform S; into S}, we obtain a flat extension S M;N;. We apply to s the flat extensions
which transform S; into S}, those which transform n; into 19 and those which transform
iinto M, and we obtain a flat extension S)N1M,. We then set u = uoMiN1Mp.
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If paux,_ 5(c) = P, we have M = i for some i. By applying to s; the extensions which
transform S into 57, we obtain a flat extension S, MYNY. By applying then the extensions
which transform 7 into M” we obtain a new flat extension S]M;N;. We apply to s, the
extensions which transform S, into S} and those which transform n; into 1y, and we
obtain a flat extension S;N1M,. We then set u = uoM;1N1Mp.

Finally, if paux ,_,5(c) is not defined then M’ = M = i. We apply to s; the flat extensions
which transform S; into S/, and those which transform ng into np, we obtain §,NoM,; we
apply to s; the extensions which transform S; into S, we obtain S{M;N,. We then set
u= u0M1N2M2.

To show that u [ is a play, it suffices to remark that, in each case of the above
iteration, we have that #(M,) = #(M,), and that, in A — A, the polarity of M, is the
opposite of the polarity of M;. ]

Theorem 1. Let A, B € G. If there exists a total game isomorphism (o, 7) between A and
B (A=~ g B) then their hyperforests are Curry-isomorphic (Ha ~c, Hpg).

Proof. The proof of this theorem will take different steps:

— we first build two typed plays s’i and s, whose respective erasures are the plays

am[i]f(a)li ] f(az)li2]az[i2] - - € 0
f@)lilaili]azliz] f(a)liz] --- € 7

with i1,ip,--- €N
— these two plays give a bijection f : ¥4 — Fp such that

a [y lf(a)lylf(@)ly2laly2]--- €0
f@a)zlalz1]az(z2]f(a2)[z2] - - € 7

for any choice of the moves y; and z;, by hyperuniformity

— we then build, move by move, two plays s, et u,, belonging to the total realisations
of 0 and 1 respectively, such that their erasures take the above form for an adequate
choice of y; and z;

— the choice of arenas and the conditions on the erasure of s, and u, will allow us to
conclude that f satisfies the conditions of a Curry-isomorphism.

Construction of the bijection

Letabe anode of ¥4 and 41, .. ., 4, be the sequence of nodes of ¥4 such that + a1, a; + a;41
and a, = a. From now on, we will simply denote a; the occurrence or(a;); similarly, for a
node b of 3, we will denote b the occurrence or(b). Finally, we note & and 7 two total
realisations of ¢ and 7 respectively.
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We are going to build, by induction on p, a function f : {a1,...,4,} — Fp and two
zig-zag plays s| € G and s} € 7 such that'":
— F f(m) and f(a;) + f(aiz1) forl1 <i<n
— sih=50
— every arena played by O in s’i (resp. s}) at the level of a move of shape | (resp. 1) is a
copycat variable
— Ash) = amr[b1]f(a1) el f(a2)[c2)az[bo] . ..
— A(s)) = fla)[erlm[drlaz[da]f(a2)lc2] . ..
— rbiand E(b;) = E(c;)) = E(d;) e Nfor1 <i<n.

If p = 0 then we sets) = s) = €.

If p = p' +1 with p even, AE,) = mlbilf(@)lei] ... f@p)lcylay[by] and AEY) =
f@)lalaldi]...apldy]f(ay)lcy]-
We have different cases :

— First consider the case where paux;_, ,(a,) = O. Then sg/m € Pp_.a with m = my[i] for
some i, A(mg) = a, and every arena played at the level of m is a copycat variable. By
totality of 7, sg/mn € 7 for some n, we note n = my[my], A(n) = b € Op (A(m1) € O4
would contradict the fact that ¢; t C id) and m, = M[i].

By totality of & there exists m’ such that s’l”nm’ € 6. We set m" = m/[m}] with A(m]) €
Oasp.

Is it possible to have A(m]) € Op ? In that case, we take the symbolic plays S; and
S, from which s;;lnm’ and sg/ respectively come from. By using lemma 11, we can
build the justified sequence u such that u 17 ;) is a flat extension of Sy, 1111 is a flat
extension of 51 and u [}, is a play. Then u 'y € 7;6, and u ;] NM’ where N and
M’ are ontained from n and m’ by flat extensions so u y,;; NM’ € id. But this play
contains two successive moves of shape T, which is impossible.

So, A(m}) € Oa. As ;7 C id, one has erase(m’) = erase(m), so erase(m;) = E(ap), thus
A(m) = a, by non-ambiguity of O, and besides erase(m)) = i.

If p=1thent+ b.If p > 1, m’ is justified in s’lﬂnm’ by the move n’ such that A(n’) =
ay[by]. So, the justifier of n cannot be played before n’, by innocence of &, which

means that 7 is justified by the move n” of s’l” such that A(n”) = f(ay)lcy]. So,
flay) 0.

We set 8 = s*{nm’ and s = sglmn, which means: f(a,) = f(a1)...f(ay)b (so that
or(f(ap)) = b), by =i, c, = M[i] and d, = m. The proof that erase(M[i]) = i depends on
the auxiliary polarity of b.

If pauxy_, ,(b) = O then the symbolic play from which s) comes from is S jlblj] € %
with A@) = a, and AD) = b. s being a copycat extension of this play, we have
M][i] = i, so erase(M[i]) = i.

* The last condition, which is also the most important, is inspired by the condition of genericity of (Abramsky
and Jagadeesan, 2003). But here we will prove this property for the strategies realising an isomorphism,
whereas in (Abramsky and Jagadeesan, 2003) it is required for every strategy.
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If paux,_, ,(b) = P then paux,_,(b) = O. The symbolic play from which s’i comes

from is Sb[jla[M’[j]] € © with A(b) = b and A(d) = a,. So by retrieving the copycat

extension we obtain sll’/nm’ = s’i’ml[M[i]]mi[M’ [M[i]]], so finally erase(M'[M[i]]) = i,

which implies erase(M[i]) = i.

The case where paux,_, ,(b) is undefined is impossible because in this case f(b) = 0 # i.
— Let us now consider the case where paux;_, ,(a,) = P. Then sglm € Ppoa withm =

mg[M] for some M with + M, A(mo) = a, and and every arena played at the level of

m is a copycat variable. By totality of 7, s’z”mn € 7 for some 1, we note n = m1[m;] and
A(n) = b € Op (A(my) € O4 would contradict the fact that o; T C id).

By totality of & there exists m’ such that s’l”nm’ € 5. We set m’ = m}[m;] with A(m)) €
Oasp.

Once again, is it possible to have A(m}) € Op ? We do the same reasoning as above:
we suppose it is the case, and we take the symbolic plays S; and S, from which
s’i’nm’ and 5’2” respectively come from. By using lemma 11, we can build the justified
sequence u such that u ;| is a flat extension of Sy, u 1,1 is a flat extension of 51,
and u [y is a play. Then u [ € 7,6, and u [, NM’ € ;6 where N and M’ are
obtained from n and m’ by flat extensions, so u 1|} NM’ € id. But this play contains
two successive moves of shape T, which is impossible.

So, A(my) € Oa. As 0,7 C id, one has erase(m’) = erase(m), so erase(m;) = &(ayp), thus
A(m7) = a, by non-ambiguity of O4, and besides erase(m,) = M. But paux,_,;(a,) = O,

so m} = i for somei € N.

m’ is justified in s’l’/nm’ by the move n’ such that A(n") = a,[b, ]. So, the justifier of n
cannot be played before ', by innocence of 5, which means that 7 is justified by the
move n”’ of sl{/ such that A(n") = f(ay)[cy]. So, f(ay) + b.

We set s = s’l’/nm’ and s, = sg/mn, which means: f(a,) = f(a1)...f(ay)b (so that
or(f(ay)) = b), by = M, ¢, = mp and d,, = i. The proof that erase(m;) = i depends on the
auxiliary polarity of b.

If pauxy_, ,(b) = O then the symbolic play from which sg comes from is Sa[M’[ j]]E[ jl €
T with A@@) = a, and A(b) = b. So by retrieving the appropriate copycat extension
one obtains M = M'[my]. As erase(M) = i, it implies erase(imy) = i.

If pauxy_, ,(b) = P then paux,_;(b) = O and paux,_,z(a,) = O. The symbolic play from
which s’{ comes from is Sb[j]a[j] € T with A(b) = b and A@@) = a,. By retrieving the
appropriate copycat extension one obtains m, = i, so erase(iny) = i.

In the case where paux;,_, ,(b) is undefined, then the symbolic play from which s/
comes from is Sba[i] with A(b) = b and A(@) = a,. Which is impossible since in this
case §(b) =0 # i.

— Finally, if paux,_, ,(ay) is undefined one has sglm € Ppa with A(m) = a, and every

, Z/mn € 7 for

some 1, we note n = mq[my], A(n) = b € Op (A(n) € O4 would contradict the fact that

o; T Cid).

By totality of & one has s’i/nm’ € & for some m’ = m;[my] with A(m]) € Oa—p. Once

again we prove that A(m}) € Oa, A(m}) = a, and erase(m’) = erase(m) so erase(m}) = 0.

arena played at the level of m is a copycat variable. By totality of %, s
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We set s = s’l’/nm’ and s, = sg/mn, which means: f(a,) = f(a1)...f(ay)b (so that

or(f(ay)) = b), by =0, ¢, = my and d, = m},. The proof that erase(m;) = 0 depends on
the auxiliary polarity of b.
If pauxy_, ,(b) = O then the symbolic play from which s, comes from is Sablj] € %
with A(D) = b and A(d) = a,. But this is impossible since f(a) = 0.
If pauxy_, ,(b) = P then the symbolic play from which s’i comes from is Sb[j]a € 7 with
A(b) = b and A(d) = a,. But this is impossible since f(a) = 0.
So, paux,_, ,(b) is not defined, and m;, = 0. Hence erase(m;) = 0.

If p = p’ + 1 with p’ odd, the reasoning is similar except that we define s before s}.

To see that f is a bijection, let us consider for example the case p = p’ + 1 with p’ even.

As S m [ilmo[i] € 5, we have S18(f(a,)[i1E(ay)[i] € o with S1 = erase(S! ), and it is true
for any i € N by hyperuniformity.

If f(ay) = f(a;), onehas emse(sq) = 518(f (ap))[i1E(ay)[i] for some i, so 518(f(a;))[i]8(ap)[i] €
0. We also have 518(f(a;’7))[j]8(a;)[j] € ¢ for some j, so 518(f(a;))[i]8(a;)[i] € 0 by hyper-
uniformity, thus 4, = a; by determinisme of o.

Consider now b such that f(a,) + b. We take the symbolic plays S; and S, from
which s”1 and SZ/ respectively come from. By using lemma 11, we can build the justified
sequence u such that S; = u[q; is a flat extension of 5’2’/, S1 = ul4,s is a flat extension
of 5217[ and u [y is a play. By totality of & we have Sym[M]my[M’] € & with A(m1) = b
and A(my) € O4. By totality of 7 we have S = Symp[M']m’ € T. As g;7 C id we have
erase(m’) = erase(mi[M]), and by innocence one shows that a, + a. erase(S) is a copycat
extension of emse(sﬁ) so erase(m’) = E(f(a)). Hence b = f(a).

We now consider the symbolic plays S’i and S} from which s’i and s} respectively come
from. We still have

ASy) = ar[bj1f(@)le;1f@)[claz(bs] - .
ASE) = flar)[cilanldiazld)] f(@2)[e] - .

withE(b)) = &(c}) = &(d) € Nfor1 < i < n:indeed, s} (resp. s!) is the copycat extension of
Sg (resp. 8’17), so if &(c]) # &) (resp. &(d;) # &(c;))) then E(c;) # E(bi) (resp. E(d;) # E(ci))-

Construction of the appropriate plays

From now on, we identifiate the occurrences 4; and f(a;) with the untyped moves &(a;)
and &(f(a;)) respectively: it does not lead to any confusion thanks to the non-ambiguity
of OA and 03.

To prove that f satisfies the requirements of a Curry-isomorphism, we will extend the
play S" into a play s, € & with an appropriate choice of the arenas played by O. The
integer i such that S’i = Soap[i] or S’i = Sof(ay)[i] will be replaced by an untyped move
Yp, also chosen in an appropriate way.

In the plays s, we will use the arenas (C;) jen defined by: C; = L X L and Cj41 = C;XC;.
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Note that each initial move of C; takes the form by(by(...(b;(0))...)), where each b; can
be either r or I. We call 7; the initial move of C; where each b; is equal to r. These arenas
will be used in order to have fresh moves, i.e. moves that cannot come from an arena
defined before C; is played. In what follows, the integer 7, is made to ensure that no
arena defined before step p can belong to C, for g > p.

Finally, we choose a function p_: G — A which associates to each arena D € G a move
pp € Mp satisfying the following conditions:

—_— |_ pD
— if there exists ¢ € Op such that  c and Lp(c) # 1, then pp = mq[my] with A(m) =4,

Lpd) # 1, LVZ'JIEC) = L X Land m} = I0.

We now build the triple (s,, yp, 11,) inductively:

— Ifp = 1, we define the typed move M; = my[m;] such that: A(m;) = f(a1), thed; arenas
played at the level of m; are Cy, ..., Cy, and we choose my = §(f(a1)) if paux,_,;(f(a1))

. . o m _ . _ .
is undefined and m, = r; if —LA—aB(}(ﬂl)) = C;. Let s; = MM be the copycat extension

of 8217 corresponding to these choices, we have erase(Mi1M;) = f(a1)[y1]a1[y1] where
y1 = erase(my). If N is the biggest number of tokens r in any initial occurrence of an
arena D defined at the level of M, we choose n; = max(d;, N) + 1.

— Ifp = p’+1withp’ odd, we define the typed move M, = m1[m;] such that: erase(m;) =
f(ap), the d, arenas defined at the level of m, are Cnp, S, Cnp, +d, and my is chosen as
follows:

- if paux,_ ;(f(ay)) is undefined, m, = #(f(a,))
- if paux,_5(f(ap)) = O, my = rjif #lf(ap)) =C;j

- if paux,_ ;(f(ap)) = P,let D = #}(%)) We choose m, = pp, and we note rp =

erase(m,)
Let s, = sy M,Mj, be the copycat extension of S corresponding to these choices, we
have erase(sy MyM,) = erase(sy) f(ap)lyplarlyy] if y, = erase(m). If N is the biggest
number of tokens r in any initial occurrence of an arena D defined at the level of M},
we choose n, = max(n, +d,,N) + 1.
— Ifp = p’ + 1 with p’ odd, we do the same choices as in the preceding case, except that
f(ay) must be replaced by a,, and conversely.

Suppose paux,_,5(a,) is defined, then ref,  ;(a,) = b is also defined. It is important for
the next section of the proof to understand the link between b and the play s,. First,
note that b = a4; for some 1 < i < p; then, because of the definition of the set R4_,p of
hyperedges, we know that 4; is the minimal occurrence ¢ of O4-,p such that L4 .p(ap) is
a prefix of c. Hence, if M; (resp. M,) is the move in s, such that erase(M;) = a;[y;] (resp.
erase(M,) = ay[y,]) and if D = L;i/l—;j(ap)' then the arena D is played by paux,_ z(a,) at the
level of M;. So, in the construction of s,, D has been played at step .

# In the case where there exists ¢ € Op such that + cand Lp(c) # T, my is precisely built in such a way that we
cannot have rp = r; for any j.
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We also need to build a play u, € %, which extends SZ in an appropriate way. The
procedure is similar.

Curry-isomorphism

We are now going to prove that the bijection f satisfies each requirement of a Curry-
isomorphism.

We first prove that Dp o f = Dy: suppose Da(ay) = X;, then s, = s,.1MM’" with
erase(M) = ap[i] and erase(M’) = f(a,)[i]; likewise, u, = u, 1NN’ with erase(N) = f(ap)[i]
and erase(M’) = a,[i]. If paux,_ ;(f(ay)) = O then one should have i = r; for some j by
construction of s,, which is impossible. If paux,_ ;(f(ay)) = P then paux,_, ,(f(a,)) = O
and one should have i = r; for some j by construction of u,, which is impossible. Then
paux ,_ ;(f(ap)) is not defined, and #(f(a,)) = i which means Dp(f(a,)) = X;. Similarly,
Dp(f(ay)) = X; implies D(ay) = X; as well.

We then prove that f(Ss) = Sp: if a, € S with (t,5) € Ry for some ¢, suppose
Lap(f(ap)) = t. If paux,_z(a,) = O then s, = s, MM’ with erase(M) = a,[y,] and
erase(M’) = f(ay)[yy], and one should have y, = r; for some j by construction of s,.
But this is impossible since L4_,p(f(a,)) = 1 implies AM’) € Oa_p, so y, € N. If
paux,_z(a,) = P then paux,_ ,(ay,) = O, u, = u, |NN" with erase(N) = f(a,)[y,] and
erase(N") = ay[y,] and one should have y, = r; for some j by construction of u,. But this
is impossible since L4_p(f(a,)) = t implies A(N) € Oa—p, s0 y, € N.

Finally, we need to prove the following: for every (t,S) € R, if there exists ¢ € S such
that A(c) # A(t), then (f(t), f(S)) € R (the reciprocal would be done similarly). Let us
take a1, ..., a, the sequence of nodes such that: + a1, a; - 4,41 and a, = c. We necessarily
have t = a; for some i < p.

First we prove that ref;(f(a,)) = f(a;): suppose that it is false, then refz(f(ay)) = f(a;)
with j # i. First take j < i: if paux,_ ;(a,) = O, then f(ay) is an O-move on A — B, so

sp = SM,M;, where: M, = my[my], A(my) = f(ap) and #}W) = D for some D chosen at

step j; and M’ = m}[m}], A(m)) = a, and I B(a = Cp for some k’ > n;_1. So we should
have y, = ¢ to be the move we choose in D, which is impossible by construction of #;_;.
If paux,_z(ay,) = P, we simply note that paux;_, ,(a,) = O and do the same reasoning
with u, in B — A. In the case where i < j, the reasoning is similar: if paux,_ z(a,) = P,
then s, = SM,M;, where: M, = m1[m], A(m1) = ap and T B(u = D for some D chosen at

step i; and M, = m’[m}], A(m7) = f(ay) and m
to a contradiction. If paux,_ ;(f(a,)) = P, we work on B — A.

Let us now have b € fr,(a,), and suppose that f(b) ¢ frpf(ay). By what has been
proved before we know that paux,_ ;(f(b)) is defined, but also that refy(f(b)) has the
same polarity as ref,(b): indeed, if paux,(b) # A(b) then refg(f(b)) = f(ref,(b)), so
Arefy(F(B))) = A(f(ref, (b)) = A(ref,,(b)); similarly, if pawxy(£(B)) # A(F(D)) then ref, (b) =
£ e (FB))), 50 Aref (b)) = A(f (refy (£())) = Alref;(£(b)). Finally, if pawx, () = A(b)

= Cy for some k’ > n;_1. This leads
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and paux,(f(b)) = A(f(b)) then paux,(b) = paux,(f(b)) because b and f(b) have the same
polarity. Then, in all cases, paux(b) = paux(f(b)).
We consider that paux, ;(f(b)) = O (if not, one works with u, on B — A), so

paux,_z(@,) = P and s, = sy_ymi[mp]m[m)] with m = Cy for some k. Let
_ m

D - LAA;(”P)I

b and f(b): as a first case, suppose that b has the polarity P in A. Then there is a

play CAS s; Mi[Mp]M][M]] in & constructed the same way as sp, such that emse(s;) =

we necessarily have that y, = rx = erase(rp). But a problem arises with

M 1
emse(s; byl f(b)[yq] and where L @ = Dand m = Cp with K # k. Then we
should have yq = erase(rp) occurrence of Cy, so 1y = 1 which is impossible.
The second case is where b has the polarity O in A. Then there is a play s; =
M;[M]M] [M’] in & constructed the same way as sp, such that emse(s ) =5"f(b)[ yq [y,;]

and where W = Cp with k¥’ # k and 7—7 = D. Then we should have y; = rp =
erase(d’) with d’ move in D. But in this case ﬂ(d) A(d’) € Op (if not we have a token [
indord’), so &) = 1 and E(d’) = 1w, hence k = k’ because D is unambiguous. This is
impossible.

f(b) € fry(f(ap)) similarly implies b € fr,(a,), so f(S) = {b| s € fry(f(ap))}. This allows
us to conclude that (f(t), f(S)) € Rp. ]



