An Effective Stable Domain Model of the Calculus of Construction Extended by Strong Sums and Recursive Definitions

Dieter Spreen Fachbereich Mathematik, Theoretisc he Informatik Universität–GH Siegen, D–57068 Siegen, Germany

Abstract

We presen t a purely domain-theoretic model of Coquand and Huet’s Calculus of Construction [3], which is one of the most powerful type systems prop osed in the literature.

The well-formed expressions of its language are divided into three levels: Terms , Types, and Orders. Terms are the elements of Types, while the elements of Orders are called Operators . There is a special Order constan t Type denoting the collection of all Types. Orders are closed under both, the dependen t product and the dependen t sum of Order families indexed over an Order or a Type. In the same way, Types are closed under the dependen t product as well as the dependen t sum of Type families indexed over an Order or a Type. In addition, we allow recursiv e definitions at all three levels.

As a subsystem the calculus contains Girard-Reynold’s polymorphic λ-calculus [4, 5, 7]. Building upon ideas of Girard [6], Coquand et al. [2] presen ted a model of this subcalculus in which Types are interpreted as dI-domains.

It is well known that each such domain can be represen ted as the state set of a stable event structure [1]. In our model, we interpret Types as stable event structures, and in order not to have to deal with too many isomorphic copies we restrict ourselv es to stable event structures with only natural numbers as elements. With respect to a natural substructure relation, the set W of all such event structures turns out to be a locally distributiv e stable ω -bifinite domain. Here, locally distributive means that every principal ideal is distributiv e.

Stable bifinite domains are algebraic and can thus be obtained (up to isomorphism) from their compact elements by ideal completion. We interpret Orders as partially ordered sets that have only natural numbers as elements and the ideal completion of which is a locally distributiv e stable ω -bifinite domain. Again, a natural substructure relation can be defined so that the set B of all such partial orders is a locally distributiv e ω -algebraic L-domain which satisfies Berry’s axiom I.

Expressions of the calculus are constructed with respect to an environmen t, called context , in which the free variables are declared. It turns out that contexts can be interpreted by locally distributiv e ω -algebraic L-domains that satisfy Berry’s axiom I.

For a stable event structure A ∈ W let S(A) be its state space and for a partial order B ∈ B let R (B) be its ideal completion. Then the model is as follows:

• A Type expression α with free variables declared in context Γ is interpreted as a stable map from [[Γ]] into W.

• A Term expression t of Type α with free variables declared in context Γ is interpreted as a stable family [[t]] with [[t]](x) ∈ S([[α]](x)), for x ∈ [[Γ]].

• An Order expression σ with free variables declared in context Γ is interpreted as a stable map from [[Γ]] into B.

• An Operator expression T of Order σ with free variables declared in context Γ is interpreted as a stable family [[T]] with [[T]](x) ∈ R ([[σ]](x)), for x ∈ [[Γ]].

By this way we can also interpret an extension of the language by disjoint sums of Types and Orders.

References

[1] R. Amadio and P.-L. Curien, Domains and Lambda-Calculi (Cam bridge University Press, Cambridge, 1997).

[2] T. Coquand, C. Gunter, and G. Winsk el, DI-domains as a model of polymorphism, in: M. Main et al., eds., Mathematic al Foundations of Programming Language Semantics, New Orleans, LA, 1987, Lecture Notes in Computer Science, Vol. 298 (Springer, Berlin, 1987) 344–363.

[3] T. Coquand and G. Huet, The calculus of constructions, Inform. and Comput. 76 (1988) 95–120.

[4] J.-Y. Girard, Une extension de l’interpr étation fonctionelle de Gödel à l’analyse et son application à l’élimination des coupures dans l’analyse et la théorie des types, in: J. F. Fenstad, ed., Proceedings, 2nd Scandinavian Logic Symp. (North-Holland, Amsterdam, 1971) 63–92.

[5] J.-Y. Girard, Interpretation fonctionelle et élimination des coupures de l’arithm étique d’ordre supérieure, These D’Etat, Université Paris VII, 1972.

[6] J.-Y. Girard, The system F of variable types, fifteen years later, Theoretical Computer Science 45 (1986) 159–192.

[7] J. C. Reynolds, Towards a theory of type structures, in: B. Robinet, ed., Colloque sur la programmation , Lecture Notes in Computer Science, Vol. 19 (Springer, Berlin, 1974) 408–425.

E-mail: spreen@informatik.uni-siegen.de